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Preface

The FEniCS Project set out in 2003 with an idea to automate the solution of mathematical models
based on differential equations. Initially, the FEniCS Project consisted of two libraries: DOLFIN and
FIAT. Since then, the project has grown and now consists of the core components DOLFIN, FFC,
FIAT, Instant, UFC and UFL. Other FEniCS components and applications described in this book are
SyFi/SFC, FErari, ASCoT, Unicorn, CBC.Block, CBC.RANS, CBC.Solve and DOLFWAVE.

This book is written by researchers and developers behind the FEniCS Project. The presentation
spans mathematical background, software design and the use of FEniCS in applications. The mathe-
matical framework is outlined in Part I, the implementation of central components is described in
Part II, while Part III concerns a wide range of applications. New users of FEniCS may find the tutorial
included as the opening chapter particularly useful.

Feedback on this book is welcome, and can be given at https://launchpad.net/fenics-book.
Use the Launchpad system to file bug reports if you find errors in the text. For more information
about the FEniCS Project, access to the software presented in this book, documentation, articles and
presentations, visit the FEniCS Project web site at http://fenicsproject.org. Some of the chapters
in this book are accompanied by supplementary material in the form of code examples. These code
examples can be downloaded from http://fenicsproject.org/book/.

The software developed by the FEniCS Project is free for all to use and modify (licensed under the
GNU (L)GPL), and so is this book. Permission is granted to copy, distribute and/or modify this book
under the terms of the GNU Free Documentation License, Version 1.3 or any later version published
by the Free Software Foundation. A copy of the license is included in the chapter entitled "GNU Free
Documentation License".

Anders Logg, Kent-Andre Mardal and Garth N. Wells
Oslo and Cambridge, November 2011
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1 A FEniCS tutorial

By Hans Petter Langtangen

This chapter presents a FEniCS tutorial to get new users quickly up and running with solving
differential equations. FEniCS can be programmed both in C++ and Python, but this tutorial focuses
exclusively on Python programming since this is the simplest approach to exploring FEniCS for
beginners and it does not compromise on performance. After having digested the examples in this
tutorial, the reader should be able to learn more from the FEniCS documentation and from the other
chapters in this book.

1.1 Fundamentals

FEniCS is a user-friendly tool for solving partial differential equations (PDEs). The goal of this tutorial
is to get you started with FEniCS through a series of simple examples that demonstrate

® how to define the PDE problem in terms of a variational problem,

* how to define simple domains,

¢ how to deal with Dirichlet, Neumann, and Robin conditions,

¢ how to deal with variable coefficients,

¢ how to deal with domains built of several materials (subdomains),

¢ how to compute derived quantities like the flux vector field or a functional of the solution,
* how to quickly visualize the mesh, the solution, the flux, etc.,

* how to solve nonlinear PDEs in various ways,

¢ how to deal with time-dependent PDEs,

* how to set parameters governing solution methods for linear systems,
¢ how to create domains of more complex shape.

The mathematics of the illustrations is kept simple to better focus on FEniCS functionality and syntax.
This means that we mostly use the Poisson equation and the time-dependent diffusion equation as
model problems, often with input data adjusted such that we get a very simple solution that can be
exactly reproduced by any standard finite element method over a uniform, structured mesh. This latter
property greatly simplifies the verification of the implementations. Occasionally we insert a physically
more relevant example to remind the reader that changing the PDE and boundary conditions to
something more real might often be a trivial task.

1



2 Chapter 1. A FEniCS tutorial

FEniCS may seem to require a thorough understanding of the abstract mathematical version of the
finite element method as well as familiarity with the Python programming language. Nevertheless, it
turns out that many are able to pick up the fundamentals of finite elements and Python programming
as they go along with this tutorial. Simply keep on reading and try out the examples. You will be
amazed of how easy it is to solve PDEs with FEniCS!

Reading this tutorial obviously requires access to a machine where the FEniCS software is installed.
Section 1.7.5 explains briefly how to install the necessary tools. All the examples discussed in the
following are available as executable Python source code files in a directory tree.

1.1.1 The Poisson equation

Our first example regards the Poisson problem,

—Au=f inQ,
(1.1)
u=1uy onoa(d
Here, u = u(x) is the unknown function, f = f(x) is a prescribed function, A is the Laplace operator
(also often written as V?), Q) is the spatial domain, and 9Q) is the boundary of Q. A stationary PDE
like this, together with a complete set of boundary conditions, constitute a boundary-value problem,
which must be precisely stated before it makes sense to start solving it with FEniCS.
In two space dimensions with coordinates x and y, we can write out the Poisson equation (1.1) as

u  %u
32 ﬁ = f(x,y). (1.2)

The unknown u is now a function of two variables, u(x,y), defined over a two-dimensional domain Q).
The Poisson equation (1.1) arises in numerous physical contexts, including heat conduction,
electrostatics, diffusion of substances, twisting of elastic rods, inviscid fluid flow, and water waves.
Moreover, the equation appears in numerical splitting strategies of more complicated systems of PDEs,
in particular the Navier-Stokes equations.
Solving a physical problem with FEniCS consists of the following steps:

1. Identify the PDE and its boundary conditions.
2. Reformulate the PDE problem as a variational problem.

3. Make a Python program where the formulas in the variational problem are coded, along with
definitions of input data such as f, ug, and a mesh for () in (1.1).

4. Add statements in the program for solving the variational problem, computing derived quantities
such as Vu, and visualizing the results.

We shall now go through steps 2—4 in detail. The key feature of FEniCS is that steps 3 and 4 result in
fairly short code, while most other software frameworks for PDEs require much more code and more
technically difficult programming.

1.1.2  Variational formulation

FEniCS makes it easy to solve PDEs if finite elements are used for discretization in space and the
problem is expressed as a variational problem. Readers who are not familiar with variational problems
will get a brief introduction to the topic in this tutorial, and in the forthcoming chapter, but getting
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and reading a proper book on the finite element method in addition is encouraged. Section 1.7.6
contains a list of some suitable books.

The core of the recipe for turning a PDE into a variational problem is to multiply the PDE by a
function v, integrate the resulting equation over (), and perform integration by parts of terms with
second-order derivatives. The function v which multiplies the PDE is in the mathematical finite
element literature called a test function. The unknown function u to be approximated is referred to as
a trial function. The terms test and trial function are used in FEniCS programs too. Suitable function
spaces must be specified for the test and trial functions. For standard PDEs arising in physics and
mechanics such spaces are well known.

In the present case, we first multiply the Poisson equation by the test function v and integrate:

—/ (Au)vdx = /;)fvdx. (1.3)

Ja
Then we apply integration by parts to the integrand with second-order derivatives:
—/(Au)vdx—/ Vu Vvdx—/ a—uvds (1.4)
o 0 aon '
where 0u /0dn is the derivative of u in the outward normal direction on the boundary. The test function
v is required to vanish on the parts of the boundary where u is known, which in the present problem

implies that v = 0 on the whole boundary d(). The second term on the right-hand side of (1.4)
therefore vanishes. From (1.3) and (1.4) it follows that

/QVwVvdx:/Ofvdx. (15)

This equation is supposed to hold for all v in some function space V. The trial function u lies in some
(possibly different) function space V. We refer to (1.5) as the weak form of the original boundary-value
problem (1.1).

The proper statement of our variational problem now goes as follows: find u € V such that

/Vu-Vvdx:/fvdx VoeV. (1.6)
@) @)

The trial and test spaces V and V are in the present problem defined as

V ={ve HY(Q) : v = up on 90},

. (1.7)
V={vecHY(Q):v=00n00}.

In short, H(Q) is the mathematically well-known Sobolev space containing functions v such that
v? and |Vo|? have finite integrals over Q. The solution of the underlying PDE must lie in a function
space where also the derivatives are continuous, but the Sobolev space H'(Q) allows functions with
discontinuous derivatives. This weaker continuity requirement of u in the variational statement (1.6),
caused by the integration by parts, has great practical consequences when it comes to constructing
finite elements.

To solve the Poisson equation numerically, we need to transform the continuous variational
problem (1.6) to a discrete variational problem. This is done by introducing finite-dimensional test
and trial spaces, often denoted as Vj, C V and V}, C V. The discrete variational problem reads: find
uy € V,, C V such that

/Vuh~Vvdx:/fvdx YoeV,cV. (1.8)
Q Q



4 Chapter 1. A FEniCS tutorial

The choice of V}, and Vj, follows directly from the kind of finite elements we want to apply in our
problem. For example, choosing the well-known linear triangular element with three nodes implies
that V;, and V}, are the spaces of all piecewise linear functions over a mesh of triangles, where the
functions in Vj, are zero on the boundary and those in V}, equal ug on the boundary.

The mathematics literature on variational problems writes u; for the solution of the discrete
problem and u for the solution of the continuous problem. To obtain (almost) a one-to-one relationship
between the mathematical formulation of a problem and the corresponding FEniCS program, we
shall use u for the solution of the discrete problem and u, for the exact solution of the continuous
problem, if we need to explicitly distinguish between the two. In most cases, we will introduce the
PDE problem with u as unknown, derive a variational equation a(u,v) = L(v) withu € Vand v € V,
and then simply discretize the problem by saying that we choose finite-dimensional spaces for V
and V. This restriction of V implies that u becomes a discrete finite element function. In practice
this means that we turn our PDE problem into a continuous variational problem, create a mesh and
specify an element type, and then let V correspond to this mesh and element choice. Depending upon
whether V is infinite- or finite-dimensional, u will be the exact or approximate solution.

It turns out to be convenient to introduce a unified notation for a linear weak form like (1.8):

a(u,v) = L(v). (1.9)

In the present problem we have that
a(u,v) = /Q Vu-Vodx, (1.10)
L(v) = /va dx. (1.11)

From the mathematics literature, a(u, v) is known as a bilinear form and L(v) as a linear form. We shall
in every linear problem we solve identify the terms with the unknown u and collect them in a(u, v),
and similarly collect all terms with only known functions in L(v). The formulas for a and L are then
coded directly in the program.

To summarize, before making a FEniCS program for solving a PDE, we must first perform two
steps:

1. Turn the PDE problem into a discrete variational problem: find u € V such that

a(u,v) = L(v) YoeV. (1.12)

2. Specify the choice of spaces (V and V), which means specifying the mesh and type of finite
elements.

1.1.3 Implementation

The test problem so far has a general domain () and general functions uy and f. For our first
implementation we must decide on specific choices of (), up, and f. It will be wise to construct a
specific problem where we can easily check that the computed solution is correct. Let us start with
specifying an exact solution

Ue(x,y) = 14 x% 4 21/ (1.13)

on some 2D domain. By inserting (1.13) in our Poisson problem, we find that u.(x,y) is a solution if

Floy) = =6, uo(x,y) = ue(x,y) = 1+ 2>+ 27,
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regardless of the shape of the domain. We choose here, for simplicity, the domain to be the unit
square,
Q=10,1] x [0,1].

The reason for specifying the solution (1.13) is that the finite element method, with a rectangular
domain uniformly partitioned into linear triangular elements, will exactly reproduce a second-order
polynomial at the vertices of the cells, regardless of the size of the elements. This property allows
us to verify the implementation by comparing the computed solution, called u in this document
(except when setting up the PDE problem), with the exact solution, denoted by u,: u should equal
u to machine precision at the nodes. Test problems with this property will be frequently constructed
throughout this tutorial.

A FEniCS program for solving the Poisson equation in 2D with the given choices of ug, f, and ()
may look as follows:

Python code

from dolfin import =

# Create mesh and define function space
mesh = UnitSquare(6, 4)
V = FunctionSpace(mesh, "Lagrange", 1)

# Define boundary conditions
ud = Expression("1l + x[0]*x[0] + 2xx[1]*x[1]")

def u@_boundary(x, on_boundary):
return on_boundary

bc = DirichletBC(V, u®, u®_boundary)

# Define variational problem

u = TrialFunction(V)

v = TestFunction(V)

f = Constant(-6.0)

a = inner(nabla_grad(u), nabla_grad(v))=*dx
L = fxvkdx

# Compute solution
u = Function(V)
solve(a == L, u, bc)

# Plot solution and mesh
plot(u)
plot(mesh)

# Dump solution to file in VTK format
file = File("poisson.pvd")
file << u

# Hold plot
interactive()

The complete code can be found in the file d1_p2D. py in the directory stationary/poisson.

We shall now dissect this FEniCS program in detail. The program is written in the Python
programming language. You may either take a quick look at a Python tutorial (The Python Tutorial)
to pick up the basics of Python if you are unfamiliar with the language, or you may learn enough
Python as you go along with the examples in the present tutorial. The latter strategy has proven to
work for many newcomers to FEniCS. Section 1.7.7 lists some relevant Python books.
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The listed FEniCS program defines a finite element mesh, the discrete function spaces V and V
corresponding to this mesh and the element type, boundary conditions for u (the function u), a(u,v),
and L(v). Thereafter, the unknown trial function u is computed. Then we can investigate 1 visually or
analyze the computed values.

The first line in the program,

Python code

from dolfin import x

imports the key classes UnitSquare, FunctionSpace, Function, and so forth, from the DOLFIN library.
All FEniCS programs for solving PDEs by the finite element method normally start with this line.
DOLFIN is a software library with efficient and convenient C++ classes for finite element computing,
and dolfin is a Python package providing access to this C++ library from Python programs. You
can think of FEniCS as an umbrella, or project name, for a set of computational components, where
DOLFIN is one important component for writing finite element programs. The do1fin package applies
other components in the FEniCS suite under the hood, but newcomers to FEniCS programming do
not need to care about this.
The statement

Python code
mesh = UnitSquare(6, 4)

defines a uniform finite element mesh over the unit square [0,1] x [0,1]. The mesh consists of cells,
which are triangles with straight sides. The parameters 6 and 4 tell that the square is first divided into
6 x 4 rectangles, and then each rectangle is divided into two triangles. The total number of triangles
then becomes 48. The total number of vertices in this mesh is 7 - 5 = 35. DOLFIN offers some classes
for creating meshes over very simple geometries. For domains of more complicated shape one needs
to use a separate preprocessor program to create the mesh (see Section 1.4). The FEniCS program will
then read the mesh from file.
Having a mesh, we can define a discrete function space V over this mesh:

Python code

V = FunctionSpace(mesh, "Lagrange", 1)

The second argument reflects the type of element, while the third argument is the degree of the basis
functions on the element. The type of element is here "Lagrange", implying the standard Lagrange
family of elements (some FEniCS programs use "CG", for Continuous Galerkin, as a synonym for
"Lagrange"). With degree 1, we simply get the standard linear Lagrange element, which is a triangle
with nodes at the three vertices. Some finite element practitioners refer to this element as the “linear
triangle”. The computed u will be continuous and linearly varying in x and y over each cell in the
mesh. Higher-degree polynomial approximations over each cell are trivially obtained by increasing
the third parameter in FunctionSpace. Changing the second parameter to "DG" creates a function
space for discontinuous Galerkin methods.

In mathematics, we distinguish between the trial and test spaces V and V. The only difference in
the present problem is the boundary conditions. In FEniCS we do not specify the boundary conditions
as part of the function space, so it is sufficient to work with one common space V for the test and trial
functions in the program:

Python code

TrialFunction(V)
TestFunction(V)
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The next step is to specify the boundary condition: u = ug on ). This is done by

Python code
bc = DirichletBC(V, u@, u®_boundary)

where u0 is an instance holding the ug values, and ué_boundary is a function (or object) describing
whether a point lies on the boundary where u is specified.

Boundary conditions of the type u = u( are known as Dirichlet conditions, and also as essential
boundary conditions in a finite element context. Naturally, the name of the DOLFIN class holding the
information about Dirichlet boundary conditions is DirichletBC.

The u0 variable refers to an Expression object, which is used to represent a mathematical function.
The typical construction is

Python code

u@ = Expression(formula)

where formula is a string containing the mathematical expression. This formula is written with
C++ syntax (the expression is automatically turned into an efficient, compiled C++ function, see
Section 1.7.3 and Chapter 10 for details on the syntax). The independent variables in the function
expression are supposed to be available as a point vector x, where the first element x[0] corresponds
to the x coordinate, the second element x[1] to the y coordinate, and (in a three-dimensional problem)
x[2] to the z coordinate. With our choice of ug(x,y) = 1+ x? + 2y?, the formula string must be
written as 1 + x[01*x[0] + 2*x[1]1*xx[1]:

Python code

ud = Expression("1l + x[0]*x[0] + 2xx[1]*x[1]")

The information about where to apply the u® function as boundary condition is coded in a function
ud_boundary:

Python code

def u@_boundary(x, on_boundary):
return on_boundary

A function like u0_boundary for marking the boundary must return a boolean value: True if the given
point x lies on the Dirichlet boundary and False otherwise. The argument on_boundary is supplied
by DOLFIN and equals True if x is on the physical boundary of the mesh. In the present case, where
we are supposed to return True for all points on the boundary, we can just return the supplied value
of on_boundary. The u@_boundary function will be called for every discrete point in the mesh, which
allows us to have boundaries where u are known also inside the domain, if desired.

One can also omit the on_boundary argument, but in that case we need to test on the value of the
coordinates in x:

Python code

def u@_boundary(x):
return x[0] == 0 or x[1] == 0 or x[0] == 1 or x[1] ==

As for the formula in Expression objects, x in the u@_boundary function represents a point in space
with coordinates x[0], x[1], etc. Comparing floating-point values using an exact match test with == is
not good programming practice, because small round-off errors in the computations of the x values
could make a test x[0] == 1 become false even though x lies on the boundary. A better test is to
check for equality with a tolerance:
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Python code

def u@_boundary(x):
tol = 1E-15
return abs(x[0]) < tol or \
abs(x[1]) < tol or \
abs(x[0] - 1) < tol or \
abs(x[1] - 1) < tol

Before defining a(u,v) and L(v) we have to specify the f function:

Python code

f = Expression("-6")
When f is constant over the domain, f can be more efficiently represented as a Constant object:

Python code
f = Constant(-6.0)

Now we have all the objects we need in order to specify this problem’s a(u,v) and L(v):

Python code

a = inner(nabla_grad(u), nabla_grad(v))=*dx
L = fxvkdx

In essence, these two lines specify the PDE to be solved. Note the very close correspondence between
the Python syntax and the mathematical formulas Vu - Vodx and fvdx. This is a key strength of
FEniCS: the formulas in the variational formulation translate directly to very similar Python code, a
feature that makes it easy to specify PDE problems with lots of PDEs and complicated terms in the
equations. The language used to express weak forms is called UFL (Unified Form Language) and is
an integral part of FEniCS.

Instead of nabla_grad we could also just have written grad in the examples in this tutorial.
However, when taking gradients of vector fields, grad and nabla_grad differ. The latter is consistent
with the tensor algebra commonly used to derive vector and tensor PDEs, where V acts as a vector
operator, and therefore this author prefers to always use nabla_grad.

Having a and L defined, and information about essential (Dirichlet) boundary conditions in bc, we
can compute the solution, a finite element function u, by

Python code

u = Function(V)
solve(a == L, u, bc)

Some prefer to replace a and L by an equation variable, which is accomplished by this equivalent
code:

Python code

equation = inner(nabla_grad(u), nabla_grad(v))*dx == fxvxdx
u = Function(V)
solve(equation, u, bc)

Note that we first defined the variable u as a TrialFunction and used it to represent the unknown
in the form a. Thereafter, we redefined u to be a Function object representing the solution; that is, the
computed finite element function u. This redefinition of the variable u is possible in Python and often
done in FEniCS applications. The two types of objects that u refers to are equal from a mathematical
point of view, and hence it is natural to use the same variable name for both objects. In a program,
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Figure 1.1: Plot of the solution in the
first FEniCS example. (A bounding
box around the mesh is added by
pressing o in the plot window, and
the mouse buttons are then used to
rotate and move the plot, see Sec-
tion 1.1.8.)

\125 4.00

however, TrialFunction objects must always be used for the unknowns in the problem specification
(the form a), while Function objects must be used for quantities that are computed (known).
The simplest way of quickly looking at u and the mesh is to say

Python code

plot(u)
plot(mesh)
interactive()

The interactive() call is necessary for the plot to remain on the screen. With the left, middle, and
right mouse buttons you can rotate, translate, and zoom (respectively) the plotted surface to better
examine what the solution looks like. Figures 1.1 and 1.2 display the resulting u function and the
finite element mesh, respectively.

It is also possible to dump the computed solution to file, e.g., in the VIK format:

Python code

file = File("poisson.pvd")
file << u

The poisson.pvd file can now be loaded into any front-end to VTK, say ParaView or Vislt. The
plot function is intended for quick examination of the solution during program development. More
in-depth visual investigations of finite element solutions will normally benefit from using highly
professional tools such as ParaView and Vislt.

The next three sections deal with some technicalities about specifying the solution method for
linear systems (so that you can solve large problems) and examining array data from the computed
solution (so that you can check that the program is correct). These technicalities are scattered around
in forthcoming programs. However, the impatient reader who is more interested in seeing the
previous program being adapted to a real physical problem, and play around with some interesting
visualizations, can safely jump to Section 1.1.7. Information in the intermediate sections can be studied
on demand.

1.1.4 Controlling the solution process

Sparse LU decomposition (Gaussian elimination) is used by default to solve linear systems of equations
in FEniCS programs. This is a very robust and recommended method for a few thousand unknowns
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Figure 1.2: Plot of the mesh in the
first FEniCS example.

in the equation system, and may hence be the method of choice in many 2D and smaller 3D problems.
However, sparse LU decomposition becomes slow and memory demanding in large problems. This
fact forces the use of iterative methods, which are faster and require much less memory.

Preconditioned Krylov solvers is a type of popular iterative methods that are easily accessible in
FEniCS programs. The Poisson equation results in a symmetric, positive definite coefficient matrix, for
which the optimal Krylov solver is the Conjugate Gradient (CG) method. Incomplete LU factorization
(ILU) is a popular and robust all-round preconditioner, so let us try the CG-ILU pair:

Python code
solve(a == L, u, bc)
solver_parameters={"linear_solver": "cg",
"preconditioner": "ilu"})
# Alternative syntax
solve(a == L, u, bc,
solver_parameters=dict(linear_solver="cg",
preconditioner="ilu"))

Section 1.7.4 lists the most popular choices of Krylov solvers and preconditioners available in FEniCS.

The actual CG and ILU implementations that are brought into action depends on the choice of
linear algebra package. FEniCS interfaces several linear algebra packages, called linear algebra backends
in FEniCS terminology. PETSc is the default choice if DOLFIN is compiled with PETSc, otherwise
uBLAS. Epetra (Trilinos) and MTL4 are two other supported backends. Which backend to apply can
be controlled by setting

Python code

parameters["linear_algebra_backend"] = backendname

where backendname is a string, either "PETSc", "uBLAS", "Epetra", or "MTL4". All these backends offer
high-quality implementations of both iterative and direct solvers for linear systems of equations.

A common platform for FEniCS users is Ubuntu Linux. The FEniCS distribution for Ubuntu
contains PETSc, making this package the default linear algebra backend. The default solver is sparse
LU decomposition ("1u"), and the actual software that is called is then the sparse LU solver from
UMFPACK (which PETSc has an interface to).

We will normally like to control the tolerance in the stopping criterion and the maximum number
of iterations when running an iterative method. Such parameters can be set by accessing the global
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parameter database, which is called parameters and behaves as a nested dictionary. Write

Python code

info(parameters, True)

to list all parameters and their default values in the database. The nesting of parameter sets is indicated
through indentation in the output from info. According to this output, the relevant parameter set is
named "krylov_solver", and the parameters are set like this:

Python code

prm = parameters["krylov_solver"] # short form

prm["absolute tolerance"] = 1E-10
prm["relative_tolerance"] = 1E-6
prm["maximum_iterations"] = 1000

Stopping criteria for Krylov solvers usually involve the norm of the residual, which must be smaller
than the absolute tolerance parameter or smaller than the relative tolerance parameter times the initial
residual.

To see the number of actual iterations to reach the stopping criterion, we can insert

Python code

set_log_level (PROGRESS)
# or
set_log_level (DEBUG)

A message with the equation system size, solver type, and number of iterations arises from specifying
the argument PROGRESS, while DEBUG results in more information, including CPU time spent in the
various parts of the matrix assembly and solve process.

The complete solution process with control of the solver parameters now contains the statements

Python code

prm = parameters["krylov_solver"] # short form

prm["absolute_tolerance"] = 1E-10
prm["relative_tolerance"] = 1lE-6
prm["maximum_iterations"] = 1000
set_log_level (PROGRESS)
solve(a == L, u, bc,
solver_parameters={"linear_solver": "cg",
"preconditioner": "ilu"})

The demo program d2_p2D.py in the stationary/poisson directory incorporates the above shown
control of the linear solver and precnditioner, but is otherwise similar to the previous d1_p2D.py
program.

We remark that default values for the global parameter database can be defined in an XML file, see
the example file dolfin_parameters.xml in the directory stationary/poisson. If such a file is found
in the directory where a FEniCS program is run, this file is read and used to initialize the parameters
object. Otherwise, the file .config/fenics/dolfin_parameters.xml in the user’s home directory is
read, if it exists. The XML file can also be in gzip’ed form with the extension .xml.gz.

1.1.5 Linear variational problem and solver objects

The solve(a == L, u, bc) call is just a compact syntax alternative to a slightly more comprehensive
specification of the variational equation and the solution of the associated linear system. This
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alternative syntax is used in a lot of FEniCS applications and will also be used later in this tutorial, so
we show it already now:

Python code

u = Function(V)

problem = LinearVariationalProblem(a, L, u, bc)
solver = LinearVariationalSolver(problem)
solver.solve()

Many objects have an attribute parameters corresponding to a parameter set in the global
parameters database, but local to the object. Here, solver.parameters play that role. Setting the CG
method with ILU preconditiong as solution method and specifying solver-specific parameters can be
done like this:

Python code

solver.parameters["linear_solver"] = "cg"
solver.parameters["preconditioner"] = "ilu"

cg_prm = solver.parameters["krylov_solver"] # short form
cg_prm["absolute tolerance"] = 1E-7
cg_prm["relative_tolerance"] = 1lE-4
cg_prm["maximum_iterations"] = 1000

Calling info(solver.parameters, True) lists all the available parameter sets with default values
for each parameter. Settings in the global parameters database are propagated to parameter sets in
individual objects, with the possibility of being overwritten as done above.

The d3_p2D.py program modifies the d2_p2D.py file to incorporate objects for the variational
problem and solver.

1.1.6  Examining the discrete solution

We know that, in the particular boundary-value problem of Section 1.1.3, the computed solution u
should equal the exact solution at the vertices of the cells. An important extension of our first program
is therefore to examine the computed values of the solution, which is the focus of the present section.

A finite element function like u is expressed as a linear combination of basis functions ¢;, spanning
the space V:

N
Z UJ(P] (1.14)
j=1

By writing solve(a == L, u, bc) in the program, a linear system will be formed from a and L, and

this system is solved for the Uj, ..., Uy values. The Uj, ..., Uy values are known as degrees of freedom
of u. For Lagrange elements (and many other element types) Uy is simply the value of u at the node
with global number k. (The nodes and cell vertices coincide for linear Lagrange elements, while for
higher-order elements there may be additional nodes at the facets and in the interior of cells.)

Having u represented as a Function object, we can either evaluate u(x) at any vertex x in the mesh,
or we can grab all the values U; directly by

Python code

u_nodal_values = u.vector()

The result is a DOLFIN Vector object, which is basically an encapsulation of the vector object used in
the linear algebra package that is used to solve the linear system arising from the variational problem.
Since we program in Python it is convenient to convert the Vector object to a standard numpy array for
further processing:
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Python code

u_array = u_nodal_values.array()

With numpy arrays we can write “MATLAB-like” code to analyze the data. Indexing is done with
square brackets: u_array[i], where the index i always starts at 0.
Mesh information can be gathered from the mesh object, e.g.,

* mesh.coordinates() returns the coordinates of the vertices as an M x d numpy array, M being
the number of vertices in the mesh and d being the number of space dimensions,

® mesh.num_cells() returns the number of cells (triangles) in the mesh,

* mesh.num_vertices() returns the number of vertices in the mesh (with our choice of linear
Lagrange elements this equals the number of nodes),

® str(mesh) returns a short “pretty print” description of the mesh, e.g.,

Output

<Mesh of topological dimension 2 (triangles) with
16 vertices and 18 cells, ordered>

and print mesh is actually the same as print str(mesh).

All mesh objects are of type Mesh so typing the command pydoc dolfin.Mesh in a terminal window
will give a list of methods! that can be called through any Mesh object. In fact, pydoc dolfin.X shows
the documentation of any DOLFIN name X.

Writing out the solution on the screen can now be done by a simple loop:

Python code

coor = mesh.coordinates()

if mesh.num_vertices() == len(u_array):
for i in range(mesh.num_vertices()):
print 'u(%8g,%8g) = %g’ % (coor[i][0], coor[i][1], u_array[i])

The beginning of the output looks like this:

Output

u( 0, 0) =1

u(0.166667, 0) = 1.02778

u(0.333333, 0) = 1.11111

u( 0.5, 0) = 1.25

u(0.666667, 0) = 1.44444

u(0.833333, 0) = 1.69444

u( 1, 0) =2

For Lagrange elements of degree higher than one, the vertices do not correspond to all the nodal
points and the if-test fails.

For verification purposes we want to compare the values of the computed u at the nodes (given
by u_array) with the exact solution u@ evaluated at the nodes. The difference between the computed
and exact solution should be less than a small tolerance at all the nodes. The Expression object
ud can be evaluated at any point x by calling u@(x). Specifically, ud(coor[i]) returns the value of
u@ at the vertex or node with global number i. Alternatively, we can make a finite element field
u_e, representing the exact solution, whose values at the nodes are given by the u@ function. With

1A method in Python (and other languages supporting the class construct) is simply a function in a class.
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mathematics, ue = Z]z\i 1Ej¢j, where E; = ug(x;,y;), (xj,y;) being the coordinates of node number j.
This process is known as interpolation. FEniCS has a function for performing the operation:

Python code

u_e = interpolate(u0@, V)
The maximum error can now be computed as

Python code

u_e_array = u_e.vector().array()
print "Max error:", numpy.abs(u_e_array - u_array).max()

The value of the error should be at the level of the machine precision (10716),
To demonstrate the use of point evaluations of Function objects, we write out the computed u at
the center point of the domain and compare it with the exact solution:

Python code

center = (0.5, 0.5)
print "numerical u at the center point:", u(center)
print "exact u at the center point:", u0O(center)

Trying a 3 x 3 mesh, the output from the previous snippet becomes

Output

numerical u at the center point: [ 1.83333333]
exact u at the center point: [ 1.75]

The discrepancy is due to the fact that the center point is not a node in this particular mesh, but a
point in the interior of a cell, and u varies linearly over the cell while u@ is a quadratic function.

We have seen how to extract the nodal values in a numpy array. If desired, we can adjust the nodal
values too. Say we want to normalize the solution such that the maximum value is 1. Then we must
divide all U; values by max{Uj, ..., Un}. The following snippet performs the task:

Python code

max_u = u_array.max()

u_array /= max_u

u.vector()[:] = u_array
u.vector().set_local(u_array) # alternative
print u.vector().array()

That is, we manipulate u_array as desired, and then we insert this array into u’s Vector object. The
/= operator implies an in-place modification of the object on the left-hand side: all elements of the
u_array are divided by the value max_u. Alternatively, one could write u_array = u_array/max_u,
which implies creating a new array on the right-hand side and assigning this array to the name
u_array.

A call like u.vector().array() returns a copy of the data in u.vector(). One must therefore
never perform assignments like u.vector.array()[:] = ..., but instead extract the numpy array
(that is, a copy), manipulate it, and insert it back with u.vector()[:] = oru.set_local(...).

All the code in this subsection can be found in the file d4_p2D.py in the stationary/poisson
directory.

1.1.7  Solving a real physical problem

Perhaps you are not particularly amazed by viewing the simple surface of u in the test problem from
Section 1.1.3. However, solving a real physical problem with a more interesting and amazing solution



Chapter 1. A FEniCS tutorial 15

on the screen is only a matter of specifying a more exciting domain, boundary condition, and/or
right-hand side f.

One possible physical problem regards the deflection D(x, y) of an elastic circular membrane with
radius R, subject to a localized perpendicular pressure force, modeled as a Gaussian function. The
appropriate PDE model is

—TAD = p(x,y) inQ={(x,y)|x*+y* <R}, (1.15)

A 1/x—x\> 1[/y—w\?
p(x,y):%exp (—2 (x Ux()) _2<W)> ) (1.16)

Here, T is the tension in the membrane (constant), p is the external pressure load, A the amplitude
of the pressure, (xo,o) the localization of the Gaussian pressure function, and ¢ the “width” of this
function. The boundary of the membrane has no deflection, implying D = 0 as boundary condition.

For scaling and verification it is convenient to simplify the problem to find an analytical solution.
In the limit ¢ — oo, p — A/(27tc), which allows us to integrate an axi-symmetric version of the
equation in the radial coordinate r € [0, R] and obtain D(r) = (r> — R>)A/(87tc’T). This result gives a
rough estimate of the characteristic size of the deflection: |D(0)| = AR?/(87¢'T), which can be used to
scale the deflection. With R as characteristic length scale, we can derive the equivalent dimensionless
problem on the unit circle,

with

—Aw = f, (1.17)

with w = 0 on the boundary and with

2 2
fx,y) =4exp (—; (Rx;xo) _% (Ry;yo> ) (1.18)

For notational convenience we have dropped introducing new symbols for the scaled coordinates in
(1.18). Now D is related to w through D = AR?>w/(87oT).

Let us list the modifications of the d1_p2D.py program that are needed to solve this membrane
problem:

1. Initialize T, A, R, xp, Yo, and o,
2. create a mesh over the unit circle,
3. make an expression object for the scaled pressure function f,
4. define the a and L formulas in the variational problem for w and compute the solution,
5. plot the mesh, w, and f,
6. write out the maximum real deflection D,
Some suitable values of T, A, R, xg, Yo, and ¢ are

Python code

T =10.0 # tension
A =1.0 # pressure amplitude
R =0.3 # radius of domain

theta = 0.2

x0 = 0.6*Rxcos(theta)
y0 = 0.6+R+sin(theta)
sigma = 0.025



16 Chapter 1. A FEniCS tutorial

A mesh over the unit circle can be created by

Python code

mesh = UnitCircle(n)

where n is the typical number of elements in the radial direction.

The function f is represented by an Expression object. There are many physical parameters in
the formula for f that enter the expression string and these parameters must have their values set by
keyword arguments:

Python code

f = Expression("4xexp(-0.5x(pow((R+*x[0] - x0)/sigma, 2)) "
" -0.5%(pow( (R¥x[1] - y@)/sigma, 2)))",
R=R, x0=x0, yb0=y0, sigma=sigma)

The coordinates in Expression objects must be a vector with indices 0, 1, and 2, and with the name x.
Otherwise we are free to introduce names of parameters as long as these are given default values by
keyword arguments. All the parameters initialized by keyword arguments can at any time have their
values modified. For example, we may set

Python code

f.sigma = 50
f.x0 = 0.3

It would be of interest to visualize f along with w so that we can examine the pressure force and its
response. We must then transform the formula (Expression) to a finite element function (Function).
The most natural approach is to construct a finite element function whose degrees of freedom (values
at the nodes in this case) are calculated from f. That is, we interpolate f (see Section 1.1.6):

Python code
f = interpolate(f, V)

Calling plot(f) will produce a plot of f. Note that the assignment to f destroys the previous
Expression object f, so if it is of interest to still have access to this object another name must be used
for the Function object returned by interpolate.

We need some evidence that the program works, and to this end we may use the analytical solution
listed above for the case ¢ — co. In scaled coordinates the solution reads

w(x,y) =1-x* -y~

Practical values for an infinite o may be 50 or larger, and in such cases the program will report the
maximum deviation between the computed w and the (approximate) exact we.

Note that the variational formulation remains the same as in the program from Section 1.1.3, except
that u is replaced by w and 1y = 0. The final program is found in the file membranel.py, located in
the stationary/poisson directory, and also listed below. We have inserted capabilities for iterative
solution methods and hence large meshes (Section 1.1.4), used objects for the variational problem and
solver (Section 1.1.5), and made numerical comparison of the numerical and (approximate) analytical
solution (Section 1.1.6).

Python code

from dolfin import x

# Set pressure function:



Chapter 1. A FEniCS tutorial 17

T =10.0 # tension

A =1.0 # pressure amplitude

R=0.3 # radius of domain

theta = 0.2

X0 = 0.6xRxcos(theta)

yo0 0.6+R+sin(theta)

sigma = 0.025

#sigma = 50 # large value for verification
n =40 # approx no of elements in radial direction
mesh = UnitCircle(n)

V = FunctionSpace(mesh, "Lagrange", 1)

# Define boundary condition w=0
def boundary(x, on_boundary):
return on_boundary

bc = DirichletBC(V, Constant(0.0), boundary)

# Define variational problem

w = TrialFunction(V)

v = TestFunction(V)

a = inner(nabla_grad(w), nabla_grad(v))=*dx

f = Expression("4xexp(-0.5x(pow((R+*x[0] - x0)/sigma, 2)) "
" -0.5x(pow((R*x[1] - y@)/sigma, 2)))",
R=R, x0=x0, y0=y0, sigma=sigma)

L = fxvkdx

# Compute solution
w = Function(V)
problem = LinearVariationalProblem(a, L, w, bc)

solver = LinearVariationalSolver(problem)
solver.parameters["linear_solver"] = "cg"
solver.parameters["preconditioner"] = "ilu"

solver.solve()

# Plot scaled solution, mesh and pressure
plot(mesh, title="Mesh over scaled domain")
plot(w, title="Scaled deflection")

f = interpolate(f, V)

plot(f, title="Scaled pressure")

# Find maximum real deflection

max_w = w.vector().array().max()

max_D = Axmax_w/(8+pixsigma*T)

print "Maximum real deflection is", max_D

# Verification for "flat" pressure (large sigma)
if sigma >= 50:

w_exact = Expression("1l - x[0]*x[0] - x[1]*x[1]")

w_e = interpolate(w_exact, V)

dev = numpy.abs(w_e.vector().array() - w.vector().array()).max()
print ’sigma=%g: max deviation=%e’ % (sigma, dev)

# Should be at the end
interactive()

Choosing a small width ¢ (say 0.01) and a location (xg, ) toward the circular boundary (say
(0.6R cos0,0.6Rsin#) for any 6 € [0,277]), may produce an exciting visual comparison of w and f that
demonstrates the very smoothed elastic response to a peak force (or mathematically, the smoothing
properties of the inverse of the Laplace operator). One needs to experiment with the mesh resolution
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to get a smooth visual representation of f. You are strongly encouraged to play around with the plots
and different mesh resolutions.

1.1.8 Quick visualization with VTK

As we go along with examples it is fun to play around with plot commands and visualize what is
computed. This section explains some useful visualization features.

The plot(u) command launches a FEniCS component called Viper, which applies the VIK package
to visualize finite element functions. Viper is not a full-fledged, easy-to-use front-end to VIK (like
Mayavi2, ParaView, or Vislt), but rather a thin layer on top of VTK’s Python interface, allowing us
to quickly visualize a DOLFIN function or mesh, or data in plain Numerical Python arrays, within
a Python program. Viper is ideal for debugging, teaching, and initial scientific investigations. The
visualization can be interactive, or you can steer and automate it through program statements. More
advanced and professional visualizations are usually better done with advanced tools like MayaVi2,
ParaView, or Vislt.

We have made a program membranelv.py for the membrane deflection problem in Section 1.1.7
and added various demonstrations of Viper capabilities. You are encouraged to play around with
membranelv.py and modify the code as you read about various features.

The plot function can take additional arguments, such as a title of the plot, or a specification of a
wireframe plot (elevated mesh) instead of a colored surface plot:

Python code

plot(mesh, title="Finite element mesh")
plot(w, wireframe=True, title="solution")

The three mouse buttons can be used to rotate, translate, and zoom the surface. Pressing h in the
plot window makes a printout of several key bindings that are available in such windows. For example,
pressing m in the mesh plot window dumps the plot of the mesh to an Encapsulated PostScript (. eps)
file, while pressing i saves the plot in PNG format. All file names are automatically generated as
simulationX.eps, where X is a counter 0000, 6001, 0002, etc., being increased every time a new plot
file in that format is generated (the extension of PNG files is .png instead of .eps). Pressing o adds a
red outline of a bounding box around the domain.

One can alternatively control the visualization from the program code directly. This is done
through a Viper object returned from the plot command. Let us grab this object and use it to 1) tilt
the camera —65 degrees in the latitude direction, 2) add x and y axes, 3) change the default name of
the plot files, 4) change the color scale, and 5) write the plot to a PNG and an EPS file. Here is the
code:

Python code

viz_w = plot(w,
wireframe=False,
title="Scaled membrane deflection",
rescale=False,
axes=True, # include axes
basename="deflection", # default plotfile name

)

viz_w.elevate(-65) # tilt camera -65 degrees (latitude dir)
viz_w.set_min_max(0, 0.5+*max_w) # color scale
viz_w.update(w) # bring settings above into action
viz_w.write_png("deflection.png")
viz_w.write_ps("deflection", format="eps")
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Figure 1.3: Plot of the deflection of
a membrane.

The format argument in the latter line can also take the values "ps" for a standard PostScript file and
"pdf" for a PDF file. Note the necessity of the viz_w.update(w) call — without it we will not see the
effects of tilting the camera and changing the color scale. Figure 1.3 shows the resulting scalar surface.

1.1.9 Computing derivatives

In Poisson and many other problems the gradient of the solution is of interest. The computation is in
principle simple: since u = Z]'I\i 1 U;j$;j, we have that

N
Vu =Y UVe;. (1.19)
j=1

Given the solution variable u in the program, its gradient is obtained by grad(u) or nabla_grad(u).
However, the gradient of a piecewise continuous finite element scalar field is a discontinuous vector
field since the ¢; has discontinuous derivatives at the boundaries of the cells. For example, using
Lagrange elements of degree 1, u is linear over each cell, and the numerical Vu becomes a piecewise
constant vector field. On the contrary, the exact gradient is continuous. For visualization and data
analysis purposes we often want the computed gradient to be a continuous vector field. Typically, we
want each component of Vu to be represented in the same way as u itself. To this end, we can project
the components of Vu onto the same function space as we used for u. This means that we solve
w = Vu approximately by a finite element method. This process is known as projection. Looking at
the component du/dx of the gradient, we project the (discrete) derivative }_; U;d¢;/dx onto a function
space with basis ¢1, ¢y, ... such that the derivative in this space is expressed by the standard sum
Y_; Uj¢;, for suitable (new) coefficients U;.

The variational problem for w reads: find w € V(8) such that

a(w,v) = L(v) VoveV®), (1.20)
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Figure 1.4: Example of visualizing
the vector field Vu by arrows at the
nodes.
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where
a(w,v) :/ w-vdx, (1.21)
o)

L(v) = /()Vu-vdx. (1.22)

The function spaces V(8 and V(8 (with the superscript g denoting “gradient”) are vector versions of
the function space for u, with boundary conditions removed (if V is the space we used for u, with no
restrictions on boundary values, V(&) = V(& = [V]?, where d is the number of space dimensions).
For example, if we used piecewise linear functions on the mesh to approximate u, the variational
problem for w corresponds to approximating each component field of w by piecewise linear functions.

The variational problem for the vector field w, called grad_u in the code, is easy to solve in FEniCS:

Python code

V_g = VectorFunctionSpace(mesh, "Lagrange", 1)
w = TrialFunction(V_g)
v = TestFunction(V_g)

a = inner(w, v)=dx

L = inner(grad(u), v)=*dx
grad_u = Function(V_g)
solve(a == L, grad_u)

plot(grad_u, title="grad(u)")

The boundary condition argument to solve is dropped since there are no essential boundary conditions
in this problem. The new thing is basically that we work with a VectorFunctionSpace, since the
unknown is now a vector field, instead of the FunctionSpace object for scalar fields. Figure 1.4 shows
an example of how Viper can visualize such a vector field.

The scalar component fields of the gradient can be extracted as separate fields and, e.g., visualized:

Python code

grad_u_x, grad_u_y = grad_u.split(deepcopy=True) # extract components
plot(grad_u_x, title="x-component of grad(u)")
plot(grad_u_y, title="y-component of grad(u)")
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The deepcopy=True argument signifies a deep copy, which is a general term in computer science
implying that a copy of the data is returned. (The opposite, deepcopy=False, means a shallow copy,
where the returned objects are just pointers to the original data.)

The grad_u_x and grad_u_y variables behave as Function objects. In particular, we can extract the
underlying arrays of nodal values by

Python code

grad_u_x_array
grad_u_y_array

grad_u_x.vector().array()
grad_u_y.vector().array()

The degrees of freedom of the grad_u vector field can also be reached by

Python code

grad_u_array = grad_u.vector().array()

but this is a flat numpy array where the degrees of freedom for the x component of the gradient is
stored in the first part, then the degrees of freedom of the y component, and so on.

The program d5_p2D. py extends the code d4_p2D.py from Section 1.1.6 with computations and
visualizations of the gradient. Examining the arrays grad_u_x_array and grad_u_y_array, or looking
at the plots of grad_u_x and grad_u_y, quickly reveals that the computed grad_u field does not
equal the exact gradient (2x,4y) in this particular test problem where u = 1+ x2 + 2y2. There are
inaccuracies at the boundaries, arising from the approximation problem for w. Increasing the mesh
resolution shows, however, that the components of the gradient vary linearly as 2x and 4y in the
interior of the mesh (as soon as we are one element away from the boundary). See Section 1.1.8 for
illustrations of this phenomenon.

Projecting some function onto some space is a very common operation in finite element programs.
The manual steps in this process have therefore been collected in a utility function project(q, W),
which returns the projection of some Function or Expression object named q onto the FunctionSpace
or VectorFunctionSpace named W. Specifically, the previous code for projecting each component of
grad(u) onto the same space that we use for u, can now be done by a one-line call:

Python code

grad_u = project(grad(u), VectorFunctionSpace(mesh, "Lagrange", 1))

The applications of projection are many, including turning discontinuous gradient fields into con-
tinuous ones, comparing higher- and lower-order function approximations, and transforming a
higher-order finite element solution down to a piecewise linear field, which is required by many
visualization packages.

1.1.10 A variable-coefficient Poisson problem

Suppose we have a variable coefficient p(x,y) in the Laplace operator, as in the boundary-value
problem

Ve lploy)Vu(x,y)] = f(xy) inQ,

u(x,y) = ug(x,y) on Q. (1.23)

We shall quickly demonstrate that this simple extension of our model problem only requires an equally
simple extension of the FEniCS program.

Let us continue to use our favorite solution u(x, y) = 1+ x2 4 2y? and then prescribe p(x,y) = x +.
It follows that ug(x,y) = 1+ x>+ 2y? and f(x,y) = —8x — 10y.

What are the modifications we need to do in the d4_p2D.py program from Section 1.1.6?
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1. f must be an Expression since it is no longer a constant,
2. anew Expression p must be defined for the variable coefficient,

3. the variational problem is slightly changed.

First we address the modified variational problem. Multiplying the PDE in (1.23) and integrating by
parts now results in

/Qqu-Vvdx—/ang—Zvds:/ﬂfvdx. (1.24)

The function spaces for u and v are the same as in Section 1.1.2, implying that the boundary integral
vanishes since v = 0 on 9Q) where we have Dirichlet conditions. The weak form a(u,v) = L(v) then
has

a(u,v) = /Q pVu-Vodx, (1.25)
L(v) = /Q fodx. (1.26)

In the code from Section 1.1.3 we must replace

Python code

a = inner(nabla_grad(u), nabla_grad(v))=*dx

Python code

a = p*inner(nabla_grad(u), nabla_grad(v))=*dx
The definitions of p and f read

Python code

Expression("x[0] + x[1]")
Expression("-8+x[0] - 10*x[1]")

p
f

No additional modifications are necessary. The complete code can be found in in the file
vcp2D.py (variable-coefficient Poisson problem in 2D). You can run it and confirm that it recov-
ers the exact u at the nodes.

The flux —pVu may be of particular interest in variable-coefficient Poisson problems as it often
has an interesting physical significance. As explained in Section 1.1.9, we normally want the piecewise
discontinuous flux or gradient to be approximated by a continuous vector field, using the same
elements as used for the numerical solution #. The approximation now consists of solving w = —pVu
by a finite element method: find w € V(8 such that

a(w,0) = L(v) VoeV®), (1.27)

where
a(w,v):/Qw-vdx, (1.28)
L(v) :/Q(—qu)~vdx. (1.29)

This problem is identical to the one in Section 1.1.9, except that p enters the integral in L.
The relevant Python statements for computing the flux field take the form
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Python code

V_g = VectorFunctionSpace(mesh, "Lagrange", 1)
w = TrialFunction(V_g)
v = TestFunction(V_g)

a = inner(w, v)=*dx
L = inner(-pxgrad(u), v)=*dx

flux = Function(V_g)
solve(a == L, flux)

The following call to project is equivalent to the above statements:

Python code

flux = project(-p+nabla_grad(u),
VectorFunctionSpace(mesh, "Lagrange", 1))

Plotting the flux vector field is naturally as easy as plotting the gradient in Section 1.1.9:

Python code
plot(flux, title="flux field")
flux_x, flux_y = flux.split(deepcopy=True) # extract components

plot(flux_x, title="x-component of flux (-pxgrad(u))")
plot(flux_y, title="y-component of flux (-pxgrad(u))")

For data analysis of the nodal values of the flux field we can grab the underlying numpy arrays:

Python code

flux_x_array = flux_x.vector().array()
flux_y_array = flux_y.vector().array()

The program vcp2D. py contains in addition some plots, including a curve plot comparing flux_x
and the exact counterpart along the line y = 1/2. The associated programming details related to this
visualization are explained in Section 1.1.12.

1.1.11 Computing functionals

After the solution u of a PDE is computed, we occasionally want to compute functionals of u, for
example,

1 1
§||Vu||2 = E/QVu-Vudx, (1.30)

which often reflects some energy quantity. Another frequently occurring functional is the error

1/2
|[te —ul| = (/Q(ue—u)zdx> , (1.31)

where 1, is the exact solution. The error is of particular interest when studying convergence properties.
Sometimes the interest concerns the flux out of a part I' of the boundary 90},

F—— / pVu - ds, (1.32)
r
where 7 is an outward unit normal at I and p is a coefficient (see the problem in Section 1.1.10 for a

specific example). All these functionals are easy to compute with FEniCS, and this section describes
how it can be done.
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Energy functional. The integrand of the energy functional (1.30) is described in the UFL language in
the same manner as we describe weak forms:

Python code

energy = 0.5+inner(grad(u), grad(u))=*dx
E = assemble(energy)

The assemble call performs the integration. It is possible to restrict the integration to subdomains,
or parts of the boundary, by using a mesh function to mark the subdomains (this technique will be
explained in Section 1.5.3). The program membrane2.py carries out the computation of the elastic

energy
Lirvpp =1 (AR 2||Vw||2 (1.33)
2 T 2\ 810 ’

in the membrane problem from Section 1.1.7.

Convergence estimation. To illustrate error computations and convergence of finite element solutions,
we modify the d5_p2D.py program from Section 1.1.9 and specify a more complicated solution,

u(x,y) = sin(wmx) sin(wrmy) (1.34)

on the unit square. This choice implies f(x,y) = 2w?m?u(x,y). With w restricted to an integer it
follows that 1y = 0. We must define the appropriate boundary conditions, the exact solution, and the
f function in the code:

Python code

def boundary(x, on_boundary):
return on_boundary

bc = DirichletBC(V, Constant(0.0), boundary)

omega = 1.0
u_e = Expression("sin(omega*pixx[0])+*sin(omega*xpixx[1])",
omega=omega)

f = 2+pix+2+xomega**2+xu_e
The computation of (1.31) can be done by

Python code

error = (u - u_e)**2xdx
E = sqrt(assemble(error))

Here, u_e will be interpolated onto the function space V. This implies that the exact solution used
in the integral will vary linearly over the cells, and not as a sine function, if V corresponds to linear
Lagrange elements. This situation may yield a smaller error u - u_e than what is actually true.

More accurate representation of the exact solution is easily achieved by interpolating the formula
onto a space defined by higher-order elements, say of third degree:

Python code
Ve = FunctionSpace(mesh, "Lagrange", degree=3)
u_e_Ve = interpolate(u_e, Ve)
error = (u - u_e_Ve)**2xdx
E = sqrt(assemble(error))
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To achieve complete mathematical control of which function space the computations are carried out
in, we can explicitly interpolate u too:

Python code

u_Ve = interpolate(u, Ve)
error = (u_Ve - u_e_Ve)x**2xdx

The square in the expression for error will be expanded and lead to a lot of terms that almost
cancel when the error is small, with the potential of introducing significant round-off errors. The
function errornorm is available for avoiding this effect by first interpolating u and u_e to a space with
higher-order elements, then subtracting the degrees of freedom, and then performing the integration
of the error field. The usage is simple:

Python code

E = errornorm(u_e, u, normtype="L2", degree=3)

It is illustrative to look at the short implementation of errornorm:

Python code

def errornorm(u_e, u, Ve):
u_Ve = interpolate(u, Ve)
u_e_Ve = interpolate(u_e, Ve)
e_Ve = Function(Ve)
# Subtract degrees of freedom for the error field
e_Ve.vector()[:] = u_e_Ve.vector().array() - \
u_Ve.vector().array()
error = e_Vex*2xdx
return sqrt(assemble(error))

The errornorm procedure turns out to be identical to computing the expression (u_e - u)#**2*dx
directly in the present test case.

Sometimes it is of interest to compute the error of the gradient field: ||V (u — u.)|| (often referred
to as the H! seminorm of the error). Given the error field e_Ve above, we simply write

Python code
Hlseminorm = sqrt(assemble(inner(grad(e_Ve), grad(e_Ve))=*dx))

Finally, we remove all plot calls and printouts of u values in the original program, and collect the
computations in a function:

Python code

def compute(nx, ny, degree):
mesh = UnitSquare(nx, ny)
V = FunctionSpace(mesh, "Lagrange", degree=degree)

Ve = FunctionSpace(mesh, "Lagrange", degree=5)
E = errornorm(u_e, u, Ve)
return E

Calling compute for finer and finer meshes enables us to study the convergence rate. Define the
element size h = 1/n, where n is the number of divisions in x and y direction (nx=ny in the code).
We perform experiments with hg > h; > hy--- and compute the corresponding errors Ey, Eq, E3
and so forth. Assuming E; = Chj for unknown constants C and r, we can compare two consecutive
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experiments, E; = Ch} and E;_; = Ch]_,, and solve for r:

_ In(E;/E;_4)
" T/l i

The r values should approach the expected convergence rate degree+1 as i increases.
The procedure above can easily be turned into Python code:

Python code

import sys
degree = int(sys.argv[1l]) # read degree as 1st command-line arg
h =[] # element sizes
E =[] # errors
for nx in [4, 8, 16, 32, 64, 128, 264]:
h.append(1.0/nx)
E.append(compute(nx, nx, degree))

# Convergence rates
from math import log as ln # (log is a dolfin name too)
for i in range(1l, len(E)):

r = In(E[i]/E[i-1])/In(h[i]/h[i-1])

print "h=%10.2E r=%.2f" % (h[i], r)

The resulting program has the name d6_p2D.py and computes error norms in various ways. Running
this program for elements of first degree and w = 1 yields the output

Output
h=1.25E-01 E=3.25E-02 r=1.83
h=6.25E-02 E=8.37E-03 r=1.96
h=3.12E-02 E=2.11E-03 r=1.99
h=1.56E-02 E=5.29E-04 r=2.00
h=7.81E-03 E=1.32E-04 r=2.00
h=3.79E-03 E=3.11E-05 r=2.00

That is, we approach the expected second-order convergence of linear Lagrange elements as the
meshes become sufficiently fine.
Running the program for second-degree elements results in the expected value r = 3,

Output

1.25E-01 E=5.66E-04 r=3.09
6.25E-02 E=6.93E-05 r=3.03
=3.12E-02 E=8.62E-06 r=3.01
1.56E-02 E=1.08E-06 r=3.00
7.81E-03 E=1.34E-07 r=3.00
3.79E-03 E=1.53E-08 r=3.00

However, using (u - u_e)*x2 for the error computation, which implies interpolating u_e onto the
same space as u, results in r = 4 (!). This is an example where it is important to interpolate u_e to a
higher-order space (polynomials of degree 3 are sufficient here) to avoid computing a too optimistic
convergence rate.

Running the program for third-degree elements results in the expected value r = 4:

Output

h=1.25E-01 r=4.09
h=6.25E-02 r=4.03
h=3.12E-02 r=4.01
h=1.56E-02 r=4.00
h=7.81E-03 r=4.00
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Checking convergence rates is the next best method for verifying PDE codes (the best being exact
recovery of a solution as in Section 1.1.6 and many other places in this tutorial).

Flux functionals. To compute flux integrals like (1.32) we need to define the n vector, referred to as
facet normal in FEniCS. If T is the complete boundary we can perform the flux computation by

Python code

n = FacetNormal(mesh)
flux = -pxdot(nabla_grad(u), n)=xds
total_flux = assemble(flux)

Although nabla_grad(u) and grad(u) are interchangeable in the above expression when u is a scalar
function, we have chosen to write nabla_grad(u) because this is the right expression if we generalize
the underlying equation to a vector Laplace/Poisson PDE. With grad(u) we must in that case write
dot(n, grad(u)).

It is possible to restrict the integration to a part of the boundary using a mesh function to mark
the relevant part, as explained in Section 1.5.3. Assuming that the part corresponds to subdomain
number i, the relevant form for the flux is -pxdot(nabla_grad(u), n)*ds(i).

1.1.12  Visualization of structured mesh data

When finite element computations are done on a structured rectangular mesh, maybe with uniform
partitioning, VTK-based tools for completely unstructured 2D /3D meshes are not required. Instead
we can use visualization and data analysis tools for structured data. Such data typically appear in
finite difference simulations and image analysis. Analysis and visualization of structured data are
faster and easier than doing the same with data on unstructured meshes, and the collection of tools to
choose among is much larger. We shall demonstrate the potential of such tools and how they allow
for tailored and flexible visualization and data analysis.

A necessary first step is to transform our mesh object to an object representing a rectangle with
equally-shaped rectangular cells. The Python package scitools has this type of structure, called a
UniformBoxGrid. The second step is to transform the one-dimensional array of nodal values to a
two-dimensional array holding the values at the corners of the cells in the structured grid. In such
grids, we want to access a value by its i and j indices, i counting cells in the x direction, and j counting
cells in the y direction. This transformation is in principle straightforward, yet it frequently leads
to obscure indexing errors. The BoxField object in scitools takes conveniently care of the details
of the transformation. With a BoxField defined on a UniformBoxGrid it is very easy to call up more
standard plotting packages to visualize the solution along lines in the domain or as 2D contours or
lifted surfaces.

Let us go back to the vcp2D. py code from Section 1.1.10 and map u onto a BoxField object:

Python code

import scitools.BoxField
u2 = u if u.ufl_element().degree() == 1 else \
interpolate(u, FunctionSpace(mesh, "Lagrange", 1))
u_box = scitools.BoxField.dolfin_function2BoxField(
u2, mesh, (nx,ny), uniform_mesh=True)

The function dolfin_function2BoxField can only work with finite element fields with linear (degree
1) elements, so for higher-degree elements we here simply interpolate the solution onto a mesh with
linear elements. We could also interpolate/project onto a finer mesh in the higher-degree case. Such
transformations to linear finite element fields are very often needed when calling up plotting packages
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or data analysis tools. The u.ufl_element () method returns an object holding the element type, and
this object has a method degree() for returning the element degree as an integer. The parameters nx
and ny are the number of divisions in each space direction that were used when calling UnitSquare to
make the mesh object. The result u_box is a BoxField object that supports “finite difference” indexing
and an underlying grid suitable for numpy operations on 2D data. Also 1D and 3D meshes (with linear
elements) can be turned into BoxField objects.

The ability to access a finite element field in the way one can access a finite difference-type of field
is handy in many occasions, including visualization and data analysis. Here is an example of writing
out the coordinates and the field value at a grid point with indices i and j (going from 0 to nx and ny,
respectively, from lower left to upper right corner):

Python code

X=0; Y=1; Z=0 # convenient indices

i=nx; j =ny # upper right corner

print "u(%g,%g)=%g" % (u_box.grid.coor[X][i],
u_box.grid.coor[Y][j],
u_box.values[i,jl)

For instance, the x coordinates are reached by u_box.grid.coor[X]. The grid attribute is an instance
of class UniformBoxGrid.

Many plotting programs can be used to visualize the data in u_box. Matplotlib is now a very
popular plotting program in the Python world and could be used to make contour plots of u_box.
However, other programs like Gnuplot, VTK, and MATLAB have better support for surface plots at
the time of this writing. Our choice in this tutorial is to use the Python package scitools.easyviz,
which offers a uniform MATLAB-like syntax as interface to various plotting packages such as Gnuplot,
matplotlib, VTK, OpenDX, MATLAB, and others. With scitools.easyviz we write one set of
statements, close to what one would do in MATLAB or Octave, and then it is easy to switch between
different plotting programs, at a later stage, through a command-line option, a line in a configuration
file, or an import statement in the program.

A contour plot is made by the following scitools.easyviz command:

Python code

import scitools.easyviz as ev

ev.contour(u_box.grid.coorv[X], u_box.grid.coorv[Y], u_box.values,
5, clabels="on")

ev.title("Contour plot of u")

ev.savefig("u_contours.eps")

# or more compact syntax:

ev.contour(u_box.grid.coorv[X], u_box.grid.coorv[Y], u_box.values,
5, clabels="on",
savefig="u_contours.eps", title="Contour plot of u")

The resulting plot can be viewed in Figure 1.5a. The contour function needs arrays with the x and y
coordinates expanded to 2D arrays (in the same way as demanded when making vectorized numpy
calculations of arithmetic expressions over all grid points). The correctly expanded arrays are stored in
grid.coorv. The above call to contour creates 5 equally spaced contour lines, and with clabels="on"
the contour values can be seen in the plot.

Other functions for visualizing 2D scalar fields are surf and mesh as known from MATLAB:
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Python code

import scitools.easyviz as ev

ev.figure()

ev.surf(u_box.grid.coorv[X], u_box.grid.coorv[Y], u_box.values,
shading="interp", colorbar="on",
title="surf plot of u", savefig="u_surf.eps")

ev.figure()
ev.mesh(u_box.grid.coorv[X], u_box.grid.coorv[Y], u_box.values,
title="mesh plot of u", savefig="u_mesh.eps")

Figure 1.6 exemplifies the surfaces arising from the two plotting commands above. You can type
pydoc scitools.easyviz in a terminal window to get a full tutorial. Note that scitools.easyviz
offers function names like plot and mesh, which clash with plot from dolfin and the mesh variable
in our programs. Therefore, we recommend the ev prefix.

A handy feature of BoxField is the ability to give a start point in the grid and a direction, and then
extract the field and corresponding coordinates along the nearest grid line. In 3D fields one can also
extract data in a plane. Say we want to plot u along the line y = 1/2 in the grid. The grid points, x,
and the u values along this line, uval, are extracted by

Python code

start = (0, 0.5)
x, uval, y_fixed, snapped = u_box.gridline(start, direction=X)

The variable snapped is true if the line had to be snapped onto a grid line and in that case y_fixed
holds the snapped (altered) y value. Plotting u versus the x coordinate along this line, using
scitools.easyviz, is now a matter of

Python code

ev.figure() # new plot window

ev.plot(x, uval, "r-") # "r--: red solid line
ev.title("Solution")

ev.legend("finite element solution")

# or more compactly:
ev.plot(x, uval, "r-", title="Solution",
legend="finite element solution")

A more exciting plot compares the projected numerical flux in x direction along the line y = 1/2
with the exact flux:

Python code

ev.figure()
flux2_x = flux_x if flux_x.ufl_element().degree() == 1 else \
interpolate(flux_x, FunctionSpace(mesh, "Lagrange", 1))
flux_x_box = scitools.BoxField.dolfin_function2BoxField(
flux2_x, mesh, (nx,ny), uniform_mesh=True)
x, fluxval, y_fixed, snapped = \
flux_x_box.gridline(start, direction=X)
y = y_fixed
flux_x_exact = -(Xx + y)*2*Xx
ev.plot(x, fluxval, "r-",
x, flux_x_exact, "b-",
legend=("numerical (projected) flux", "exact flux"),
title="Flux in x-direction (at y=%g)" % y_fixed,
savefig="flux.eps")
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Figure 1.5: Examples of plots cre-
ated by transforming the finite ele-
ment field to a field on a uniform,
structured 2D grid: (a) contour plot
of the solution; (b) curve plot of
the exact flux —pdu/0dx against the
corresponding projected numerical
flux.

(a) (b)

Figure 1.6: Examples of plots cre-
ated by transforming the finite ele-
ment field to a field on a uniform,
structured 2D grid: (a) a surface plot
of the solution; (b) lifted mesh plot
of the solution.

As seen from Figure 1.5b, the numerical flux is accurate except in the boundary elements.

The visualization constructions shown above and used to generate the figures are found in the
program vcp2D.py in the stationary/poisson directory.

It should be easy with the information above to transform a finite element field over a uniform
rectangular or box-shaped mesh to the corresponding BoxField object and perform MATLAB-style
visualizations of the whole field or the field over planes or along lines through the domain. By the
transformation to a regular grid we have some more flexibility than what Viper offers. However, we
must remark that comprehensive tools like Vislt, MayaVi2, or ParaView also have the possibility for
plotting fields along lines and extracting planes in 3D geometries, though usually with less degree of
control compared to Gnuplot, MATLAB, and matplotlib.

1.1.13 Combining Dirichlet and Neumann conditions

Let us make a slight extension of our two-dimensional Poisson problem from Section 1.1.1 and add
a Neumann boundary condition. The domain is still the unit square, but now we set the Dirichlet
condition u = ug at the left and right sides, x = 0 and x = 1, while the Neumann condition

ou

—3, =8 (1.36)
is applied to the remaining sides y = 0 and y = 1. The Neumann condition is also known as a natural
boundary condition (in contrast to an essential boundary condition).

Let I'p and I'y denote the parts of 0Q) where the Dirichlet and Neumann conditions apply,
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respectively. The complete boundary-value problem can be written as

—Au=finQ, (1.37)
u =ugonlIp, (1.38)

ou
5, = gonTIn. (1.39)

Again we choose u = 1+ x? + 2y as the exact solution and adjust f, g, and g accordingly:

f=-6, (1.40)
) -4, y=1

g= { 0, y=0 (1.41)

up =1+ x% +2¢°% (1.42)

For ease of programming we may introduce a g function defined over the whole of Q) such that g
takes on the right values at y = 0 and v = 1. One possible extension is

g(xy) = —4y. (1.43)

The first task is to derive the variational problem. This time we cannot omit the boundary term
arising from the integration by parts, because v is only zero on I'py. We have

—/ (Au)odx = / Vi Vodx —/ L (1.44)
Q Q 20 on
and since v =0 on I'p,
Ju ou
- g gv ds = — e %v ds = /TN guds, (1.45)

by applying the boundary condition on I'y. The resulting weak form reads

/Vu-Vvdx—i—/ gvds:/fvdx. (1.46)
Q I'n Ja

Expressing (1.46) in the standard notation a(u,v) = L(v) is straightforward with
a(u,v) = / Vu-Vodx, (1.47)
Q
L) = [ fodx— [ gods 148
(0) = [ fodr— [ gods 1.49)

How does the Neumann condition impact the implementation? The code in the file d4_p2D.py in
the directory stationary/poisson remains almost the same. Only two adjustments are necessary:

1. The function describing the boundary where Dirichlet conditions apply must be modified.
2. The new boundary term must be added to the expression in L.
Step 1 can be coded as

Python code

def Dirichlet_boundary(x, on_boundary):
if on_boundary:
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if x[0] == 0 or x[0] == 1:
return True
else:
return False
else:
return False

A more compact implementation reads

Python code

def Dirichlet_boundary(x, on_boundary):
return on_boundary and (x[0] == 0 or x[0] == 1)

As pointed out already in Section 1.1.3, testing for an exact match of real numbers is not good
programming practice so we introduce a tolerance in the test:

Python code

def Dirichlet_boundary(x, on_boundary):
tol = 1E-14 # tolerance for coordinate comparisons
return on_boundary and \
(abs(x[0]) < tol or abs(x[0] - 1) < tol)

The second adjustment of our program concerns the definition of L, where we have to add a
boundary integral and a definition of the g function to be integrated:

Python code

g = Expression("-4xx[1]")
L = fxvxdx - g+v*ds

The ds variable implies a boundary integral, while dx implies an integral over the domain (). No
more modifications are necessary.

The file dnl_p2D.py in the stationary/poisson directory implements this problem. Running the
program verifies the implementation: u equals the exact solution at all the nodes, regardless of how
many elements we use.

1.1.14 Multiple Dirichlet conditions

The PDE problem from the previous section applies a function uq(x,y) for setting Dirichlet conditions
at two parts of the boundary. Having a single function to set multiple Dirichlet conditions is seldom
possible. The more general case is to have m functions for setting Dirichlet conditions on m parts of
the boundary. The purpose of this section is to explain how such multiple conditions are treated in
FEniCS programes.

Let us return to the case from Section 1.1.13 and define two separate functions for the two Dirichlet
conditions:

—Au=—-6inQ), (1.49)
u = uy only, (1.50)
u=mugonljy, (1.51)

ou

5, = gonIy. (1.52)

Here, Iy is the boundary x = 0, while I'; corresponds to the boundary x = 1. We have that
up = 142y, ug = 2+ 2y?% and g = —4y. For the left boundary I'y we define the usual triple of a
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function for the boundary value, a function for defining the boundary of interest, and a DirichletBC
object:

Python code
u_L = Expression("1l + 2xx[1]*x[1]1")
def left_boundary(x, on_boundary):
tol = 1E-14  # tolerance for coordinate comparisons

return on_boundary and abs(x[0]) < tol

Gamma_0 = DirichletBC(V, u_L, left_boundary)

For the boundary x = 1 we define a similar code:

Python code
U_R = Expression("2 + 2xx[1]1*x[1]1")
def right_boundary(x, on_boundary):
tol = 1E-14  # tolerance for coordinate comparisons

return on_boundary and abs(x[0] - 1) < tol

Gamma_1 = DirichletBC(V, u_R, right_boundary)

The various essential conditions are then collected in a list and used in the solution process:

Python code

bcs = [Gamma_0, Gamma_1]

solve(a == L, u, bcs)

# or
problem = LinearVariationalProblem(a, L, u, bcs)
solver = LinearVariationalSolver(problem)

solver.solve()

If the u values are constant at a part of the boundary, we may use a simple Constant object instead
of an Expression object.

The file dn2_p2D.py contains a complete program which demonstrates the constructions above. An
extended example with multiple Neumann conditions would have been quite natural now, but this
requires marking various parts of the boundary using the mesh function concept and is therefore left
to Section 1.5.3.

1.1.15 A linear algebra formulation

Given a(u,v) = L(v), the discrete solution u is computed by inserting u = ZJ 1 Uj¢;j into a(u,v) and
demanding a(u,v) = L(v) to be fulfilled for N test functions ¢y, ...,¢y. This implies

Mz

(‘nb]/ 4)l> - L(‘Pz) i=1,...,N, (1.53)

]:

which is nothing but a linear system,
AU =, (1.54)
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where the entries in A and b are given by

Aij = a(¢j, i),
bi = L($).

The examples so far have specified the left- and right-hand side of the variational formulation
and then asked FEniCS to assemble the linear system and solve it. An alternative to is explicitly call
functions for assembling the coefficient matrix A and the right-side vector b, and then solve the linear
system AU = b with respect to the U vector. Instead of solve(a == L, u, bc) we now write

(1.55)

Python code

A = assemble(a)
b = assemble(L)
bc.apply(A, b)
u = Function(V)
U = u.vector()
solve(A, U, b)

The variables a and L are as before; that is, a refers to the bilinear form involving a TrialFunction
object (say u) and a TestFunction object (v), and L involves a TestFunction object (v). From a and L,
the assemble function can compute the matrix elements A; ; and the vector elements b;.

The matrix A and vector b are first assembled without incorporating essential (Dirichlet) boundary
conditions. Thereafter, the call bc.apply(A, b) performs the necessary modifications of the linear
system. When we have multiple Dirichlet conditions stored in a list bcs, as explained in Section 1.1.14,
we must apply each condition in bcs to the system:

Python code

# bcs is a list of DirichletBC objects
for bc in bcs:
bc.apply(A, b)

There is an alternative function assemble_system, which can assemble the system and take
boundary conditions into account in one call:

Python code

A, b = assemble_system(a, L, bcs)

The assemble_system function incorporates the boundary conditions in the element matrices and
vectors, prior to assembly. The conditions are also incorporated in a symmetric way to preserve
eventual symmetry of the coefficient matrix. With bc.apply(A,b) the matrix A is modified in an
unsymmetric way.

Note that the solution u is, as before, a Function object. The degrees of freedom, U = A~1p, are
filled into u’s Vector object (u.vector()) by the solve function.

The object A is of type Matrix, while b and u.vector() are of type Vector. We may convert the
matrix and vector data to numpy arrays by calling the array() method as shown before. If you wonder
how essential boundary conditions are incorporated in the linear system, you can print out A and b
before and after the bc.apply (A, b) call:

Python code

if mesh.num_cells() < 16: # print for small meshes only
print A.array()
print b.array()

bc.apply(A, b)
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if mesh.num_cells() < 16:
print A.array()
print b.array()

With access to the elements in A as a numpy array we can easily do computations on this matrix,
such as computing the eigenvalues (using the numpy.linalg.eig function). We can alternatively
dump A and b to file in MATLAB format and invoke MATLAB or Octave to analyze the linear system.
Dumping the arrays A and b to MATLAB format is done by

Python code

import scipy.io
scipy.io.savemat("Ab.mat", {"A": A, "b": b})

Writing load Ab.mat in MATLAB or Octave will then make the variables A and b available for
computations.

Matrix processing in Python or MATLAB/Octave is only feasible for small PDE problems since
the numpy arrays or matrices in MATLAB file format are dense matrices. DOLFIN also has an interface
to the eigensolver package SLEPc, which is a preferred tool for computing the eigenvalues of large,
sparse matrices of the type encountered in PDE problems (see demo/1la/eigenvalue in the DOLFIN
source code tree for a demo).

A complete code where the linear system AU = b is explicitly assembled and solved is found in
the file dn3_p2D.py in the directory stationary/poisson. This code solves the same problem as in
dn2_p2D.py (Section 1.1.14). For small linear systems, the program writes out A and b before and after
incorporation of essential boundary conditions and illustrates the difference between assemble and
assemble_system. The reader is encouraged to run the code for a 2 x 1 mesh (UnitSquare(2, 1) and
study the output of A.

By default, solve(A, U, b) applies sparse LU decomposition as solver. Specification of an iterative
solver and preconditioner is done through two optional arguments:

Python code
solve(A, U, b, "cg", "ilu")

Appropriate names of solvers and preconditioners are found in Section 1.7.4.
To control tolerances in the stopping criterion and the maximum number of iterations, one can
explicitly form a KrylovSolver object and set items in its parameters attribute (see Section 1.1.5):

Python code

solver = KrylovSolver("cg", "ilu")
solver.parameters["absolute_tolerance"] = 1E-7
solver.parameters["relative tolerance"] = 1E-4

solver.parameters|["maximum_iterations"] = 1000
u = Function(V)

U = u.vector()

set_log_level (DEBUG)

solver.solve(A, U, b)

The program dn4_p2D. py is a modification of dn3_p2D. py illustrating this latter approach.

The choice of start vector for the iterations in a linear solver is often important. With the
solver.solve(A, U, b) call the default start vector is the zero vector. A start vector with random
numbers in the interval [—100, 100] can be computed as

Python code

n = u.vector().array().size
U = u.vector()
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U[:] = numpy.random.uniform(-100, 100, n)
solver.parameters['nonzero_initial_guess’] = True
solver.solve(A, U, b)

Note that we must turn off the default behavior of setting the start vector (“initial guess”) to zero. A
random start vector is included in the dn4_p2D.py code.

Creating the linear system explicitly in a program can have some advantages in more advanced
problem settings. For example, A may be constant throughout a time-dependent simulation, so
we can avoid recalculating A at every time level and save a significant amount of simulation time.
Sections 1.3.2 and 1.3.3 deal with this topic in detail.

1.1.16  Parameterizing the number of space dimensions

FEniCS makes it is easy to write a unified simulation code that can operate in 1D, 2D, and 3D.
We will conveniently make use of this feature in forthcoming examples. As an appetizer, go back
to the introductory program d1_p2D.py in the stationary/poisson directory and change the mesh
construction from UnitSquare(6, 4) to UnitCube(6, 4, 5). Now the domain is the unit cube with
6 x 4 x 5 cells. Run the program and observe that we can solve a 3D problem without any other
modifications (!). The visualization allows you rotate to the cube and observe the function values as
colors on the boundary.

The forthcoming material introduces some convenient technicalities such that the same program
can run in 1D, 2D, or 3D without any modifications. Consider the simple problem

u”(x)=2in[0,1], u(0)=0, u(l) =1, (1.56)

with exact solution u(x) = x?. Our aim is to formulate and solve this problem in a 2D and a 3D
domain as well. We may generalize the domain [0, 1] to a box of any size in the y and z directions
and pose homogeneous Neumann conditions du/dn = 0 at all additional boundaries y = const and
z = const to ensure that u only varies with x. For example, let us choose a unit hypercube as domain:
Q = [0,1)%, where d is the number of space dimensions. The generalized d-dimensional Poisson
problem then reads

Au = 2 in (),

u = 0 onTy,

u = 1 onIy, (1.57)
g% 0 on 80\ (FO U Fl) ’

where Iy is the side of the hypercube where x = 0, and where I’y is the side where x = 1.

Implementing (1.57) for any d is no more complicated than solving a problem with a specific
number of dimensions. The only non-trivial part of the code is actually to define the mesh. We
use the command-line to provide user-input to the program. The first argument can be the degree
of the polynomial in the finite element basis functions. Thereafter, we supply the cell divisions in
the various spatial directions. The number of command-line arguments will then imply the number
of space dimensions. For example, writing 3 10 3 4 on the command-line means that we want to
approximate u by piecewise polynomials of degree 3, and that the domain is a three-dimensional cube
with 10 x 3 x 4 divisions in the x, y, and z directions, respectively. Each of the 10 x 3 x 4 = 120 boxes
will be divided into six tetrahedra. The Python code can be quite compact:

Python code

degree = int(sys.argv[1l])

divisions = [int(arg) for arg in sys.argv([2:]]

d = len(divisions)

domain_type = [UnitInterval, UnitSquare, UnitCube]
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mesh = domain_type[d-1](*divisions)
V = FunctionSpace(mesh, "Lagrange", degree)

First note that although sys.argv[2:] holds the divisions of the mesh, all elements of the list
sys.argv[2:] are string objects, so we need to explicitly convert each element to an integer. The
construction domain_type[d-1] will pick the right name of the object used to define the domain and
generate the mesh. Moreover, the argument *divisions sends each component of the list divisions as
a separate argument. For example, in a 2D problem where divisions has two elements, the statement

Python code

mesh = domain_type[d-1](+divisions)

is equivalent to

Python code

mesh = UnitSquare(divisions[0], divisions[1])

The next part of the program is to set up the boundary conditions. Since the Neumann conditions
have du/dn = 0 we can omit the boundary integral from the weak form. We then only need to take
care of Dirichlet conditions at two sides:

Python code

tol = 1E-14  # tolerance for coordinate comparisons
def Dirichlet_boundary0(x, on_boundary):
return on_boundary and abs(x[0]) < tol

def Dirichlet_boundaryl(x, on_boundary):
return on_boundary and abs(x[0] - 1) < tol

bcO® = DirichletBC(V, Constant(0), Dirichlet_boundary0)
bcl = DirichletBC(V, Constant(1l), Dirichlet_boundaryl)
bcs [bcO®, bcl]

Note that this code is independent of the number of space dimensions. So are the statements defining
and solving the variational problem:

Python code

= TrialFunction(V)

= TestFunction(V)

Constant(-2)

= inner(nabla_grad(u), nabla_grad(v))=*dx
= fxvrdx

r o < Cc
]

u = Function(V)
solve(a == L, u, bcs)

The complete code is found in paD.py (Poisson problem in any-D).

If we want to parameterize the direction in which u varies, say by the space direction number
e, we only need to replace x[0] in the code by x[e]. The parameter e could be given as a second
command-line argument. The reader is encouraged to perform this modification.
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1.2 Nonlinear problems

Now we shall address how to solve nonlinear PDEs in FEniCS. Our sample PDE for implementation
is taken as a nonlinear Poisson equation:

-V - (qg(u)Vu) = f. (1.58)

The coefficient () makes the equation nonlinear (unless g(u) is constant in u).

To be able to easily verify our implementation, we choose the domain, g(u), f, and the boundary
conditions such that we have a simple, exact solution u. Let Q) be the unit hypercube [0,1]% in d
dimensions, q(u) = (1+u)", f =0, u =0 for xg =0, u =1 for xo = 1, and du/dn = 0 at all other
boundaries x;, =0and x; =1,i=1,...,d — 1. The coordinates are now represented by the symbols
Xo,--.,X4_1. The exact solution is then

1/(m+1)
) 1 (1.59)

u(xg, ..., x4) = ((2’”*1 —1)xg+1
The variational formulation of our model problem reads: find u# € V such that
F(u;0) =0 VYoeV, (1.60)

where
F(u;v) = / g(u)Vu - Vodx, (1.61)
Q

and

V={veHY(Q):v=00nxyg=0and xyp = 1},

1 (1.62)

V={veH (Q):v=00nxy=0andv=1o0nxy =1}.
The discrete problem arises as usual by restricting V and V to a pair of discrete spaces. As usual, we
omit any subscript on discrete spaces and simply say V and V are chosen finite dimensional according
to some mesh and element type. The nonlinear problem then reads: find u € V such that

F(u;v) =0 VYoeV, (1.63)

with u = Z]«Ii 1 U;j¢;. Since F is a nonlinear function of u, (1.63) gives rise to a system of nonlinear
algebraic equations. From now on the interest is only in the discrete problem, and as mentioned in
Section 1.1.2, we simply write u instead of u;, to get a closer resemblance in notation between the
mathematics and the Python code. When the exact solution needs to be distinguished, we denote it by
Ue.

FEniCS can be used in alternative ways for solving a nonlinear PDE problem. We shall in the
following subsections go through four solution strategies: 1) a simple Picard-type iteration, 2) a
Newton method at the algebraic level, 3) a Newton method at the PDE level, and 4) an automatic
approach where FEniCS attacks the nonlinear variational problem directly. The “black box” strategy
4) is definitely the simplest one from a programmer’s point of view, but the others give more control
of the solution process for nonlinear equations (which also has some pedagogical advantages).

1.2.1 Picard iteration

Picard iteration is an easy way of handling nonlinear PDEs: we simply use a known, previous solution
in the nonlinear terms so that these terms become linear in the unknown u. The strategy is also known



Chapter 1. A FEniCS tutorial 39

as the method of successive substitutions. For our particular problem, we use a known, previous
solution in the coefficient g(u). More precisely, given a solution u* from iteration k, we seek a new

(hopefully improved) solution u**1 in iteration k + 1 such that u**1 solves the linear problem
V- (q(u")w"“) =0, k=0,1,... (1.64)
0

The iterations require an initial guess u’. The hope is that u¥ — u as k — oo, and that u**1 is
sufficiently close to the exact solution u of the discrete problem after just a few iterations.

We can easily formulate a variational problem for #**1 from Equation (1.64). Equivalently, we can
approximate g(u) by q(u¥) in (1.61) to obtain the same linear variational problem. In both cases, the

problem consists of seeking u**! € V such that

FMho)=0 YoeV, k=0,1,..., (1.65)

with
F(uF1;0) = /Qq(uk)Vuk+1 -Vodx. (1.66)

Since this is a linear problem in the unknown u**1, we can equivalently use the formulation

a1, v) = L(v), (1.67)

with
a(u,v) = N q(uF)Vu - Vody, (1.68)
L(v) =0. (1.69)
The iterations can be stopped when € = ||u**1 — u¥|| < tol, where tol is small, say 10~°, or when

the number of iterations exceed some critical limit. The latter case will pick up divergence of the

method or unacceptable slow convergence.

k+1

In the solution algorithm we only need to store u* and u**1, called u_k and u in the code below.

The algorithm can then be expressed as follows:

Python code

def q(u):
return (1+u)**m

# Define variational problem for Picard iteration

u TrialFunction(V)

\Y TestFunction(V)

= interpolate(Constant(0.0), V) # previous (known) u
inner(q(u_k)+nabla_grad(u), nabla_grad(v))=*dx

f = Constant(0.0)

L = fxvrdx

u_

I =

# Picard iterations

u = Function(V) # new unknown function
eps = 1.0 # error measure ||u-u_k||
tol = 1.0E-5 # tolerance
iter = 0 # iteration counter
maxiter = 25 # max no of iterations allowed
while eps > tol and iter < maxiter:
iter += 1

solve(a == L, u, bcs)
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diff = u.vector().array() - u_k.vector().array()
eps = numpy.linalg.norm(diff, ord=numpy.Inf)
print "iter=%d: norm=%g" % (iter, eps)
u_k.assign(u) # update for next iteration

We need to define the previous solution in the iterations, u_k, as a finite element function so that u_k
can be updated with u at the end of the loop. We may create the initial Function u_k by interpolating
an Expression or a Constant to the same vector space as u lives in (V).

In the code above we demonstrate how to use numpy functionality to compute the norm of the
difference between the two most recent solutions. Here we apply the maximum norm (¢o, norm) on
the difference of the solution vectors (ord=1 and ord=2 give the ¢; and ¢, vector norms — other norms
are possible for numpy arrays, see pydoc numpy.linalg.norm).

The file picard_np.py (Picard iteration for a nonlinear Poisson problem) contains the complete
code for this problem. The implementation is d dimensional, with mesh construction and setting of
Dirichlet conditions as explained in Section 1.1.16. For a 33 x 33 grid with m = 2 we need 9 iterations
for convergence when the tolerance is 107°.

1.2.2 A Newton method at the algebraic level

After having discretized our nonlinear PDE problem, we may use Newton’s method to solve the
system of nonlinear algebraic equations. From the continuous variational problem (1.60), the discrete
version (1.63) results in a system of equations for the unknown parameters Uy, ..., Uy (by inserting
U= 2}11 Uj¢j and v = ¢; in (1.63)):

N . N
F(Uy,..., Uy) = Z / (q (Z UﬂPz) ng]ll]) ~V4A>idx =0, i=1,...,N. (1.70)
j=1"0 =1

Newton’s method for the system F;(Uy, ..., llj) =0,i=1,...,N can be formulated as

N3
ZWFZ'(U’{,.. Juk)eu; = —F(ug,...,uy), i=1,...,N, (1.71)
=17

u]',f+1 = Uf+wdly, j=1,..,N, (1.72)

where w € [0,1] is a relaxation parameter, and k is an iteration index. An initial guess 1" must be

provided to start the algorithm. The original Newton method has w = 1, but in problems where it is
difficult to obtain convergence, so-called under-relaxation with w < 1 may help.

We need, in a program, to compute the Jacobian matrix dF;/dU; and the right-hand side vector
—F;. Our present problem has F; given by (1.70). The derivative dF;/dU; becomes

/ l Zum 9V Eukq>] V¢z+q<2 um) V- V@] dx. (173)

Q

The following results were used to obtain (1.73):

u 9 9 ) )
a@—a@;u@j—w o V= Vo i) =99 (1.74)
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We can reformulate the Jacobian matrix in (1.73) by introducing the short notation u* = Zjl\i 1 U]’-‘fpj:

oF; . . R
o~ /Q [q ("), Vuk - Vi + q(uF)V; - vq)l} dx. (1.75)

In order to make FEniCS compute this matrix, we need to formulate a corresponding variational
problem. Looking at the linear system of equations in Newton’s method,

N 9F
Y —éU;=-F, i=1,...,N,
j=1auf' :

we can introduce v as a general test function replacing ¢;, and we can identify the unknown du =
Z]N: 10U;j¢;. From the linear system we can now go “backwards” to construct the corresponding
discrete weak form

/Q [q’(uk)éuVuk Vo +q(uF)Vou - Vv} drx = — /Q g(uFYVuk - Vodx. (1.76)
Equation (1.76) fits the standard form a(du,v) = L(v) with
a(6u,v) = / [/ (4)6uvi - Vo + q(u¥)Vou - Vol dx (1.77)
o)

L(v) = — /Qq(uk)Vuk -Vodx. (1.78)

Note the important feature in Newton’s method that the previous solution u* replaces u in the
formulas when computing the matrix JoF;/ Bllj and vector F; for the linear system in each Newton
iteration.

We now turn to the implementation. To obtain a good initial guess u”, we can solve a simplified,
linear problem, typically with g(u) = 1, which yields the standard Laplace equation Au’ = 0. The
recipe for solving this problem appears in Sections 1.1.2, 1.1.3, and 1.1.13. The code for computing u°
becomes as follows:

0

Python code
tol = 1E-14
def left_boundary(x, on_boundary):
return on_boundary and abs(x[0]) < tol

def right_boundary(x, on_boundary):
return on_boundary and abs(x[0]-1) < tol

Gamma_0 = DirichletBC(V, Constant(0.0), left_boundary)
Gamma_1 = DirichletBC(V, Constant(1.0), right_boundary)
bcs = [Gamma_0, Gamma_1]

# Define variational problem for initial guess (q(u)=1, m=0)
u = TrialFunction(V)
v = TestFunction(V)
a = inner(nabla_grad(u), nabla_grad(v))=*dx
f = Constant(0.0)
L = fxvxdx

A, b = assemble_system(a, L, bcs)

u_k = Function(V)

U_k = u_k.vector()

solve(A, U_k, b)
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Here, u_k denotes the solution function for the previous iteration, so that the solution after each
Newton iterationis u = u_k + omega*du. Initially, u_k is the initial guess we call u° in the mathematics.

The Dirichlet boundary conditions for the problem to be solved in each Newton iteration are
somewhat different than the conditions for u. Assuming that u* fulfills the Dirichlet conditions for u,
du must be zero at the boundaries where the Dirichlet conditions apply, in order for u**1 = u¥ + wéu
to fulfill the right Dirichlet values. We therefore define an additional list of Dirichlet boundary
conditions objects for Ju:

Python code

Gamma_0_du = DirichletBC(V, Constant(0), left_boundary)
Gamma_1_du = DirichletBC(V, Constant(0), right_boundary)
bcs_du = [Gamma_0_du, Gamma_1_du]

The nonlinear coefficient and its derivative must be defined before coding the weak form of the
Newton system:

Python code

def q(u):
return (1+u)s**m

def Dq(u):
return mx(1+u)=**(m-1)

du = TrialFunction(V) # u = u_k + omegax*du

a = inner(q(u_k)+*nabla_grad(du), nabla_grad(v))=*dx + \
inner(Dq(u_k)*duxnabla_grad(u_k), nabla_grad(v))=*dx

L = -inner(q(u_k)+nabla_grad(u_k), nabla_grad(v))=*dx

The Newton iteration loop is very similar to the Picard iteration loop in Section 1.2.1:

Python code

du = Function(V)

u = Function(V) # u = u_k + omegaxdu
omega = 1.0 # relaxation parameter
eps = 1.0

tol = 1.0E-5

iter = 0

maxiter = 25
while eps > tol and iter < maxiter:
iter += 1
A, b = assemble_system(a, L, bcs_du)
solve(A, du.vector(), b)
eps = numpy.linalg.norm(du.vector().array(), ord=numpy.Inf)
print "Norm:", eps
u.vector()[:] = u_k.vector() + omegax+du.vector()
u_k.assign(u)

There are other ways of implementing the update of the solution as well:

Python code

u.assign(u_k) # u = u k
u.vector().axpy(omega, du.vector())

# or
u.vector()[:] += omega*du.vector()

The axpy(a, y) operation adds a scalar a times a Vector y to a Vector object. It is usually a fast
operation calling up an optimized BLAS routine for the calculation.
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Mesh construction for a d-dimensional problem with arbitrary degree of the Lagrange elements can
be done as explained in Section 1.1.16. The complete program appears in the file alg_newton_np.py.

1.2.3 A Newton method at the PDE level

Although Newton’s method in PDE problems is normally formulated at the linear algebra level; that
is, as a solution method for systems of nonlinear algebraic equations, we can also formulate the
method at the PDE level. This approach yields a linearization of the PDEs before they are discretized.
FEniCS users will probably find this technique simpler to apply than the more standard method of
Section 1.2.2.

Given an approximation to the solution field, uk, we seek a perturbation Ju so that

w1 =k 4 su (1.79)
fulfills the nonlinear PDE. However, the problem for du is still nonlinear and nothing is gained. The

idea is therefore to assume that du is sufficiently small so that we can linearize the problem with
respect to du. Inserting u**1 in the PDE, linearizing the q term as

9(5) = g(F) + 4/ (6F)ou + O((6u)?) ~ g(u¥) + 4/ (F)o, (1.80)
and dropping other nonlinear terms in Ju, we get
V- (q(uk)Vuk) +V- (q(uk)VcSu) +V- (q’(uk)(SuVuk) =0.
We may collect the terms with the unknown Ju on the left-hand side,
V- (q(uk)V5u> +V- (q’(uk)éuVuk> =-V- (q(uk)Vuk) , (1.81)

The weak form of this PDE is derived by multiplying by a test function v and integrating over (),
integrating the second-order derivatives by parts:

/Q (q(uk)V(Su Vo + g (uF)ouvuk . VU) dx = — /Q g(uFYVuk - Vodx. (1.82)
The variational problem reads: find du € V such that a(du,v) = L(v) for all v € V, where
— k ¢,k k
a(éu,v) = /Q (q(u YWVéu-Vo+q (u*)ouVu -Vv) dx, (1.83)

L(v) = — /Qq(uk)Vuk -Vodx. (1.84)

The function spaces V and v, being continuous or discrete, are as in the linear Poisson problem from
Section 1.1.2.

We must provide some initial guess, e.g., the solution of the PDE with q(u) = 1. The corresponding
weak form ag(u°,v) = Lo(v) has

ap(u,v) = /QVwVvdx, L(v) =0. (1.85)
Thereafter, we enter a loop and solve a(éu,v) = L(v) for du and compute a new approximation

uk+1 = 4k 4 5u. Note that du is a correction, so if u” satisfies the prescribed Dirichlet conditions on
some part I'p of the boundary, we must demand éu = 0 on I'p.
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Looking at (1.83) and (1.84), we see that the variational form is the same as for the Newton method
at the algebraic level in Section 1.2.2. Since Newton’s method at the algebraic level required some
“backward” construction of the underlying weak forms, FEniCS users may prefer Newton’s method
at the PDE level, which is more straightforward. There is seemingly no need for differentiations to
derive a Jacobian matrix, but a mathematically equivalent derivation is done when nonlinear terms
are linearized using the first two Taylor series terms and when products in the perturbation du are
neglected.

The implementation is identical to the one in Section 1.2.2 and is found in the file
pde_newton_np.py. The reader is encouraged to go through this code to be convinced that the
present method actually ends up with the same program as needed for the Newton method at the
linear algebra level in Section 1.2.2.

1.2.4  Solving the nonlinear variational problem directly

The previous hand-calculations and manual implementation of Picard or Newton methods can be
automated by tools in FEniCS. In a nutshell, one can just write

Python code

problem = NonlinearVariationalProblem(F, u, bcs, J)
solver = NonlinearVariationalSolver(problem)
solver.solve()

where F corresponds to the nonlinear form F(u;v), u is the unknown Function object, bcs represents
the essential boundary conditions (list of DirichletBC objects), and J is a variational form for the
Jacobian of F.

Let us explain in detail how to use the built-in tools for nonlinear variational problems and their
solution. The F form corresponding to (1.61) is straightforwardly defined as follows, assuming q(u) is
coded as a Python function:

Python code

v = TestFunction(V)
u_ = Function(V) # the unknown
F = inner(q(u_)+*nabla_grad(u_), nabla_grad(v))*dx

Note here that u_ is a Function (not a TrialFunction). An alternative and perhaps more intuitive
formula for F is to define F(u;v) directly in terms of a trial function for u and a test function for v,
and then create the proper F by

Python code

= TrialFunction(V)

= TestFunction(V)
F = inner(q(u)*nabla_grad(u), nabla_grad(v))=dx
u_ = Function(V) # most recently computed solution
F = action(F, u.)

The latter statement is equivalent to F(u = u_;v), where u_ is an existing finite element function
representing the most recently computed approximation to the solution.

The Jacobian or derivative J (J) of F (F) is formally the Gateaux derivative DF (u¥; du,v) of F(u;v)
at u = u_ in the direction of Ju. Technically, this Gateaux derivative is derived by computing

. d
ilil’(l) %Fl(u, + edu;v) (1.86)
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The 6u is now the trial function and u_ is the previous approximation to the solution u. We start with

% /Q Vo (q(u— +eéu)V(u_ +edu)) dx (1.87)
and obtain
/ Vo g (u_ + esu)ouV (u_ + edu) + q(u_ + edu)Véu| dx, (1.88)
o)
which leads to
/QVU- [q' (u=)ouV (u_) +q(u—)Véu] dx, (1.89)

as € — 0. This last expression is the Gateaux derivative of F. We may use | or a(du,v) for this
derivative, the latter having the advantage that we easily recognize the expression as a bilinear form.
However, in the forthcoming code examples J is used as variable name for the Jacobian.

The specification of J goes as follows if du is the TrialFunction:

Python code

du = TrialFunction(V)

TestFunction(V)

Function(V) # the most recently computed solution
inner(q(u_)=*nabla_grad(u_), nabla_grad(v))=*dx

me <
|
oo

J = inner(q(u_)+*nabla_grad(du), nabla_grad(v))+*dx + \
inner(Dqg(u_)+du*nabla_grad(u_), nabla_grad(v))=*dx

The alternative specification of F, with u as TrialFunction, leads to

Python code

= TrialFunction(V)
v = TestFunction(V)
u_ = Function(V) # the most recently computed solution
F = inner(q(u)*nabla_grad(u), nabla_grad(v))xdx
F = action(F, u.)

J = inner(q(u_)+*nabla_grad(u), nabla_grad(v))=*dx + \
inner(Dq(u_)+u*nabla_grad(u_), nabla_grad(v))=*dx

The UFL language, used to specify weak forms, supports differentiation of forms. This feature
facilitates automatic symbolic computation of the Jacobian J by calling the function derivative with F,
the most recently computed solution (Function), and the unknown (TrialFunction) as parameters:

Python code

du = TrialFunction(V)

v = TestFunction(V)

u_ = Function(V) # the most recently computed solution
F = inner(q(u_)+*nabla_grad(u_), nabla_grad(v))=*dx

J = derivative(F, u_, du) # Gateaux derivative in dir. of du
or
Python code
= TrialFunction(V)
v = TestFunction(V)
u_ = Function(V) # the most recently computed solution

F = inner(q(u)*nabla_grad(u), nabla_grad(v))+dx
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F = action(F, u.)

(&}
1l

derivative(F, u_, u) # Gateaux derivative in dir. of u

The derivative function is obviously very convenient in problems where differentiating F by hand
implies lengthy calculations.

The preferred implementation of F and J, depending on whether du or u is the TrialFunction
object, is a matter of personal taste. Derivation of the Gateaux derivative by hand, as shown above,
is most naturally matched by an implementation where du is the TrialFunction, while use of
automatic symbolic differentiation through the derivative function is most naturally matched with
an implementation where u is the TrialFunction. We have implemented both approaches in two files:
vpl_np.py with u as TrialFunction, and vp2_np.py with du as TrialFunction. Both files are located
in the stationary/nonlinear_poisson directory. The first command-line argument determines if the
Jacobian is to be automatically derived or computed from the hand-derived formula.

The following code defines the nonlinear variational problem and an associated solver based on
Newton’s method. We here demonstrate how key parameters in Newton’s method can be set, as well
as the choice of solver and preconditioner, and associated parameters, for the linear system occurring
in the Newton iteration.

Python code

problem = NonlinearVariationalProblem(F, u_, bcs, J)
solver = NonlinearVariationalSolver(problem)

prm = solver.parameters

prm["newton_solver"]["absolute_tolerance"] = 1E-8

prm["newton_solver"]["relative_tolerance"] = 1E-7

prm["newton_solver"]["maximum_iterations"] = 25

prm["newton_solver"]["relaxation_parameter"] = 1.0

if iterative_solver:
prm["linear_solver"] = "gmres"
prm["preconditioner"] = "ilu"
prm["krylov_solver"]["absolute_tolerance"] = 1E-9
prm["krylov_solver"]["relative_tolerance"] = 1E-7
prm["krylov_solver"]["maximum_iterations"] = 1000
prm["krylov_solver"]["gmres"]["restart"] = 40
prm["krylov_solver"]["preconditioner"]["ilu"]["fill_level"] = 0

set_log_level (PROGRESS)

solver.solve()

A list of available parameters and their default values can as usual be printed by calling info(prm,
True). The u_ we feed to the nonlinear variational problem object is filled with the solution by the call
solver.solve().

1.3 Time-dependent problems

The examples in Section 1.1 illustrate that solving linear, stationary PDE problems with the aid of
FEniCS is easy and requires little programming. That is, FEniCS automates the spatial discretization
by the finite element method. The solution of nonlinear problems, as we showed in Section 1.2, can
also be automated (see Section 1.2.4), but many scientists will prefer to code the solution strategy of
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the nonlinear problem themselves and experiment with various combinations of strategies in difficult
problems. Time-dependent problems are somewhat similar in this respect: we have to add a time
discretization scheme, which is often quite simple, making it natural to explicitly code the details of
the scheme so that the programmer has full control. We shall explain how easily this is accomplished
through examples.

1.3.1 A diffusion problem and its discretization

Our time-dependent model problem for teaching purposes is naturally the simplest extension of the
Poisson problem into the time domain; that is, the diffusion problem

3—1: =Au+finQ), fort >0, (1.90)
u=ugondQ), fort >0, (1.91)
u=1Iatt=0. (1.92)

Here, u varies with space and time, e.g., u = u(x,y, t) if the spatial domain Q is two-dimensional.
The source function f and the boundary values 1y may also vary with space and time. The initial
condition I is a function of space only.

A straightforward approach to solving time-dependent PDEs by the finite element method is to
first discretize the time derivative by a finite difference approximation, which yields a recursive set of
stationary problems, and then turn each stationary problem into a variational formulation.

Let superscript k denote a quantity at time t;, where k is an integer counting time levels. For

example, 1K means u at time level k. A finite difference discretization in time first consists in sampling
the PDE at some time level, say k:

d

guk = AuF + K, (1.93)

The time-derivative can be approximated by a finite difference. For simplicity and stability reasons we
choose a simple backward difference:

d k uk — k=1
—u N — 1.94
ot dat 7 (1.54)
where dt is the time discretization parameter. Inserting (1.94) in (1.93) yields
k_ k-1
% = Auk + f*. (1.95)

This is our time-discrete version of the diffusion PDE (1.90). Reordering (1.95) so that uk appears
on the left-hand side only, shows that (1.95) is a recursive set of spatial (stationary) problems for uk
(assuming u*~1 is known from computations at the previous time level):

u =1, (1.96)

uk — dtAuk = 1 4 dtfk, k=1,2,... (1.97)

Given I, we can solve for u°, u!, 2, and so on.
We use a finite element method to solve the equations (1.96) and (1.97). This requires turning the
equations into weak forms. As usual, we multiply by a test function v € V and integrate second-
derivatives by parts. Introducing the symbol u for u* (which is natural in the program too), the
resulting weak form can be conveniently written in the standard notation: a¢(u,v) = Ly(v) for (1.96)
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and a(u,v) = L(v) for (1.97), where

ao (1, 0) = /Q wodx, (1.98)
Lo(v) = /Q Ivdx, (1.99)
a(u,v) = /Q (o + dtVu - Vo) dx, (1.100)

L(v) :/Q (1 + dtf) odx. (1.101)

The continuous variational problem is to find u® € V such that ay(u°,v) = Ly(v) holds for all v € V,
and then find u* € V such that a(uk,v) =L(v) forallv € V,k=1,2,...

Approximate solutions in space are found by restricting the functional spaces V and V to finite-
dimensional spaces, exactly as we have done in the Poisson problems. We shall use the symbol u for
the finite element approximation at time #;. In case we need to distinguish this space-time discrete
approximation from the exact solution of the continuous diffusion problem, we use 1. for the latter.
By u*~1 we mean, from now on, the finite element approximation of the solution at time t;_;.

Note that the forms ag and L are identical to the forms met in Section 1.1.9, except that the test and
trial functions are now scalar fields and not vector fields. Instead of solving (1.96) by a finite element
method; that is, projecting I onto V' via the problem ag(u,v) = Lo(v), we could simply interpolate 1°
from I. That is, if u® = Z]'Zil U]ngj, we simply set U; = I(x},y;), where (x;,y;) are the coordinates of
node number j. We refer to these two strategies as computing the initial condition by either projecting
I or interpolating I. Both operations are easy to compute through one statement, using either the
project or interpolate function.

1.3.2  Implementation

Our program needs to perform the time stepping explicitly, but can rely on FEniCS to easily compute
ap, Lo, a, and L, and solve the linear systems for the unknowns. We realize that 2 does not depend on
time, which means that its associated matrix also will be time independent. Therefore, it is wise to
explicitly create matrices and vectors as in Section 1.1.15. The matrix A arising from a can be computed
prior to the time stepping, so that we only need to compute the right-hand side b, corresponding to L,
in each pass in the time loop. Let us express the solution procedure in algorithmic form, writing u for
the unknown spatial function at the new time level (u*) and u; for the spatial solution at one earlier
time level (u/~1):

define Dirichlet boundary condition (1, Dirichlet boundary, etc.)
if uq is to be computed by projecting I:
define ap and L
assemble matrix M from ay and vector b from Ly
solve MU = b and store U in u;
else: (interpolation)
let uq interpolate I
define a and L
assemble matrix A from a
set some stopping time T
t = dt
while t < T
assemble vector b from L
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apply essential boundary conditions
solve AU = b for U and store in u
t— t4 dt

uy1 < u (be ready for next step)

Before starting the coding, we shall construct a problem where it is easy to determine if the
calculations are correct. The simple backward time difference is exact for linear functions, so we
decide to have a linear variation in time. Combining a second-degree polynomial in space with a
linear term in time,

u=1+x*+ay’ +Bt, (1.102)

yields a function whose computed values at the nodes may be exact, regardless of the size of
the elements and dt, as long as the mesh is uniformly partitioned. Inserting (1.102) in the PDE
problem (1.90), it follows that up must be given as (1.102) and that f(x,y,t) = p—2 — 2a and
I(x,y) =14 x* 4+ ay?.

A new programming issue is how to deal with functions that vary in space and time, such as the
boundary condition ug given by (1.102). A natural solution is to apply an Expression object with time
t as a parameter, in addition to the parameters « and  (see Section 1.1.7 for Expression objects with
parameters):

Python code

alpha = 3; beta = 1.2
u@ = Expression("l + x[0]*x[0] + alpha*x[1]*x[1] + betaxt",
alpha=alpha, beta=beta, t=0)

The time parameter can later be updated by assigning values to u@. t.
The essential boundary conditions, along the whole boundary in this case, are set in the usual way,

Python code

def boundary(x, on_boundary): # define the Dirichlet boundary
return on_boundary

bc = DirichletBC(V, u@, boundary)

We shall use u for the unknown u at the new time level and u_1 for u at the previous time level.
The initial value of u_1, implied by the initial condition on u, can be computed by either projecting or
interpolating I. The I(x,y) function is available in the program through u@, as long as u@.t is zero.
We can then do

Python code

u_1l = interpolate(u@, V)
# or
u_1l = project(u0, V)

Note that we could, as an equivalent alternative to using project, define a9 and Ly as we did in

Section 1.1.9 and solve the associated variational problem. To actually recover (1.102) to machine pre-

cision, it is important not to compute the discrete initial condition by projecting I, but by interpolating

I so that the nodal values are exact at t = 0 (projection results in approximative values at the nodes).
The definition of a and L goes as follows:

Python code
dt = 0.3 # time step

u = TrialFunction(V)
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v = TestFunction(V)
f = Constant(beta - 2 - 2+alpha)

a = uxvxdx + dt+inner(nabla_grad(u), nabla_grad(v))=*dx
L = (u_1l + dtxf)=vxdx

A = assemble(a) # assemble only once, before the time stepping
Finally, we perform the time stepping in a loop:

Python code

u

Function(V) # the unknown at a new time level
2 # total simulation time
t = dt

while t <= T:
b = assemble(L)
ub.t = t
bc.apply(A, b)
solve(A, u.vector(), b)

t += dt
u_l.assign(u)

Observe that u@. t must be updated before the bc.apply statement, to enforce computation of Dirichlet
conditions at the current time level.

The time loop above does not contain any comparison of the numerical and the exact solution,
which we must include in order to verify the implementation. As in many previous examples, we
compute the difference between the array of nodal values of u and the array of the interpolated exact
solution. The following code is to be included inside the loop, after u is found:

Python code

u_e = interpolate(u0@, V)
maxdiff = numpy.abs(u_e.vector().array()-u.vector().array()).max()
print "Max error, t=%.2f: %-10.3f" % (t, maxdiff)

The right-hand side vector b must obviously be recomputed at each time level. With the construc-
tion b = assemble(L), a new vector for b is allocated in memory in every pass of the time loop. It
would be much more memory friendly to reuse the storage of the b we already have. This is easily
accomplished by

Python code

b = assemble(L, tensor=b)

That is, we send in our previous b, which is then filled with new values and returned from assemble.
Now there will be only a single memory allocation of the right-hand side vector. Before the time loop
we set b = None such that b is defined in the first call to assemble.

The complete program code for this time-dependent case is stored in the file d1_d2D.py in the
directory transient/diffusion.

1.3.3 Awvoiding assembly

The purpose of this section is to present a technique for speeding up FEniCS simulators for time-
dependent problems where it is possible to perform all assembly operations prior to the time loop.
There are two costly operations in the time loop: assembly of the right-hand side b and solution of
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the linear system via the solve call. The assembly process involves work proportional to the number
of degrees of freedom N, while the solve operation has a work estimate of O(N%), for some « > 1.
As N — oo, the solve operation will dominate for « > 1, but for the values of N typically used on
smaller computers, the assembly step may still represent a considerable part of the total work at each
time level. Avoiding repeated assembly can therefore contribute to a significant speed-up of a finite
element code in time-dependent problems.

To see how repeated assembly can be avoided, we look at the L(v) form in (1.101), which in general
varies with time through u*~1, f¥, and possibly also with dt if the time step is adjusted during the
simulation. The technique for avoiding repeated assembly consists in expanding the finite element
functions in sums over the basis functions ¢;, as explained in Section 1.1.15, to identify matrix-vector
products that build up the complete system. We have u*~1 = Z]»I\i 1 U]]f_lqu, and we can expand f* as

k= Z]-Zil F]k4>]~. Inserting these expressions in L(v) and using v = ¢; result in

k-1 k ok o 0
/Q(u —b—dtf)vdx:/()(];llj ¢j + dt};l—"j@)(l?idx,

N N (1.103)
7 k— 7 k
=1\ j=1 N
Introducing Mjj = [ $ij dx, we see that the last expression can be written
al k—1 al k
Y. M;U; ™ + dt ) MyFy, (1.104)
j=1 j=1
which is nothing but two matrix-vector products,
MU 1 + dtMFF, (1.105)
if M is the matrix with entries M;; and
Ut =k, ulk T, (1.106)
and
FF=(F5...,E5)T. (1.107)

We have immediate access to U1 in the program since that is the vector in the u_1 function. The
F¥ vector can easily be computed by interpolating the prescribed f function (at each time level if f
varies with time). Given M, Uk=1 and F*, the right-hand side b can be calculated as

b= MU + dtMFF, (1.108)
That is, no assembly is necessary to compute b.

The coefficient matrix A can also be split into two terms. We insert v = ¢; and u = Zjl\i 1 U]’fq)j in
the expression (1.100) to get

N N
Y ( /Q bit; dx> U," +dty ( /Q Vi - Vi dx) u]" (1.109)
j=1 =1
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which can be written as a sum of matrix-vector products,
MUF + dtKUF = (M + diK)UF, (1.110)

if we identify the matrix M with entries M;; as above and the matrix K with entries

Kij = /Q V- Ve dx. (1.111)

The matrix M is often called the “mass matrix” while “stiffness matrix” is a common nickname for
K. The associated bilinear forms for these matrices, as we need them for the assembly process in a
FEniCS program, become

ag(u,v) :/QVu~Vvdx, (1.112)

ap(u,v) :/qudx. (1.113)

The linear system at each time level, written as AU = b, can now be computed by first computing
M and K, and then forming A = M + dtK at t = 0, while b is computed as b = MU*~! + dtMF* at
each time level.

The following modifications are needed in the d1_d2D.py program from the previous section in
order to implement the new strategy of avoiding assembly at each time level:

Define separate forms ap; and ag
Assemble ap; to M and ag to K
Compute A = M + dtK

Define f as an Expression

A

Interpolate the formula for f to a finite element function F
6. Compute b = MU*~1 4 dtMF*
The relevant code segments become

Python code

# 1.
a_K = inner(nabla_grad(u), nabla_grad(v))*dx
a_M = uxv*dx

# 2. and 3.

M = assemble(a_M)

K = assemble(a_K)

A =M+ dtxK

#

f = Expression("beta - 2 - 2xalpha", beta=beta, alpha=alpha)
# 5. and 6.

while t <= T:
f_k = interpolate(f, V)
F_k = fk.vector()
b = M+xu_l.vector() + dt*M+F_k

The complete program appears in the file d2_d2D. py.
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Figure 1.7: Sketch of a (2D) problem
involving heating and cooling of the

ground due to an oscillating surface To(t) = Tg + T sin(wt)
temperature z f
D
K < Ko 3
Ou/don =0 Ou/on =0 )
v
du/on =

1.3.4 A physical example

With the basic programming techniques for time-dependent problems from Sections 1.3.3-1.3.2 we are
ready to attack more physically realistic examples. The next example concerns the question: How is
the temperature in the ground affected by day and night variations at the earth’s surface? We consider
some box-shaped domain () in d dimensions with coordinates x, ..., x;_1 (the problem is meaningful
in 1D, 2D, and 3D). At the top of the domain, x;_1 = 0, we have an oscillating temperature

To(t) = Tr + T4 sin(wt), (1.114)

where Ty is some reference temperature, T4 is the amplitude of the temperature variations at the
surface, and w is the frequency of the temperature oscillations. At all other boundaries we assume
that the temperature does not change anymore when we move away from the boundary; that is,
the normal derivative is zero. Initially, the temperature can be taken as Tr everywhere. The heat
conductivity properties of the soil in the ground may vary with space so we introduce a variable
coefficient x reflecting this property. Figure 1.7 shows a sketch of the problem, with a small region
where the heat conductivity is much lower.

The initial-boundary value problem for this problem reads

oT

0co = V- (xVT) in Q x (0, tstop]r (1.115)
T = Ty(t) on T, (1.116)

T
= = 0 on 0O\ Ty, (1.117)
T=Tgatt=0. (1.118)

Here, ¢ is the density of the soil, ¢ is the heat capacity, « is the thermal conductivity (heat conduction
coefficient) in the soil, and I’y is the surface boundary x;_1 = 0.
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We use a f-scheme in time; that is, the evolution equation dP/dt = Q(t) is discretized as

Pk<__Pkfl

_ pOk k-1
o =0 (-0 (1.119)

where 0 € [0,1] is a weighting factor: 6 = 1 corresponds to the backward difference scheme, § = 1/2
to the Crank-Nicolson scheme, and 6 = 0 to a forward difference scheme. The 6-scheme applied to
our PDE results in

Tk _ Tk—l

oe— :9V-<KVTk)+(1—9)V-(kVTk_l). (1.120)

Bringing this time-discrete PDE into weak form follows the technique shown many times earlier in
this tutorial. In the standard notation a(T,v) = L(v) the weak form has

a(T,v) = /Q (ocTv +60dtxVT - Vo) dx, (1.121)
L(v) = / (ecT 10— (1-0)dteV T Vo) dx. (1.122)
QO

Observe that boundary integrals vanish because of the Neumann boundary conditions.

The size of a 3D box is taken as W x W x D, where D is the depth and W = D/2 is the width.
We give the degree of the basis functions at the command-line, then D, and then the divisions of the
domain in the various directions. To make a box, rectangle, or interval of arbitrary (not unit) size, we
have the DOLFIN classes Box, Rectangle, and Interval at our disposal. The mesh and the function
space can be created by the following code:

Python code

degree = int(sys.argv[1l])
D = float(sys.argv[2])

W =D/2.0
divisions = [int(arg) for arg in sys.argv[3:]]
d = len(divisions) # no of space dimensions
if d ==
mesh = Interval(divisions[0], -D, 0)
elif d == 2:
mesh = Rectangle(-W/2, -D, W/2, 0, divisions[0], divisions[1])
elif d == 3:

mesh = Box(-W/2, -W/2, -D, W/2, W/2, 0,
divisions[0@], divisions[1l], divisions[2])
V = FunctionSpace(mesh, "Lagrange", degree)

The Rectangle and Box objects are defined by the coordinates of the “minimum” and “maximum”
corners.
Setting Dirichlet conditions at the upper boundary can be done by

Python code
TR =0; T_.A=1.0; omega = 2*pi

T_0 = Expression("T_R + T_Axsin(omegaxt)",
T_R=T_R, T_A=T_A, omega=omega, t=0.0)

def surface(x, on_boundary):
return on_boundary and abs(x[d-1]) < 1E-14

bc = DirichletBC(V, T_0, surface)
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The x function can be defined as a constant x; inside the particular rectangular area with a special
soil composition, as indicated in Figure 1.7. Outside this area « is a constant xy. The domain of the
rectangular area is taken as

[~W/4,W/4] x [-W/4,W/4] x [-D/2,-D/2+ D/4]

in 3D, with [-W/4,W/4] x [-D/2,—D/2+ D/4] in 2D and [-D/2,—D/2 + D/4] in 1D. Since we
need some testing in the definition of the x(x) function, the most straightforward approach is to
define a subclass of Expression, where we can use a full Python method instead of just a C++ string
formula for specifying a function. The method that defines the function is called eval:

Python code

class Kappa(Function):
def eval(self, value, x):
""x: spatial point, value[O]: function value."""
d = len(x) # no of space dimensions
material = 0 # 0: outside, 1: inside
if d == 1:
if -D/2. < x[d-1] < -D/2. + D/4.:
material = 1
elif d == 2:
if -D/2. < x[d-1] < -D/2. + D/4. and \
-W/4. < x[0] < W/4.:
material =1
elif d == 3:
if -D/2. < x[d-1] < -D/2. + D/4. and \
-W/4. < x[0] < W/4. and -W/4. < x[1] < W/4.:
material = 1
value[0] = kappa_0 if material == 0 else kappa_1l

The eval method gives great flexibility in defining functions, but a downside is that C++ calls up
eval in Python for each point x, which is a slow process, and the number of calls is proportional to
the number of nodes in the mesh. Function expressions in terms of strings are compiled to efficient
C++ functions, being called from C++, so we should try to express functions as string expressions if
possible. (The eval method can also be defined through C++ code, but this is more complicated and
not covered here.) Using inline if-tests in C++, we can make string expressions for «:

Python code

kappa_str = {}
kappa_str[1l] = "x[0] > -D/2 && x[0] < -D/2 + D/4 ? kappa_l : kappa_0"
kappa_str[2] "x[0] > -W/4 && x[0] < W/4 "\
"&& x[1] > -D/2 && x[1] < -D/2 + D/4 ? "\
"kappa_1l : kappa_0"
kappa_str[3] = "x[0] > -W/4 && x[0] < W/4 "\
"x[1] > -W/4 && x[1] < W/4 "\
"&& x[2] > -D/2 && x[2] < -D/2 + D/4 ?"\
"kappa_1l : kappa_0"

kappa = Expression(kappa_str[d],
D=D, W=W, kappa_O=kappa_0, kappa_l=kappa_1)

Let T denote the unknown spatial temperature function at the current time level, and let T_1 be the
corresponding function at one earlier time level. We are now ready to define the initial condition and
the a and L forms of our problem:



56 Chapter 1. A FEniCS tutorial

Python code
T_1 = interpolate(Constant(T_R), V)

rho = 1

c=1

period = 2*pi/omega

t_stop = 5+period

dt = period/20 # 20 time steps per period

theta = 1

T = TrialFunction(V)

v = TestFunction(V)

f = Constant(0)

a = rhoxcxT*xvxdx + thetaxdtxkappa*\

inner(nabla_grad(T), nabla_grad(v))=dx
L = (rhoxc+T_prevsv + dtxfsv -
(1-theta)+dt+kappa*inner(nabla_grad(T), nabla_grad(v)))=*dx

A = assemble(a)
None # variable used for memory savings in assemble calls
T = Function(V) # unknown at the current time level

o
Il

We could, alternatively, break a and L up in subexpressions and assemble a mass matrix and stiffness
matrix, as exemplified in Section 1.3.3, to avoid assembly of b at every time level. This modification is
straightforward and left as an exercise. The speed-up can be significant in 3D problems.

The time loop is very similar to what we have displayed in Section 1.3.2:

Python code

t = dt
while t <= t_stop:
b = assemble(L, tensor=b)
T 0.t =1t
bc.apply(A, b)
solve(A, T.vector(), b)
# visualization statements
t += dt
T_prev.assign(T)

The complete code in sin_daD.py contains several statements related to visualization and animation
of the solution, both as a finite element field (plot calls) and as a curve in the vertical direction. The
code also plots the exact analytical solution,

wec

T(x,t) = Tr + Tae"™ sin(wt +ax), a= P

(1.123)
which is valid when « = kg = «7.

Implementing this analytical solution as a Python function taking scalars and numpy arrays as
arguments requires a word of caution. A straightforward function like

Python code

def T_exact(x):
a = sqrt(omega*rhoxc/(2+kappa_0))
return T_R + T_Axexp(a*x)*sin(omega*t + a*x)

will not work and result in an error message from UFL. The reason is that the names exp and sin are
those imported by the from dolfin import * statement, and these names come from UFL and are
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aimed at being used in variational forms. In the T_exact function where x may be a scalar or a numpy
array, we therefore need to explicitly specify numpy.exp and numpy.sin:

Python code
def T_exact(x):

a = sqrt(omega*xrhoxc/(2+xkappa_0))
return T_R + T_Axnumpy.exp(a*x)*numpy.sin(omega*t + a*x)
The reader is encouraged to play around with the code and test out various parameter sets:

1. TRZO,TA:1,K0:K1:O.Z,Q:C:Lw:ZT[

2.Tr =0, T4y =1,x =02,k =001, 0=c=1,w =271

W

. TRZO,TA:1,1(0:0.2,1(1:0.001,Q:C:1,w:27'[

=

TR = 10C, Ty = 10 C, kp = 23K Ns7!, ¥, = 100K 'Ns™!, ¢ = 1500 kg/m°?, ¢ =
1600 Nmkg 'K™!, w = 27/241/h =7.27-10"51/s, D = 1.5 m

5. As above, but kg = 12.3 K" 'Ns™! and x; = 10* K 'Ns~!

Data set no. 4 is relevant for real temperature variations in the ground (not necessarily the large value
of k1), while data set no. 5 exaggerates the effect of a large heat conduction contrast so that it becomes
clearly visible in an animation.

1.4 Creating more complex domains

Up to now we have been very fond of the unit square as domain, which is an appropriate choice for
initial versions of a PDE solver. The strength of the finite element method, however, is its ease of
handling domains with complex shapes. This section shows some methods that can be used to create
different types of domains and meshes.

Domains of complex shape must normally be constructed in separate preprocessor programs. Two
relevant preprocessors are Triangle for 2D domains and NETGEN for 3D domains.

1.4.1 Built-in mesh generation tools

DOLFIN has a few tools for creating various types of meshes over domains with simple shape:
UnitInterval, UnitSquare, UnitCube, Interval, Rectangle, Box, UnitCircle, and UnitSphere. Some
of these names have been briefly met in previous sections. The hopefully self-explanatory code snippet
below summarizes typical constructions of meshes with the aid of these tools:

Python code

# 1D domains
mesh = UnitInterval(20) # 20 cells, 21 vertices
mesh = Interval(20, -1, 1) # domain [-1,1]

# 2D domains (6x10 divisions, 120 cells, 77 vertices)
mesh = UnitSquare(6, 10) # "right" diagonal is default
# The diagonals can be right, left or crossed

mesh UnitSquare(6, 10, "left")

mesh = UnitSquare(6, 10, "crossed")

# Domain [0,3]x[0,2] with 6x10 divisions and left diagonals
mesh = Rectangle(0, 0, 3, 2, 6, 10, "left")
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# 6x10x5 boxes in the unit cube, each box gets 6 tetrahedra:
mesh = UnitCube(6, 10, 5)

# Domain [-1,1]x[-1,0]x[-1,2] with 6x10x5 divisions
mesh = Box(-1, -1, -1, 1, 0, 2, 6, 10, 5)

# 10 divisions in radial directions
mesh = UnitCircle(10)
mesh = UnitSphere(10)

1.4.2  Transforming mesh coordinates

A mesh that is denser toward a boundary is often desired to increase accuracy in that region.
Given a mesh with uniformly spaced coordinates xj, ..., X1 in [4, b], the coordinate transformation
= (x—a)/(b—a)maps xonto ¢ € [0,1]. Anew mapping 1 = ¢, for some s > 1, stretches the mesh
toward ¢ = 0 (x = a), while 7 = &1/ makes a stretching toward & = 1 (x = b). Mapping the 7 € [0,1]
coordinates back to [a,b] gives new, stretched x coordinates,

t=a+(b—a)((x—a)b—a)’ (1.124)
toward x = a, or
) x—a 1/s
x:a—i-(b—a)(b_a) (1.125)

toward x = b

One way of creating more complex geometries is to transform the vertex coordinates in a rectangu-
lar mesh according to some formula. Say we want to create a part of a hollow cylinder of ® degrees,
with inner radius a and outer radius b. A standard mapping from polar coordinates to Cartesian
coordinates can be used to generate the hollow cylinder. Given a rectangle in (X, ) space such that
a<x<band 0 <7 <1, the mapping

£ =xcos(®y), 7= xsin(Oy), (1.126)

takes a point in the rectangular (%, 7) geometry and maps it to a point (£,7) in a hollow cylinder.
The corresponding Python code for first stretching the mesh and then mapping it onto a hollow
cylinder looks as follows:

Python code
Theta = pi/2
a, b=1, 5.0
nr = 10 # divisions in r direction
nt = 20 # divisions in theta direction
mesh = Rectangle(a, 0, b, 1, nr, nt, "crossed")

# First make a denser mesh towards r=a
x = mesh.coordinates()[:,0]

y = mesh.coordinates()[:,1]

s = 1.3

def denser(x, y):
return [a + (b-a)*((x-a)/(b-a))*x*s, yl

x_bar, y_bar = denser(x, y)
xy_bar_coor = numpy.array([x_bar, y_barl).transpose()
mesh.coordinates()[:] = xy_bar_coor
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Figure 1.8: A hollow cylinder gener-
ated by mapping a rectangular mesh,
stretched toward the left side.

plot(mesh, title="stretched mesh")

def cylinder(r, s):
return [r+numpy.cos(Thetaxs), rxnumpy.sin(Thetaxs)]

x_hat, y_hat = cylinder(x_bar, y_bar)
xy_hat_coor = numpy.array([x_hat, y_hat]).transpose()

mesh.coordinates()[:] = xy_hat_coor
plot(mesh, title="hollow cylinder")
interactive()

The result of calling denser and cylinder above is a list of two vectors, with the x and y coordinates,
respectively. Turning this list into a numpy array object results in a 2 X M array, M being the number
of vertices in the mesh. However, mesh. coordinates() is by a convention an M X 2 array so we need
to take the transpose. The resulting mesh is displayed in Figure 1.8.

Setting boundary conditions in meshes created from mappings like the one illustrated above is
most conveniently done by using a mesh function to mark parts of the boundary. The marking is
easiest to perform before the mesh is mapped since one can then conceptually work with the sides in
a pure rectangle.

1.5 Handling domains with different materials

Solving PDEs in domains made up of different materials is a frequently encountered task. In FEniCS,
these kind of problems are handled by defining subdomains inside the domain. The subdomains
may represent the various materials. We can thereafter define material properties through functions,
known in FEniCS as mesh functions, that are piecewise constant in each subdomain. A simple example
with two materials (subdomains) in 2D will demonstrate the basic steps in the process.

1.5.1 Working with two subdomains

Suppose we want to solve
V- [k(x,y)Vu(x,y)] =0, (1.127)

in a domain ) consisting of two subdomains where k takes on a different value in each subdomain.
For simplicity, yet without loss of generality, we choose for the current implementation the domain
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Vi Figure 1.9: Sketch of a Poisson prob-
lem with a variable coefficient that
is constant in each of the two subdo-
mains )y and ;.

u=1
M
u __ ou __
an =0 an =0
o
u=20 *

Q =10,1] x [0,1] and divide it into two equal subdomains, as depicted in Figure 1.9,
Qo =1[0,1] x [0,1/2], O =[0,1] x (1/2,1]. (1.128)

We define k(x,y) = ko in Q9 and k(x,y) = kq in )1, where kg > 0 and kj > 0 are given constants. As
boundary conditions, we choose u =0aty =0, u =laty =1,and du/dn =0atx =0and x = 1.
One can show that the exact solution is now given by

2yky 1/2
_ kO k]/ ]/
u(x,y) = - 1.129
( y) { (2y—1)ko+k; y>1/2 ( )

ko+kq 4

VoA

As long as the element boundaries coincide with the internal boundary y = 1/2, this piecewise linear
solution should be exactly recovered by Lagrange elements of any degree. We use this property to
verify the implementation.

Physically, the present problem may correspond to heat conduction, where the heat conduction in
() is ten times more efficient than in ()g. An alternative interpretation is flow in porous media with
two geological layers, where the layers’ ability to transport the fluid differs by a factor of 10.

1.5.2  Implementation

The new functionality in this subsection regards how to define the subdomains )y and ). For this
purpose we need to use subclasses of class SubDomain, not only plain functions as we have used so far
for specifying boundaries. Consider the boundary function

Python code

def boundary(x, on_boundary):
tol = 1E-14
return on_boundary and abs(x[0]) < tol

for defining the boundary x = 0. Instead of using such a stand-alone function, we can create an
instance? of a subclass of SubDomain, which implements the inside method as an alternative to the

2The term instance means a Python object of a particular type (such as SubDomain, Function, FunctionSpace, etc.). Many use
instance and object as interchangeable terms. In other computer programming languages one may also use the term variable for
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boundary function:

Python code

class Boundary(SubDomain) :
def inside(x, on_boundary):
tol = 1E-14
return on_boundary and abs(x[0]) < tol

boundary = Boundary()
bc = DirichletBC(V, Constant(0), boundary)

A subclass of SubDomain with an inside method offers functionality for marking parts of the
domain or the boundary. Now we need to define one class for the subdomain )y where y < 1/2 and
another for the subdomain ; where y > 1/2:

Python code

class Omega0(SubDomain):
def inside(self, x, on_boundary):
return True if x[1l] <= 0.5 else False

class Omegal(SubDomain):
def inside(self, x, on_boundary):
return True if x[1] >= 0.5 else False

Notice the use of <= and >= in both tests. For a cell to belong to, e.g., (2, the inside method must
return True for all the vertices x of the cell. So to make the cells at the internal boundary y = 1/2
belong to (), we need the test x[1] >= 0.5.

The next task is to use a MeshFunction to mark all cells in )y with the subdomain number 0 and
all cells in (); with the subdomain number 1. Our convention is to number subdomains as 0,1, 2, ....

A MeshFunction is a discrete function that can be evaluated at a set of so-called mesh entities.
Examples of mesh entities are cells, facets, and vertices. A MeshFunction over cells is suitable to
represent subdomains (materials), while a MeshFunction over facets is used to represent pieces of
external or internal boundaries. Mesh functions over vertices can be used to describe continuous
fields.

Since we need to define subdomains of () in the present example, we must make use of a
MeshFunction over cells. The MeshFunction constructor is fed with three arguments: 1) the type of
value: "int" for integers, "uint" for positive (unsigned) integers, "double" for real numbers, and
"bool" for logical values; 2) a Mesh object, and 3) the topological dimension of the mesh entity in
question: cells have topological dimension equal to the number of space dimensions in the PDE
problem, and facets have one dimension lower. Alternatively, the constructor can take just a filename
and initialize the MeshFunction from data in a file.

We start with creating a MeshFunction whose values are non-negative integers ("uint") for num-
bering the subdomains. The mesh entities of interest are the cells, which have dimension 2 in a
two-dimensional problem (1 in 1D, 3 in 3D). The appropriate code for defining the MeshFunction for
two subdomains then reads

Python code

subdomains = MeshFunction("uint", mesh, 2)
# Mark subdomains with numbers 0 and 1
subdomain® = OmegaO()
subdomain®.mark(subdomains, 0)

subdomainl = Omegal()
subdomainl.mark(subdomains, 1)

the same thing. We mostly use the well-known term object in this text.
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Calling subdomains.array() returns a numpy array of the subdomain values. That is,
subdomain.array()[i] is the subdomain value of cell number i. This array is used to look up
the subdomain or material number of a specific element.

We need a function k that is constant in each subdomain )y and (). Since we want k to be a finite
element function, it is natural to choose a space of functions that are constant over each element. The
family of discontinuous Galerkin methods, in FEniCS denoted by "DG", is suitable for this purpose.
Since we want functions that are piecewise constant, the value of the degree parameter is zero:

Python code

VO = FunctionSpace(mesh, "DG", 0)
k Function(V0)

To fill k with the right values in each element, we loop over all cells (the indices in subdomain.array()),
extract the corresponding subdomain number of a cell, and assign the corresponding k value to the
k.vector() array:

Python code

k_values = [1.5, 50] # values of k in the two subdomains

for cell_no in range(len(subdomains.array())):
subdomain_no = subdomains.array()[cell_no]
k.vector()[cell_no] = k_values[subdomain_no]

Long loops in Python are known to be slow, so for large meshes it is preferable to avoid such
loops and instead use vectorized code. Normally this implies that the loop must be replaced by calls to
functions from the numpy library that operate on complete arrays (in efficient C code). The functionality
we want in the present case is to compute an array of the same size as subdomain.array(), but where
the value 1 of an entry in subdomain.array/() is replaced by k_values[i]. Such an operation is carried
out by the numpy function choose:

Python code

help = numpy.asarray(subdomains.array(), dtype=numpy.int32)
k.vector()[:] = numpy.choose(help, k_values)

The help array is required since choose cannot work with subdomain.array() because this array has
elements of type uint32. We must therefore transform this array to an array help with standard int32
integers.

Having the k function ready for finite element computations, we can proceed in the normal manner
with defining essential boundary conditions, as in Section 1.1.14, and the a(u, v) and L(v) forms, as in
Section 1.1.10. All the details can be found in the file mat2_p2D.py.

1.5.3 Multiple Neumann, Robin, and Dirichlet conditions

Let us go back to the model problem from Section 1.1.14 where we had both Dirichlet and Neumann
conditions. The term vxgxds in the expression for L implies a boundary integral over the complete
boundary, or in FEniCS terms, an integral over all exterior facets. However, the contributions from
the parts of the boundary where we have Dirichlet conditions are erased when the linear system is
modified by the Dirichlet conditions. We would like, from an efficiency point of view, to integrate
vxgxds only over the parts of the boundary where we actually have Neumann conditions. And more
importantly, in other problems one may have different Neumann conditions or other conditions
like the Robin type condition. With the mesh function concept we can mark different parts of the
boundary and integrate over specific parts. The same concept can also be used to treat multiple
Dirichlet conditions. The forthcoming text illustrates how this is done.
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Essentially, we still stick to the model problem from Section 1.1.14, but replace the Neumann
condition at y = 0 by a Robin condition®:

ou
~S = p(u—g), (1.130)

where p and g are specified functions. Since we have prescribed a simple solution in our model
problem, u = 1+ x* 4 22, we adjust p and g such that the condition holds at y = 0. This implies that
g =1+ x> +2y? and p can be arbitrary (the normal derivative at y = 0: du/dn = —ou/dy = —4dy = 0).

Now we have four parts of the boundary: I'y which corresponds to the upper side y = 1, I'g
which corresponds to the lower part y = 0, I'g which corresponds to the left part x = 0, and I'y which
corresponds to the right part x = 1. The complete boundary-value problem reads

—Au=—6in Q, (1.131)
u =ur on Iy, (1.132)
u=1urgon 1“1, (1.133)

ou

—3, = Plu—q)onlg, (1.134)

ou

5, = gonIy. (1.135)

The involved prescribed functions are u; = 1+ 2y?, ug = 2 +2y?, g = 1+ x? + 2y?, p is arbitrary, and
g=—4y.

Integration by parts of — [, vAu dx becomes as usual

—/ UAudx:/ Vu~Vvdx—/ a—uvds. (1.136)
Q Q 20 On

The boundary integral vanishes on I'g U T;, and we split the parts over I'y and I'z since we have
different conditions at those parts:

ou ou ou
- an%dsf—/va%ds—/er%dsf/vagds+/erp(u—q)ds. (1.137)
The weak form then becomes
Vu-Vody+ [ gods+ [ plu—gjods = [ fodx, 1138
/Q u-Vodx rNgv s er(u q)vds va x ( )

We want to write this weak form in the standard notation a(u,v) = L(v), which requires that we
identify all integrals with both u and v, and collect these in a(u,v), while the remaining integrals with
v and not u go into L(v). The integral from the Robin condition must of this reason be split in two
parts:

/‘ p(u—q)ods = / puvds—/‘ pqu ds. (1.139)
. rR “ rR “ rR

3The Robin condition is most often used to model heat transfer to the surroundings and arise naturally from Newton’s
cooling law.
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We then have

a(u,v) :/QVwVde—i-/r puvds, (1.140)
R
L(v) :/()fvdx—/l_Ngvds+/l_R pqu ds. (1.141)

A natural starting point for implementation is the file stationary/poisson/dn2_p2D.py. The new
aspects are

1. definition of a mesh function over the boundary,
2. marking each side as a subdomain, using the mesh function,

3. splitting a boundary integral into parts.

Task 1 makes use of the MeshFunction object, but contrary to Section 1.5.2, this is not a function
over cells, but a function over cell facets. The topological dimension of cell facets is one lower than
the cell interiors, so in a two-dimensional problem the dimension becomes 1. In general, the facet
dimension is given as mesh.topology().dim() -1, which we use in the code for ease of direct reuse in
other problems. The construction of a MeshFunction object to mark boundary parts now reads

Python code

boundary_parts = \
MeshFunction("uint", mesh, mesh.topology().dim()-1)

As in Section 1.5.2 we use a subclass of SubDomain to identify the various parts of the mesh function.
Problems with domains of more complicated geometries may set the mesh function for marking
boundaries as part of the mesh generation. In our case, the y = 0 boundary can be marked by

Python code

class LowerRobinBoundary(SubDomain):
def inside(self, x, on_boundary):
tol = 1E-14  # tolerance for coordinate comparisons
return on_boundary and abs(x[1]) < tol

Gamma_R = LowerRobinBoundary()
Gamma_R.mark(boundary_parts, 0)

The code for the y = 1 boundary is similar and is seen in dnr_p2D.
The Dirichlet boundaries are marked similarly, using subdomain number 2 for I'y and 3 for I'y:

Python code

class LeftBoundary(SubDomain):
def inside(self, x, on_boundary):
tol = 1E-14  # tolerance for coordinate comparisons
return on_boundary and abs(x[0]) < tol

Gamma_0 = LeftBoundary()
Gamma_0.mark(boundary_parts, 2)

class RightBoundary(SubDomain):
def inside(self, x, on_boundary):
tol = 1E-14  # tolerance for coordinate comparisons
return on_boundary and abs(x[0] - 1) < tol

Gamma_1 = RightBoundary()
Gamma_1l.mark(boundary_parts, 3)



Chapter 1. A FEniCS tutorial 65

Specifying the DirichletBC objects may now make use of the mesh function (instead of a SubDomain
subclass object) and an indicator for which subdomain each condition should be applied to:

Python code

u_L = Expression("1 + 2*x[1]*x[1]1")

U_R = Expression("2 + 2xx[1]*x[1]")

bcs = [DirichletBC(V, u_L, boundary_parts, 2),
DirichletBC(V, u_R, boundary_parts, 3)]

Some functions need to be defined before we can go on with the a and L of the variational problem:

Python code

= Expression("-4*x[1]")

Expression("1l + x[0]1*x[0] + 2xx[1]1*x[1]")
Constant(100) # arbitrary function can go here
TrialFunction(V)

= TestFunction(V)

= Constant(-6.0)

-~ < ©C T O «Q
]

The new aspect of the variational problem is the two distinct boundary integrals. Having a mesh
function over exterior cell facets (our boundary_parts object), where subdomains (boundary parts)
are numbered as 0,1,2, ..., the special symbol ds(0) implies integration over subdomain (part) O,
ds (1) denotes integration over subdomain (part) 1, and so on. The idea of multiple ds-type objects
generalizes to volume integrals too: dx(0), dx(1), etc., are used to integrate over subdomain 0, 1, etc.,
inside Q).

The variational problem can be defined as

Python code

a = inner(nabla_grad(u), nabla_grad(v))*dx + p*u*vxds(0)
L frvxdx - grvxds(l) + pxq*v+ds(0)

For the ds(0) and ds (1) symbols to work we must obviously connect them (or a and L) to the mesh
function marking parts of the boundary. This is done by a certain keyword argument to the assemble
function:

Python code

A
b

assemble(a, exterior_facet_domains=boundary_parts)
assemble(L, exterior_facet_domains=boundary_parts)

Then essential boundary conditions are enforced, and the system can be solved in the usual way:

Python code

for bc in bcs: bc.apply(A, b)
u = Function(V)
U = u.vector()
solve(A, U, b)

The complete code is in the dnr_p2D.py file in the stationary/poisson directory.

1.6 More examples

Many more topics could be treated in a FEniCS tutorial, e.g., how to solve systems of PDEs, how
to work with mixed finite element methods, how to create more complicated meshes and mark
boundaries, and how to create more advanced visualizations. However, to limit the size of this tutorial,
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the examples end here. There are, fortunately, a rich set of FEniCS demos. The FEniCS documentation
explains a collection of PDE solvers in detail: the Poisson equation, the mixed formulation for
the Poisson equation, the Biharmonic equation, the equations of hyperelasticity, the Cahn-Hilliard
equation, and the incompressible Navier-Stokes equations. Both Python and C++ versions of these
solvers are explained. An eigenvalue solver is also documented. In the dolfin/demo directory of
the DOLFIN source code tree you can find programs for these and many other examples, including
the advection-diffusion equation, the equations of elastodynamics, a reaction-diffusion equation,
various finite element methods for the Stokes problem, discontinuous Galerkin methods for the
Poisson and advection-diffusion equations, and an eigenvalue problem arising from electromagnetic
waveguide problem with Nédélec elements. There are also numerous demos on how to apply various
functionality in FEniCS, e.g., mesh refinement and error control, moving meshes (for ALE methods),
computing functionals over subsets of the mesh (such as lift and drag on bodies in flow), and creating
separate subdomain meshes from a parent mesh.

The project CBC.Solve (https://launchpad.net/cbc.solve) offers more complete PDE solvers
for the Navier-Stokes equations (Chapter 29), the equations of hyperelasticity (Chapter 27), fluid—
structure interaction (Chapter 29), viscous mantle flow (Chapter 31), and the bidomain model
of electrophysiology. Another project, CBC.RANS (https://launchpad.net/cbc.rans), offers an
environment for very flexible and easy implementation of Navier-Stokes solvers and turbulence
(Mortensen et al., 2011b,a). For example, CBC.RANS contains an elliptic relaxation model for turbulent
flow involving 18 nonlinear PDEs. FEniCS proved to be an ideal environment for implementing such
complicated PDE models. The easy construction of systems of nonlinear PDEs in CBC.RANS has been
further generalized to simplify the implementation of large systems of nonlinear PDEs in general. The
functionality is found in the CBC.PDESys package (https://launchpad.net/cbcpdesys).

1.7 Miscellaneous topics

1.7.1  Glossary
Below we explain some key terms used in this tutorial.

FEniCS: name of a software suite composed of many individual software components (see
fenicsproject.org). Some components are DOLFIN and Viper, explicitly referred to in this tu-
torial. Others are FFC and FIAT, heavily used by the programs appearing in this tutorial, but never
explicitly used from the programs.

DOLFIN: a FEniCS component, more precisely a C++ library, with a Python interface, for performing
important actions in finite element programs. DOLFIN makes use of many other FEniCS components
and many external software packages.

Viper: a FEniCS component for quick visualization of finite element meshes and solutions.

UFL: a FEniCS component implementing the unified form language for specifying finite element forms
in FEniCS programs. The definition of the forms, typically called a and L in this tutorial, must have
legal UFL syntax. The same applies to the definition of functionals (see Section 1.1.11).

Class (Python): a programming construction for creating objects containing a set of variables and
functions. Most types of FEniCS objects are defined through the class concept.

Instance (Python): an object of a particular type, where the type is implemented as a class. For
instance, mesh = UnitInterval(10) creates an instance of class UnitInterval, which is reached by
the name mesh. (Class UnitInterval is actually just an interface to a corresponding C++ class in the
DOLFIN C++ library:.)

Class method (Python): a function in a class, reached by dot notation: instance_name.method_name.
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self parameter (Python): required first parameter in class methods, representing a particular object
of the class. Used in method definitions, but never in calls to a method. For example, if method(self,
x) is the definition of method in a class Y, method is called as y.method(x), where y is an instance of
class Y. In a call like y.method(x), method is invoked with self=y.

Class attribute (Python): a variable in a class, reached by dot notation: instance_name.attribute_
name.

1.7.2  Overview of objects and functions

Most classes in FEniCS have an explanation of the purpose and usage that can be seen by using the
general documentation command pydoc for Python objects. You can type

Output
pydoc dolfin.X

to look up documentation of a Python class X from the DOLFIN library (X can be UnitSquare, Function,
FunctionSpace, etc.). Below is an overview of the most important classes and functions in FEniCS
programs, in the order they typically appear within programs.

UnitSquare(nx, ny): generate mesh over the unit square [0, 1] x [0,1] using nx divisions in x direction
and ny divisions in y direction. Each of the nxxny squares are divided into two cells of triangular
shape.

UnitInterval, UnitCube, UnitCircle, UnitSphere, Interval, Rectangle, and Box: generate mesh over
domains of simple geometric shape, see Section 1.4.

FunctionSpace(mesh, element_type, degree): a function space defined over a mesh, with a given
element type (e.g., "Lagrange" or "DG"), with basis functions as polynomials of a specified degree.

Expression(formula, pl=vl, p2=v2, ...): ascalar- or vector-valued function, given as a mathemat-
ical expression formula (string) written in C++ syntax. The spatial coordinates in the expression
are named x[0], x[1], and x[2], while time and other physical parameters can be represented as
symbols p1, p2, etc., with corresponding values v1, v2, etc., initialized through keyword arguments.
These parameters become attributes, whose values can be modified when desired.

Function(V): a scalar- or vector-valued finite element field in the function space V. If V is a Function
Space object, Function(V) becomes a scalar field, and with V as a VectorFunctionSpace object,
Function(V) becomes a vector field.

SubDomain: class for defining a subdomain, either a part of the boundary, an internal boundary, or a
part of the domain. The programmer must subclass SubDomain and implement the inside(self, x,
on_boundary) function (see Section 1.1.3) for telling whether a point x is inside the subdomain or not.

Mesh: class for representing a finite element mesh, consisting of cells, vertices, and optionally faces,
edges, and facets.

MeshFunction: tool for marking parts of the domain or the boundary. Used for variable coefficients
(“material properties”, see Section 1.5.1) or for boundary conditions (see Section 1.5.3).

DirichletBC(V, value, where): specification of Dirichlet (essential) boundary conditions via a func-
tion space V, a function value(x) for computing the value of the condition at a point x, and a
specification where of the boundary, either as a SubDomain subclass instance, a plain function, or as a
MeshFunction instance. In the latter case, a 4th argument is provided to describe which subdomain
number that describes the relevant boundary.

TrialFunction(V): define a trial function on a space V to be used in a variational form to represent
the unknown in a finite element problem.
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TestFunction(V): define a test function on a space V to be used in a variational form.

assemble(X): assemble a matrix, a right-hand side, or a functional, given a from X written with UFL
syntax.

assemble_system(a, L, bcs): assemble the matrix and the right-hand side from a bilinear (a) and
linear (L) form written with UFL syntax. The bcs parameter holds one or more DirichletBC objects.

LinearVariationalProblem(a, L, u, bcs): define a variational problem, given a bilinear (a) and
linear (L) form, written with UFL syntax, and one or more DirichletBC objects stored in bcs.

LinearVariationalSolver(problem): create solver object for a a linear variational problem object
(problem).

solve(A, U, b): solve a linear system with A as coefficient matrix (Matrix object), U as unknown
(Vector object), and b as right-hand side (Vector object). Usually, U = u.vector(), where u is a
Function object representing the unknown finite element function of the problem, while A and b are
computed by calls to assemble or assemble_system.

plot(q): quick visualization of a mesh, function, or mesh function g, using the Viper component in
FEniCS.

interpolate(func, V): interpolate a formula or finite element function func onto the function space
V.

project(func, V): project a formula or finite element function func onto the function space V.

1.7.3  User-defined functions
When defining a function in terms of a mathematical expression inside a string formula, e.g.,

Python code

myfunc = Expression("sin(x[0])*cos(x[1])")

the expression contained in the first argument will be turned into a C++ function and compiled to gain
efficiency. Therefore, the syntax used in the expression must be valid C++ syntax. Most Python syntax
for mathematical expressions are also valid C++ syntax, but power expressions make an exception:
px+a must be written as pow(p,a) in C++ (this is also an alternative Python syntax). The following
mathematical functions can be used directly in C++ expressions when defining Expression objects:
cos, sin, tan, acos, asin, atan, atan2, cosh, sinh, tanh, exp, frexp, ldexp, log, log10, modf, pow, sqrt,
ceil, fabs, floor, and fmod. Moreover, the number 7 is available as the symbol pi. All the listed
functions are taken from the cmath C++ header file, and one may hence consult documentation of
cmath for more information on the various functions.

1.7.4  Linear solvers and preconditioners

The following solution methods for linear systems can be accessed in FEniCS programs:

Name Method
“lu" sparse LU factorization (Gaussian elim.)
"cholesky" sparse Cholesky factorization
"cg" Conjugate gradient method
"gmres" Generalized minimal residual method
"bicgstab" Biconjugate gradient stabilized method
"minres" Minimal residual method
"tfqmr" Transpose-free quasi-minimal residual method

"richardson" Richardson method
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Possible choices of preconditioners include

Name Method
"none" No preconditioner
"ilu" Incomplete LU factorization
"icc" Incomplete Cholesky factorization
"jacobi" Jacobi iteration
"bjacobi" Block Jacobi iteration
"sor" Successive over-relaxation
"amg" Algebraic multigrid (BoomerAMG or ML)
"additive_schwarz" Additive Schwarz
"hypre_amg" Hypre algebraic multigrid (BoomerAMG)
"hypre_euclid" Hypre parallel incomplete LU factorization
"hypre_parasails” Hypre parallel sparse approximate inverse
"ml_amg" ML algebraic multigrid

Many of the choices listed above are only offered by a specific backend, so setting the backend
appropriately is necessary for being able to choose a desired linear solver or preconditioner.
An up-to-date list of the available solvers and preconditioners in FEniCS can be produced by

Python code

list_linear_solver_methods()
list_krylov_solver_preconditioners()

1.7.5 Installing FEniCS

The FEniCS software components are available for Linux, Windows and Mac OS X platforms. Detailed
information on how to get FEniCS running on such machines are available at the fenicsproject.org
website. Here are just some quick descriptions and recommendations by the author.

To make the installation of FEniCS as painless and reliable as possible, the reader is strongly
recommended to use Ubuntu Linux*. Any standard PC can easily be equipped with Ubuntu Linux,
which may live side by side with either Windows or Mac OS X or another Linux installation. Basically,
you download Ubuntu from http://www.ubuntu.com/getubuntu/download, burn the file on a CD or
copy it to a memory stick, reboot the machine with the CD or memory stick, and answer some usually
straightforward questions (if necessary). On Windows, Wubi is a tool that automatically installs
Ubuntu on the machine. Just give a user name and password for the Ubuntu installation, and Wubi
performs the rest. The graphical user interface (GUI) of Ubuntu is quite similar to both Windows 7
and Mac OS X, but to be efficient when doing science with FEniCS this author recommends to run
programs in a terminal window and write them in a text editor like Emacs or Vim. You can employ
integrated development environment such as Eclipse, but intensive FEniCS developers and users tend
to find terminal windows and plain text editors more user friendly.

Instead of making it possible to boot your machine with the Linux Ubuntu operating system, you
can run Ubuntu in a separate window in your existing operation system. There are several solutions
to chose among: the free VirtualBox and VMWare Player, or the commercial tools VMWare Fusion and
Parallels (just search for the names to download the programs).

Once the Ubuntu window is up and running, FEniCS is painlessly installed by

4Even though Mac users now can get FEniCS by a one-click install, I reccommend using Ubuntu on Mac, unless you have
high Unix competence and much experience with compiling and linking C++ libraries on Mac OS X.
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Bash code

sudo apt-get install fenics

Sometimes the FEniCS software in a standard Ubuntu installation lacks some recent features and bug
fixes. Visiting the detailed download page on fenicsproject.org and copying a few Unix commands
is all you have to do to install a newer version of the software.

1.7.6  Books on the finite element method

There are a large number of books on the finite element method. The books typically fall in either
of two categories: the abstract mathematical version of the method and the engineering “structural
analysis” formulation. FEniCS builds heavily on concepts in the abstract mathematical exposition.
An easy-to-read book, which provides a good general background for using FEniCS, is Gockenbach
(2006). The book Donea and Huerta (2003) has a similar style, but aims at readers with interest in
fluid flow problems. Hughes (1987) is also highly recommended, especially for those interested in
solid mechanics and heat transfer applications.

Readers with background in the engineering “structural analysis” version of the finite element
method may find Bickford (1994) as an attractive bridge over to the abstract mathematical formulation
that FEniCS builds upon. Those who have a weak background in differential equations in general
should consult a more fundamental book, and Eriksson et al. (1996) is a very good choice. On the
other hand, FEniCS users with a strong background in mathematics and interest in the mathematical
properties of the finite element method, will appreciate the texts Brenner and Scott (2008), Braess
(2007), Ern and Guermond (2004), Quarteroni and Valli (2008), or Ciarlet (2002).

1.7.7 Books on Python

Two very popular introductory books on Python are “Learning Python” (Lutz, 2007) and “Practical
Python” (Hetland, 2002). More advanced and comprehensive books include “Programming Python”
(Lutz, 2006), and “Python Cookbook” (Martelli and Ascher, 2005) and “Python in a Nutshell” (Martelli,
2006). The web page http://wiki.python.org/moin/PythonBooks lists numerous additional books.
Very few texts teach Python in a mathematical and numerical context, but the references Langtangen
(2008, 2011); Kiusalaas (2009) are exceptions.
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2 The finite element method

By Robert C. Kirby and Anders Logg

The finite element method has emerged as a universal method for the solution of differential
equations. Much of the success of the finite element method can be attributed to its generality and
elegance, allowing a wide range of differential equations from all areas of science to be analyzed and
solved within a common framework. Another contributing factor to the success of the finite element
method is the flexibility of formulation, allowing the properties of the discretization to be controlled
by the choice of approximating finite element spaces.

In this chapter, we review the finite element method and summarize some basic concepts and
notation used throughout this book. In the coming chapters, we discuss these concepts in more detail,
with a particular focus on the implementation and automation of the finite element method as part of
the FEniCS Project.

2.1 A simple model problem

In 1813, Siméon Denis Poisson published in Bulletin de la société philomatique his famous equation
as a correction of an equation published earlier by Pierre-Simon Laplace. Poisson’s equation is a
second-order partial differential equation stating that the negative Laplacian —Au of some unknown
field u = u(x) is equal to a given function f = f(x) on a domain Q C R?, possibly amended by a set
of boundary conditions for the solution u on the boundary o) of O):

—Au=f inQ,
u=uy onlp C 90, (2.1)
—dyu=g only CoQ.

The Dirichlet boundary condition u = u( signifies a prescribed value for the unknown u on a subset
I'p of the boundary, and the Neumann boundary condition —d,,u = g signifies a prescribed value for
the (negative) normal derivative of u on the remaining boundary I'y = 9Q) \ I'p. Poisson’s equation
is a simple model for gravity, electromagnetism, heat transfer, fluid flow, and many other physical
processes. It also appears as the basic building block in a large number of more complex physical
models, including the Navier-Stokes equations which we return to in Chapters 20, 21, 22, 23, 24, 25,
28 and 29.

To derive Poisson’s equation (2.1), we may consider a model for the temperature u in a body
occupying a domain () subject to a heat source f. Letting o = o(x) denote heat flux, it follows by
conservation of energy that the outflow of energy over the boundary dw of any test volume w C Q)

73
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Figure 2.1: Poisson’s equation is a
simple consequence of balance of en-
ergy in an arbitrary test volume w C

Q.
must be balanced by the energy emitted by the heat source f:
/ a.nds:/fdx. 2.2)
Jow Jw
Integrating by parts, we find that
/V~adx:/fdx. 2.3)
w w

Since (2.3) holds for all test volumes w C (), it follows that V - ¢ = f throughout () (with suitable
regularity assumptions on ¢ and f). If we now make the assumption that the heat flux ¢ is proportional
to the negative gradient of the temperature u (Fourier’s law),

o= —xVu, (2.4)
we arrive at the following system of equations:

Voe=f inQ,

] (2.5)
c+Vu=0 inQ,

where we have assumed that the heat conductivity is ¥ = 1. Replacing ¢ in the first of these equations
by —Vu, we arrive at Poisson’s equation (2.1). Note that one may as well arrive at the system of
first-order equations (2.5) by introducing ¢ = —Vu as an auxiliary variable in the second-order
equation (2.1). We also note that the Dirichlet and Neumann boundary conditions in (2.1) correspond
to prescribed values for the temperature and heat flux, respectively.

2.2 Finite element discretization

2.2.1 Discretizing Poisson’s equation

To discretize Poisson’s equation (2.1) by the finite element method, we first multiply by a test function
v and integrate by parts to obtain

/Vu-Vde—/ anuvds:/fvdx. (2.6)
Q a0 Jo

Letting the test function v vanish on the Dirichlet boundary I'p where the solution u is known, we
arrive at the following classical variational problem: find u# € V such that

/Vu-Vvdx:/fvdx—/ gods VoveV. (2.7)
Q Q I'n
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The test space V is defined by

V={ve H(Q):v=00nTp}, (2.8)
and the trial space V contains members of V shifted by the Dirichlet condition:

V={ve H(Q):v=ugyonTIp}. (29

We may now discretize Poisson’s equation by restricting the variational problem (2.7) to a pair of
discrete spaces: find uj, € Vj, C V such that

/Vuh-Vvdx:/fvdx—/ gods VoeV,cV. (2.10)
Q Q I'n

We note here that the Dirichlet condition u = uy on I'p enters directly into the definition of the trial
space Vj, (it is an essential boundary condition), whereas the Neumann condition —d,u = g on I'y
enters into the variational problem (it is a natural boundary condition).

To solve the discrete variational problem (2.10), we must construct a suitable pair of discrete trial
and test spaces V}, and V. We return to this issue below, but assume for now that we have a basis
19 }]I\i | for V, and a basis {¢;}Y for V. Here, N denotes the dimension of the spaces V}, and V},. We
may then make an Ansatz for u;, in terms of the basis functions of the trial space,

N
up(x) =) Ujgj(x), (2.11)
j=1

where U € RN is the vector of degrees of freedom to be computed. Inserting this into (2.10) and
varying the test function v over the basis functions of the discrete test space V},, we obtain

N
Zuj/ vcpj-v@,-dx:/ f(f)l-dx—/ epids, i=12,...,N. 2.12)

We may thus compute the finite element solution uj = Z]'I\i 1 U;¢; by solving the linear system
AU = b, (2.13)

where
Ai]' = /;) V(P] . V([AJZ dx,

bi:/nfé)idx—/mg@ds.

2.2.2  Discretizing the first-order system

(2.14)

We may similarly discretize the first-order system (2.5) by multiplying the first equation by a test
function v and the second equation by a test function 7. Summing up and integrating by parts, we
find that X

/Q(V‘U)U+U-T—uV~de+/aQuT'nds = /vadx Y (v, 1) €V. (2.15)

The normal flux ¢ - n = g is known on the Neumann boundary I'y so we may take 7-7n = 0 on I'y.
Inserting the value for u on the Dirichlet boundary I'p, we arrive at the following variational problem:
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find (u,0) € V such that

/Q(V~U)U+(7-T—uv-rdx:/vadx—/ upt-nds V(v,7) €V. (2.16)
r

D

A suitable choice of trial and test spaces is

V={(v,7):veL?Q),7 € H(div,Q),T-n=gon Ty},

2.17)
V={(v,7):veL?Q),7 € H(div,Q),T-n=0on Iy}

Note that the variational problem (2.16) differs from the variational problem (2.7) in that the Dirichlet
condition u# = ug on I'p enters into the variational formulation (it is now a natural boundary condition),
whereas the Neumann condition ¢ - n = g on I'y enters into the definition of the trial space V (it is
now an essential boundary condition).

As above, we restrict the variational problem to a pair of discrete trial and test spaces V}, C V and
V, € V and make an Ansatz for the finite element solution of the form

N

(up,on) = Y_ Uj(dj, 7). (2.18)

j=1

where {(¢;, I,Uj)}]-li 1 is a basis for the trial space V;,. Typically, either ¢; or ¢; will vanish, so that the

basis is really the tensor product of a basis for the L? space with a basis for the H(div) space. We thus
obtain a linear system for the degrees of freedom U € RN by solving a linear system AU = b, where
now

Ajj = /Q(V'll’j)éﬂrll’j'lﬁi — ¢V - P dx,

: (2.19)
b; = / b dx — / ug §; - nds.
i Ja f bi Jry 0y

The finite element discretization (2.19) is an example of a mixed method. Such formulations require

some care in selecting spaces that discretize the different function spaces, here L? and H(div), in a

compatible way. Stable discretizations must satisfy the so-called inf-sup or Ladyzhenskaya-Babuska—

Brezzi (LBB) condition(s). This theory explains why many of the finite element spaces for mixed

methods seem complicated compared to those for standard methods. In Chapter 3 below, we give
several examples of such finite element spaces.

2.3 Finite element abstract formalism

2.3.1 Linear problems

We saw above that the finite element solution of Poisson’s equation (2.1) or (2.5) can be obtained by
restricting an infinite-dimensional (continuous) variational problem to a finite-dimensional (discrete)
variational problem and solving a linear system.

To formalize this, we consider a general linear variational problem written in the following
canonical form: find u € V such that

a(u,v) = L(v) VoeV, (2.20)

where V is the trial space and V is the test space. We thus express the variational problem in terms of
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a bilinear form a and a linear form (functional) L:

a:VxV—>IR,
. (2.21)
L:V—->1R.

As above, we discretize the variational problem (2.20) by restricting to a pair of discrete trial and test
spaces: find uy, € V}, C V such that

a(up,v) =L(v) YoeV,CV. (2.22)

To solve the discrete variational problem (2.22), we make an Ansatz of the form
N
up = ) Ui, (2.23)
j=1

and take v = ¢; fori = 1,2,...,N. As before, {@}}i ; is a basis for the discrete trial space Vj, and
{$:}X | is a basis for the discrete test space V. It follows that

N
U]a((lJ],(lA)l) = L((f)i), i=1,2,...,N. (2.24)
j=1

The degrees of freedom U of the finite element solution u; may then be computed by solving a linear
system AU = b, where

(2.25)

2.3.2  Nonlinear problems

We also consider nonlinear variational problems written in the following canonical form: find u € V
such that
F(u;v) =0 VYoeV, (2.26)

where now F : V x V — R is a semilinear form, linear in the argument(s) subsequent to the semicolon.
As above, we discretize the variational problem (2.26) by restricting to a pair of discrete trial and test
spaces: find uy, € V}, C V such that

F(uy;v) =0 YoeV,CV. (2.27)

The finite element solution u;, = E].I\i 1 Uj¢; may then be computed by solving a nonlinear system of
equations,
b(U) =0, (2.28)

where b : RN — RN and
bi(U) = F(uh;<f>i), i=1,2,...,N. (2.29)

To solve the nonlinear system (2.28) by Newton’s method or some variant of Newton’s method,
we compute the Jacobian A = b’. We note that if the semilinear form F is differentiable in u, then the
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entries of the Jacobian A are given by

O 2 o A
Ajj(uy) = 851]-) - aTIjF(Mh;gbi) = F'(up; i) E)LLII}; = F'(up; ¢i) ¢j = F'(up; ¢, i) (2.30)

In each Newton iteration, we must then evaluate (assemble) the matrix A and the vector b, and update
the solution vector U by
uHtt =uk —su*, k=o0,1,..., (2.31)

where §U* solves the linear system
A(ub) suk = b(ub). (2.32)

We note that for each fixed uy,, a = F'(uy;-,-) is a bilinear form and L = F(uy;-) is a linear form.

In each Newton iteration, we thus solve a linear variational problem of the canonical form (2.20): find
ou € Vj o such that

F'(up; 6u,v) = F(uy;0) Yo eV, (2.33)

where Vg = {v—w : v,w € V,}. Discretizing (2.33) as in Section 2.3.1, we recover the linear
system (2.32).
Example 2.1 (Nonlinear Poisson equation) As an example, consider the following nonlinear Poisson equa-

tion:

V- (1+u)Vu)=f inQ,

u=0 onadQ. (234)
Multiplying (2.34) with a test function v and integrating by parts, we obtain
/(2((1 +u)Vu) - Vodx = /va dx, (2.35)
which is a nonlinear variational problem of the form (2.26), with
F(u;v) = /Q((l—i-u)Vu) -Vvdx—/vadx. (2.36)
Linearizing the semilinear form F around u = uy,, we obtain
F'(uy; 61, 0) = /Q((mwh) Vodx + _/Q((l + 1) Vu) - Vod. 2.37)
We may thus compute the entries of the Jacobian matrix A(uy,) by
Aii(up) = F (), §1) = /Q(cpjvuh) Vi dx + /()((1 1) V) - Vi . (2.38)

2.4 Finite element function spaces

In the above discussion, we assumed that we could construct discrete subspaces V;, C V of infinite-
dimensional function spaces. A central aspect of the finite element method is the construction of such
subspaces by patching together local function spaces defined by a set of finite elements. We here give a
general overview of the construction of finite element function spaces and return in Chapters 3 and 4
to the construction of specific function spaces as subsets of H!, H(curl), H(div) and L.
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Figure 2.2: Examples of finite element cells in one, two and three space dimensions.

2.4.1 The mesh

To define Vj, we first partition the domain ) into a finite set of cells 7;, = {T} with disjoint interiors
such that

Ureq, T = Q. (2.39)

Together, these cells form a mesh of the domain (). The cells are typically simple polygonal shapes like
intervals, triangles, quadrilaterals, tetrahedra or hexahedra as shown in Figure 2.2. But other shapes
are possible, in particular curved cells to capture the boundary of a non-polygonal domain correctly.

2.4.2  The finite element definition

Once a domain () has been partitioned into cells, one may define a local function space V on each
cell T and use these local function spaces to build the global function space Vj,. A cell T together
with a local function space V and a set of rules for describing the functions in V is called a finite
element. This definition was first formalized by Ciarlet (1976) and it remains the standard formulation

today (Brenner and Scott, 2008). The formal definition reads as follows: a finite element is a triple
(T,V, L), where

e the domain T is a bounded, closed subset of RY (ford =1,2,3,...) with nonempty interior and
piecewise smooth boundary;

e the space V = V(T) is a finite dimensional function space on T of dimension #;

e the set of degrees of freedom (nodes) £ = {¢1,¢,..., ¢} is a basis for the dual space V’; that is,
the space of bounded linear functionals on V.

As an example, consider the standard linear Lagrange finite element on the triangle in Figure 2.3.
The cell T is given by the triangle and the space V is given by the space of first degree polynomials on
T (a space of dimension three). As a basis for V’, we may take point evaluation at the three vertices of
T; that is,

Ei:V—>]R,

, (2.40)

ti(v) = o(x'),
for i = 1,2,3 where x is the coordinate of the ith vertex. To check that this is indeed a finite element,
we need to verify that £ is a basis for V', This is equivalent to the unisolvence of £; that is, if v € V
and ¢;(v) = 0 for all ¢;, then v = 0 (Brenner and Scott, 2008). For the linear Lagrange triangle, we note
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Figure 2.3: The degrees of freedom
of the linear Lagrange (Courant) tri-
angle are given by point evaluation
at the three vertices of the triangle.

that if v is zero at each vertex, then v must be zero everywhere, since a plane is uniquely determined
by its values at three non-collinear points. It follows that the linear Lagrange triangle is indeed a finite
element. In general, determining the unisolvence of £ may be non-trivial.

2.4.3 The nodal basis

Expressing finite element solutions in V}, in terms of basis functions for the local function spaces V
may be greatly simplified by introducing a nodal basis for V. A nodal basis {¢;}" , for V is a basis for
V that satisfies

Ez(gb]) = 51']', i,j = 1,2, cee,n. (241)

It follows that any v € V may be expressed by
n
v="Y li(v)¢:. (2.42)
i=1

In particular, any function v in V for the linear Lagrange triangle is given by v = Y3, v(x!)¢;. In
other words, the expansion coefficients of any function v may be obtained by evaluating the linear
functionals in £ at v. We shall therefore interchangeably refer to both the expansion coefficients U of
uy, and the linear functionals of £ as the degrees of freedom.

Example 2.2 (Nodal basis for the linear Lagrange simplices) The nodal basis for the linear Lagrange in-
terval with vertices at x' = 0 and x> = 1 is given by

pr1(x)=1—x, ¢o(x)=nx. (2.43)

The nodal basis for the linear Lagrange triangle with vertices at x' = (0,0), x> = (1,0) and x> = (0,1) is
given by

Ppr(x) =1—x1—x2, ¢o(x) =x1, ¢3(x) = xp. (2.44)
The nodal basis for the linear Lagrange tetrahedron with vertices at x* = (0,0,0), x> = (1,0,0), x> = (0,1,0)
and x* = (0,0,1) is given by

¢1(x)
$3(x)

1—2x1—x —x3, P2(x) = xq,
Y, o1 (x) _ (2.45)
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For any finite element (T, V, £), the nodal basis may be computed by solving a linear system of
size n x n. To see this, let {1;}"" | be any basis (the prime basis) for V. Such a basis is easy to construct
if V is a full polynomial space or may otherwise be computed by a singular-value decomposition or
a Gram-Schmidt procedure; see Kirby (2004). We may then make an Ansatz for the nodal basis in
terms of the prime basis:

n
¢j=Y apypr, j=12,...,n (2.46)
k=1

Inserting this into (2.41), we find that
n
Yo ajli(P) =5, i,j=1,2,...,n (2.47)
k=1

In other words, the coefficients « expanding the nodal basis functions in the prime basis may be
computed by solving the linear system
Ba' =1, (2.48)

where Bij = fl(l/J])

2.4.4  The local-to-global mapping

Now, to define a global function space V}, = span{¢;}N; on Q from a given set {(T, Vr, L1)}re7, of
finite elements, we also need to specify how the local function spaces are patched together. We do this
by specifying for each cell T € 7}, a local-to-global mapping:

tr:[1,n7] — [1,N]. (2.49)

This mapping specifies how the local degrees of freedom L1 = {¢]}!T, are mapped to global degrees
of freedom £ = {{;}} . More precisely, the global degrees of freedom are defined by

ZlT(i) (7)) = EIT(U‘T)/ i= 1,2,... T, (250)

for any v € V). Thus, each local degree of freedom (I € L corresponds to a global degree of
freedom ¢, ;) € £ determined by the local-to-global mapping /7. As we shall see, the local-to-global
mapping together with the choice of degrees of freedom determine the continuity of the global
function space V,.

For standard continuous piecewise linears, one may define the local-to-global mapping by simply
mapping each local vertex number i for i = 1,2,3 to the corresponding global vertex number (7 (i).
For continuous piecewise quadratics, one can base the local-to-global mapping on global vertex and
edge numbers as illustrated in Figure 2.4 for a simple mesh consisting of two triangles.

2.4.5 The global function space

One may now define the global function space V}, as the set of functions on () satisfying the following
pair of conditions. We first require that

vlreVr VT €Ty, (2.51)
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Figure 2.4: Local-to-global mapping
for a simple mesh consisting of two
triangles. The six local degrees of
freedom of the left triangle (T) are
mapped to the global degrees of free-
dom i7(i) = 1,2,4,9,8,5 for i =
1,2,...,6, and the six local degrees
of freedom of the right triangle (T”)
are mapped to i (i) = 2,3,4,7,9,6
fori=1,2,...,6.

Figure 2.5: Patching together a
pair of quadratic local function
spaces on a pair of cells (T, T’) to
form a global continuous piecewise
quadratic function space on O =
TUT'.

that is, the restriction of v to each cell T lies in the local function space Vr. Second, we require that for
any pair of cells (T, T") € 7;, x 7, and any pair (i,i') € [1,n7] X [1, np] satisfying

ir(i) = iy (i), (2.52)

it holds that )
] (v]7) = £} (0] ). 2.53)

In other words, if two local degrees of freedom ¢ and EiT,/ are mapped to the same global degree of
freedom, then they must agree for each function v € Vj,. Here, v|1 denotes (the continuous extension
of the) restriction of v to the interior of T. This is illustrated in Figure 2.5 for the space of continuous
piecewise quadratics obtained by patching together two quadratic Lagrange triangles.

Note that by this construction, the functions in Vj, are undefined on cell boundaries, unless the
constraints (2.53) force the functions in V}, to be continuous on cell boundaries. However, this is
usually not a problem, since we can perform all operations on the restrictions of functions to the local
cells.

The local-to-global mapping together with the choice of degrees of freedom determine the con-
tinuity of the global function space Vj. For the linear Lagrange triangle, choosing the degrees of
freedom as point evaluation at the vertices ensures that all functions in V}, must be continuous at
the two vertices of the common edge of any pair of adjacent triangles, and therefore along the entire
common edge. It follows that the functions in V}, are continuous throughout the domain (). As a
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Figure 2.6: The (affine) map Fr from x3
a reference cell T toa cell T € 7j,.

£ = (0,0) £2 = (1,0)

consequence, the space of piecewise linears generated by the Lagrange triangle is H!-conforming; that
is, v, C H'(Q).

One may also consider degrees of freedom defined by point evaluation at the midpoint of each
edge. This is the so-called Crouzeix—Raviart triangle. The corresponding global Crouzeix—Raviart
space V}, is consequently continuous only at edge midpoints. The Crouzeix—Raviart triangle is an
example of an H'-nonconforming element; that is, the function space Vj, constructed from a set of
Crouzeix-Raviart elements is not a subspace of H'. Other choices of degrees of freedom may ensure
continuity of normal components, like for the H(div)-conforming Brezzi-Douglas-Marini elements, or
tangential components, as for the H(curl)-conforming Nédélec elements. In Chapter 3, other examples
of elements are given which ensure different kinds of continuity by the choice of degrees of freedom
and local-to-global mapping.

2.4.6 The mapping from the reference element

As we have seen, the global function space V}, may be described by a mesh 7}, a set of finite elements
{(T, V1, L1)}reT, and a set of local-to-global mappings {ir}rc7,. We may simplify this description
further by introducing a reference finite element (T, V,ﬁ), where £ = {@1,@2,. ..,@ﬁ }, and a set of
invertible mappings {Fr} r<7, that map the reference cell T to the cells of the mesh:

T=F(T) VT €T, (2.54)

This is illustrated in Figure 2.6. Note that T is generally not part of the mesh.

For function spaces discretizing H' as in (2.7), the mapping Fr is typically affine; that is, Fr can be
written in the form Fr(%) = A% + by for some matrix At € R*¢ and some vector by € RY, or else
isoparametric, in which case the components of Fr are functions in V. For function spaces discretizing
H(div) like in (2.16) or H(curl), the appropriate mappings are the contravariant and covariant Piola
mappings which preserve normal and tangential components, respectively; see Rognes et al. (2009).
For simplicity, we restrict the following discussion to the case when Fr is affine or isoparametric.

For each cell T € 7, the mapping Fr generates a function space on T given by

Vr={v:v=00F1, 9eVD}; (2.55)
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that is, each function v = v(x) may be expressed as v(x) = 6(F; ' (x)) = 6o FT_l(x) for some 0 € V.
The mapping Fr also generates a set of degrees of freedom L1 on V7 given by

Lr={l;:li(v)=0(voFr), i=1,2,...,7} (2.56)

The mappings {FT}TeTh thus generate from the reference finite element (T, ]A/,EA) a set of finite
elements {(T, Vr, LT) }reT, given by

T = Fr(T),
Vr={v:v=00F:!, veV}, (2.57)
ET:{&':&'(U):&'(UOF‘T), i:1,2,...,ﬁ:nT}.

By this construction, we also obtain the nodal basis functions {gblT}:l:Tl on T from a set of nodal basis
functions {¢;}?_; on the reference element satisfying Z;(§;) = &;;. To see this, we let ¢] = §; o Fz ! for
i=1,2,...,n7 and find that

éiT((P]T) = Zi(‘l’]'T oFr) = i($jo Fr' o Fr) = 1i($y) = 6ij, (2.58)

so {¢]}!T, is a nodal basis for Vr.

We may therefore define the function space Vj, by specifying a mesh 7j, a reference finite element
(T,V, £), a set of local-to-global mappings {i7}rc7, and a set of mappings {Fr }rc7, from the reference
cell T. Note that in general, the mappings need not be of the same type for all cells T and not all finite
elements need to be generated from the same reference finite element. In particular, one could employ
a different (higher-degree) isoparametric mapping for cells on a curved boundary.

The above construction is valid for so-called affine-equivalent elements (Brenner and Scott, 2008)
like the family of H'-conforming Lagrange finite elements. A similar construction is possible for
H(div)- and H(curl)-conforming elements, like the Brezzi-Douglas—Marini and Nédélec elements,
where an appropriate Piola mapping must be used to map the basis functions (while an affine map
may still be used to map the geometry). However, not all finite elements may be generated from a
reference finite element using this simple construction. For example, this construction fails for the
family of Hermite finite elements (Ciarlet, 2002; Brenner and Scott, 2008).

2.5 Finite element solvers

Finite elements provide a powerful methodology for discretizing differential equations, but solving
the resulting algebraic systems also presents a challenge, even for linear systems. Good solvers must
handle the sparsity and possible ill-conditioning of the algebraic system, and also scale well on parallel
computers. The linear solve is a fundamental operation not only in linear problems, but also within
each iteration of a nonlinear solve via Newton’s method, an eigenvalue solve, or time-stepping.

A classical approach that has been revived recently is direct solution, based on Gaussian elimination.
Thanks to techniques enabling parallel scalability and recognizing block structure, packages such as
UMFPACK (Davis, 2004) and SuperLU (Li, 2005) have made direct methods competitive for quite
large problems.

The 1970s and 1980s saw the advent of modern iterative methods. These grew out of classical
iterative methods such as relaxation methods and the conjugate gradient iteration of Hestenes and
Stiefel (1952). These techniques can use much less memory than direct methods and are easier to
parallelize.
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Multigrid methods (Brandt, 1977; Wesseling, 1992) use relaxation techniques on a hierarchy of
meshes to solve elliptic equations, typically for symmetric problems, in nearly linear time. However,
they require a hierarchy of meshes that may not always be available. This motivated the introduction
of algebraic multigrid methods (AMG) that mimic mesh coarsening, working only on the matrix
entries. Successful AMG distributions include the Hypre package (Falgout and Yang, 2002) and the
ML package distributed as part of Trilinos (Heroux et al., 2005).

Krylov methods such as conjugate gradients and GMRES (Saad and Schultz, 1986) generate a
sequence of approximations converging to the solution of the linear system. These methods are based
only on the matrix—vector product. The performance of these methods is significantly improved by
use of preconditioners, which transform the linear system

AU =b (2.59)

into
P~'AU =P, (2.60)

which is known as left preconditioning. The preconditioner P~! may also be applied from the right by
recognizing that AU = (AP~!)(PU) and solving the modified system for the matrix AP~ followed by
an additional solve to obtain U from the solution PU. To ensure good convergence, the preconditioner
P~! should be a good approximation of A~!. Some preconditioners are strictly algebraic, meaning
they only use information available from the entries of A. Classical relaxation methods such as
Gauss—-Seidel may be used as preconditioners, as can so-called incomplete factorizations (Manteuffel,
1980; Axelsson, 1986; Saad, 1994). Multigrid, whether geometric or algebraic, also can serve as
a powerful preconditioner. Other kinds of preconditioners require special knowledge about the
differential equation being solved and may require new matrices modeling related physical processes.
Such methods are sometimes called physics-based preconditioners. An automated system, such as
FEniCS, provides an interesting opportunity to assist with the development and implementation of
these powerful but less widely used methods.

Fortunately, many of the methods discussed here are included in modern libraries such as PETSc
(Balay et al., 2004) and Trilinos (Heroux et al., 2005). FEniCS typically interacts with the solvers
discussed here through these packages and so mainly need to be aware of the various methods at a
high level, such as when the various methods are appropriate and how to access them.

2.6 Finite element error estimation and adaptivity

The error e = u — uy, in a computed finite element solution u;, approximating the exact solution u
of (2.20) may be estimated either a priori or a posteriori.

A priori error estimates express the error in terms of the regularity of the exact (unknown) solution
and may give useful information about the order of convergence of a finite element method. A posteriori
error estimates express the error in terms of computable quantities like the residual and (possibly) the
solution of an auxiliary dual problem, as described below.

2.6.1 A priori error analysis

We consider the linear variational problem (2.20). We first assume that the bilinear form a and the
linear form L are continuous (bounded); that is, there exists a constant C > 0 such that

a(v,w) < Cllo|v[w]v,

2.61
L(v) < Cllo]lv, (60
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u Figure 2.7: If the bilinear form a is
symmetric, then the finite element
solution u, € V, C V is the a-
projection of u € V onto the sub-
space V}, and is consequently the
best possible approximation of u in
the subspace V}, (in the norm de-
fined by the bilinear form a). This
STTTTTZ follows by the Galerkin orthogonal-

ity (u—up,v)g = a(u—uy,v) =0

/711117 4% for all o € V),

/’uh
I e
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for all v, w € V. For simplicity, we assume in this section that V = V is a Hilbert space. For (2.1), this
corresponds to the case of homogeneous Dirichlet boundary conditions and V = H}(Q). Extensions
to the general case V # V are possible; see for example Oden and Demkowicz (1996). We further
assume that the bilinear form a is coercive (V-elliptic); that is, there exists a constant &« > 0 such that

a(v,0) > al|o|f, (2.62)

for all v € V. It then follows by the Lax-Milgram theorem (Lax and Milgram, 1954) that there exists a
unique solution u € V to the variational problem (2.20).

To derive an a priori error estimate for the approximate solution u; defined by the discrete
variational problem (2.22), we first note that

a(u —uy,v) = a(u,v) —a(uy,v) = L(v) — L(v) =0 (2.63)

for all v € V}, C V (the Galerkin orthogonality). By the coercivity and continuity of the bilinear form 4,
we find that

alju — uh||%, <a(u—up,u—uy) =alu—uyu—o)+alu, —u,0—up)
(2.64)
=a(u—uy,u—0) < Cllu—wuylly lu—oly.

for all v € Vj,. It follows that
C
lu=wuplly < llu—oly Vo eV (2.65)

The estimate (2.65) is referred to as Cea’s lemma. We note that when the bilinear form a is symmetric,
it is also an inner product. We may then take ||v||y = \/a(v,v) and C = a = 1. In this case, uy, is the
a-projection onto Vj, and Cea’s lemma states that

o —upllv < |lu—v|lv YoeV, (2.66)

that is, uy, is the best possible solution of the variational problem (2.20) in the subspace V. This is
illustrated in Figure 2.7.

Cea’s lemma together with a suitable interpolation estimate now yields an a priori error estimate
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for uy,. By choosing v = mju, where 7j, : V — V}, is an interpolation operator into V},, we find that

CC;

P DT |z, 2.67)

C
lu = wunlly < - llu = 7opullv <

where C; is an interpolation constant and the values of p and g depend on the accuracy of interpolation
and the definition of || - ||y. For the solution of Poisson’s equation in V = H}, we have C = « = 1 and

p=q=1

2.6.2 A posteriori error analysis

Energy norm error estimates. The continuity and coercivity of the bilinear form a also allow the
derivation of an a posteriori error estimate. This type of error estimate is obtained by relating the size
of the error to the size of the (weak) residual 7 : V — R defined by

r(v) = L(v) — a(uy, v). (2.68)

Note that the weak residual is formally related to the strong residual R € V' by r(v) = (R, v) for all
velV.

We first note that the V-norm of the error e = u — uy, is equivalent to the V'-norm of the residual r.
To see this, note that by the continuity of the bilinear form a, we have

r(v) = L(v) —a(up,0) = a(u,0) — auy, 0) = a(u —up,0) < Cllu —wupllv [o]lv. (2.69)
Furthermore, by coercivity, we find that

ool =y |3 < @ — w1 —up) = a(u,u—wy) —alup,u—uy) = Llu—uy) —alup,u—uy) =r(u—1up).
(2.70)

It follows that
allu —uplly < [rlly < Cllu —upllv, (2.71)

where [[r||yr = sup,ey o7 (©)/[|2]lv.

The estimates (2.67) and (2.71) are sometimes referred to as energy norm error estimates. This is the
case when the bilinear form a is symmetric and thus defines an inner product. One may then take
llollv = v/a(v,v) and C = a = 1. In this case, it follows that

1= lellv = llrllv- 272)
The term energy norm refers to a(v, v) corresponding to physical energy in many applications.

Goal-oriented error estimates. The classical a priori and a posteriori error estimates (2.67) and (2.71)
relate the V-norm of the error e = u — uy, to the regularity of the exact solution u# and the residual
r = L(v) — a(uy,v) of the finite element solution uy, respectively. However, in applications it is often
necessary to control the error in a certain output functional M : V — R of the computed solution to
within some given tolerance € > 0. Typical functionals are average values of the computed solution,
such as the lift or drag of an object immersed in a flow field. In these situations, one would ideally
like to choose the finite element space V}, C V such that the finite element solution u), satisfies

n=|Mu)— M(u)| <e (2.73)

with minimal computational work. We assume here that both the output functional and the variational
problem are linear, but the analysis may be easily extended to the full nonlinear case [Eriksson
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et al.1995, Becker and Rannacher 2001].
To estimate the error in the output functional M, we introduce an auxiliary dual problem: find
z € V* such that
a*(z,0) = M(v) VYoV~ (2.74)

We note here that the functional M enters as data in the dual problem. The dual (adjoint) bilinear
form a* : V* x V* — R is defined by

a*(v,w) = a(w,v) VY (v,w) € V*x V*. (2.75)

The dual trial and test spaces are given by

N

V=1V,

R (2.76)
Vi=Vy={v—w:v,weV}

that is, the dual trial space is the primal test space and the dual test space is the primal trial space
modulo boundary conditions. In particular, if V = ug + V then V* = V* = V, and both the dual test
and trial functions vanish at Dirichlet boundaries. The definition of the dual problem leads us to the
following representation of the error:

M(u) = M(up) = M(u —uy)
=a*(z,u—uy)
=a(u—uy,z) (2.77)
= L(z) —a(up, z)
= r(z).

We find that the error is exactly represented by the residual of the dual solution:

M(u) — M(uy,) = r(z). (2.78)

2.6.3 Adaptivity

As seen above, one may estimate the error in a computed finite element solution uj, in the V-norm or
an output functional by estimating the size of the residual r. This may be done in several different ways.
The estimate typically involves integration by parts to recover the strong element-wise residual of the
original PDE, possibly in combination with the solution of local problems over cells or patches of cells.
In the case of the standard piecewise linear finite element approximation of Poisson’s equation (2.1),
one may obtain the following estimate:

1/2
[ —uy|lv = || Vel 2 < C ( Y. IlIR|IF +hT|[anuh]|3T> , (2.79)
TeTy,

where R|r = f|7 + Auy|r is the strong residual, i1 denotes the mesh size (the diameter of the smallest
circumscribed sphere around each cell T) and [d,1,] denotes the jump of the normal derivative
across mesh facets. For a derivation of this estimate, see for example Elman et al. (2005). Letting
n% = h%||R||3 + hr||[0xuy] |37, we obtain the estimate

1/2
lu—uplly <y =C <Z’7%> : (2.80)
T
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Figure 2.8: A sequence of adaptively
refined meshes obtained by succes-
sive refinement of an original coarse
mesh.

N

An adaptive algorithm seeks to determine a mesh size h = h(x) such that 7, < €. Starting from an
initial coarse mesh, the mesh is successively refined in those cells where the error indicator 77 is large.
Several strategies are available, such as refining the top fraction of all cells where #r is large, say the
first 20% of all cells ordered by the size of #7. Other strategies include refining all cells where #7 is
above a certain fraction of maxrc7, 77, or refining a top fraction of all cells such that the sum of their
error indicators account for a significant fraction of 7, (so-called Dérfler marking (Dorfler, 1996)).

Once the mesh has been refined, a new solution and new error indicators can be computed. The
process is then repeated until either #; < € (the stopping criterion) or the available resources (CPU
time and memory) have been exhausted. The adaptive algorithm yields a sequence of successively
refined meshes as illustrated in Figure 2.8. For time-dependent problems, an adaptive algorithm needs
to decide both on the local mesh size and the size of the (local) time step as functions of space and
time. Ideally, the error estimate 7, is close to the actual error, as measured by the efficiency index 1y, /14
which should be close to and bounded below by one.

2.7 Automating the finite element method

The FEniCS Project seeks to automate the solution of differential equations. This is a formidable
task, but it may be approached by an automation of the finite element method. In particular, this
automation relies on the following key steps:

(i) automation of discretization,
(i) automation of discrete solution,

(iii) automation of error control.
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Since its inception in 2003, the FEniCS Project has been concerned mainly with the automation of
discretization, resulting in the development of the form compilers FFC and SyFi/SFC, the code
generation interface UFC, the form language UFL, and a generic assembler implemented as part of
DOLFIN. As a result, variational problems for a large class of partial differential equations may now
be automatically discretized by the finite element method using FEniCS. For the automation of discrete
solution; that is, the solution of linear and nonlinear systems arising from the automated discretization
of variational problems, interfaces to state-of-the-art libraries for linear algebra have been implemented
as part of DOLFIN. Ongoing work is now seeking to automate error control by automated error
estimation and adaptivity. In the following chapters, we return to specific aspects of the automation
of the finite element method developed as part of the FEniCS Project. The mathematical methodology
behind the FEniCS Project has also been described in a number of scientific works. For further reading,
we refer to Logg (2007); Logg and Wells (2010); Kirby (2004); Kirby and Logg (2006); Alnaes et al.
(2009); Alnees and Mardal (2010); Kirby et al. (2005, 2006); Kirby and Logg (2007, 2008); Kirby and
Scott (2007); Kirby (2006b); Jlgaard et al. (2008); Rognes et al. (2009); Olgaard and Wells (2010); Logg
(2009).

2.8 Historical notes

In 1915, Boris Grigoryevich Galerkin formulated a general method for solving differential equa-
tions (Galerkin, 1915). A similar approach was presented sometime earlier by Bubnov. Galerkin’s
method, or the Bubnov—Galerkin method, was originally formulated with global polynomials and
goes back to the variational principles of Leibniz, Euler, Lagrange, Dirichlet, Hamilton, Castigliano
(Castigliano, 1879), Rayleigh (Rayleigh, 1870) and Ritz (Ritz, 1908). Galerkin’s method with piece-
wise polynomial spaces (V}, V) is known as the finite element method. The finite element method
was introduced by engineers for structural analysis in the 1950s and was independently proposed
by Courant (Courant, 1943). The exploitation of the finite element method among engineers and
mathematicians exploded in the 1960s. Since then, the machinery of the finite element method has
been expanded and refined into a comprehensive framework for the design and analysis of numerical
methods for differential equations; see Zienkiewicz et al. (2005); Strang and Fix (1973); Ciarlet (1976);
Becker et al. (1981); Hughes (1987); Brenner and Scott (2008). Recently, the quest for compatible (stable)
discretizations of mixed variational problems has led to the development of finite element exterior
calculus (Arnold et al., 2006a).

Work on a posteriori error analysis of finite element methods dates back to the pioneering work
of Babuska and Rheinboldt (1978). Important references include the works by Bank and Weiser (1985);
Zienkiewicz and Zhu (1987); Eriksson and Johnson (1991, 1995a); Eriksson and Johnson, 1995b,c);
Eriksson et al. (1998); Ainsworth and Oden (1993) and the reviews papers (Eriksson et al., 1995;
Verfiirth, 1994, 1999; Ainsworth and Oden, 2000; Becker and Rannacher, 2001).



3 Common and unusual finite elements

By Robert C. Kirby, Anders Logg, Marie E. Rognes and Andy R. Terrel

This chapter provides a glimpse of the considerable range of finite elements in the literature.
Many of the elements presented here are implemented as part of the FEniCS Project already; some
are future work. The universe of finite elements extends far beyond what we consider here. In
particular, we consider only simplicial, polynomial-based elements. We thus bypass elements defined
on quadrilaterals and hexahedra, composite and macro-element techniques, as well as XFEM-type
methods. Even among polynomial-based elements on simplices, the list of elements can be extended.
Nonetheless, this chapter presents a comprehensive collection of some of the most common, and some
more unusual, finite elements.

3.1 The finite element definition

The Ciarlet definition of a finite element was first introduced in a set of lecture notes by Ciarlet (1975)
and became popular after his 1978 book (Ciarlet, 2002). It remains the standard definition today, see
for example Brenner and Scott (2008). The definition, which was also presented in Chapter 2, reads as
follows:

Definition 3.1 (Finite element (Ciarlet, 2002)) A finite element is defined by a triple (T,V, L), where

o the domain T is a bounded, closed subset of R? (for d = 1,2,3,...) with nonempty interior and piecewise
smooth boundary;

e the space V = V(T) is a finite dimensional function space on T of dimension n;

e the set of degrees of freedom (nodes) L = {{1,0s,..., ¢y} is a basis for the dual space V'; that is, the
space of bounded linear functionals on V.

Similar ideas were introduced earlier in Ciarlet and Raviart (1972)!, in which unisolvence? of a set
of interpolation points {x'}; was discussed. This is closely related to the unisolvence of £ when the
degrees of freedom are given by by £;(v) = v(x?). Conditions for uniquely determining a polynomial
based on interpolation of function values and derivatives at a set of points was also discussed in
Bramble and Zldmal (1970), although the term unisolvence was not used.

For any finite element, one may define a local basis for V that is dual to the degrees of freedom.
Such a basis {¢],¢] ..., L} satisfies Bi(<p].T) = Jjj for 1 < i,j < n and is called the nodal basis. 1t is
typically this basis that is used in finite element computations.

1The Ciarlet triple was originally written as (K, P,X) with K denoting T, P denoting V, and X denoting L.
2To check whether a given set of linear functionals is a basis for V', one may check whether it is unisolvent for V; that is, for
veV, li(v)=0fori=1,...,nif and only if v = 0.

91
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Also associated with a finite element is a local interpolation operator, sometimes called a nodal
interpolant. Given some function f on T, the nodal interpolant is defined by

n

r(f) = Y t()el, (3.1)

i=1

assuming that f is smooth enough for all of the degrees of freedom acting on it to be well-defined.

Once a local finite element space is defined, it is relatively straightforward to define a global finite
element space over a tessellation 7;. One defines the global space to consist of functions whose
restrictions to each T € 7, lie in the local space V(T) and that also satisfy any required continuity
requirements. Typically, the degrees of freedom for each local element are chosen such that if the
degrees of freedom on a common interface between two adjacent cells T and T’ agree, then a function
will satisfy the required continuity condition.

When constructing a global finite element space, it is common to construct a single reference
finite element (T,V, L) and map it to each cell in the mesh. As we are dealing with a simplicial
geometry, the mapping between T and each T € 7;, will be affine. Originally defined for the
purpose of error estimation, but also useful for computation, is the notion of affine equivalence. Let
Fr : T — T denote this affine map. Let v € V. The pullback associated with the affine map is given
by F*(v)(#) = v(Fr(&)) for all £ € T. Given a functional ? € V', its pushforward acts on a function in
v €V by F.(0)(v) = U(F*(v)).

Definition 3.2 (Affine equivalence) Let (T,V, L) and (T,V, L) be finite elements and Fr : T — T be a
non-degenerate affine map. The finite elements are affine equivalent if 7*(V) = V and F..(L) = L.

One consequence of affine equivalence is that only a single nodal basis needs to be constructed, and
then it can be mapped to each cell in a mesh. Moreover, this idea of equivalence can be extended
to some vector-valued elements when certain kinds of Piola mappings are used. In this case, the
affine map is the same, but the pull-back and push-forward are appropriately modified. It is also
worth stating that not all finite elements generate affine equivalent or Piola-equivalent families. The
Lagrange elements are affine equivalent in H', but the Hermite and Argyris elements are not. The
Raviart-Thomas elements are Piola-equivalent in H(div), while the Mardal-Tai-Winther elements are
not.
A dictionary of the finite elements discussed in this chapter is presented in Table 3.1.

3.2 Notation

* The space of polynomials of degree up to and including g on a domain T C R is denoted by
P,(T) and the corresponding d-vector fields by [P, (T)]“.

* A finite element space E is called V-conforming if E C V. If not, it is called (V-) nonconforming.

e The elements of £ are usually referred to as the degrees of freedom of the element (T, V, £). When
describing finite element families, it is usual to illustrate the degrees of freedom with a certain
schematic notation. We summarize the notation used here in the list below and in Figure 3.1.

Point evaluation. A black sphere (disc) at a point x denotes point evaluation of the function v
at that point:
L(v) = v(x). (3.2)

For a vector valued function v with d components, a black sphere denotes evaluation of all
components and thus corresponds to d degrees of freedom.
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Finite element Short name Sobolev space Conforming
(Quintic) Argyris ARG H? Yes
Arnold-Winther AW H(div;S) Yes

Brezzi-Douglas—Marini BDM H(div) Yes
Crouzeix—Raviart CR H! No
Discontinuous Lagrange DG L2 Yes
(Cubic) Hermite HER H? No
Lagrange CG H! Yes
Mardal-Tai-Winther MTW H'/H(div) No/ Yes
(Quadratic) Morley MOR H? No
Nédélec first kind NED! H(curl) Yes
Nédélec second kind NED? H(curl) Yes
Raviart-Thomas RT H(div) Yes

Table 3.1: A dictionary of the finite elements discussed in this chapter, including full name and the respective
(highest order) Sobolev space to which the elements are conforming/nonconforming.

Evaluation of all first derivatives. A dark gray, slightly larger sphere (disc) at a point x denotes
point evaluation of all first derivatives of the function v at that point:

ov(x)

) =52, i=1....4, (3.3)
1

thus corresponding to d degrees of freedom.

Evaluation of all second derivatives. A light gray, even larger sphere (disc) at a point x denotes
point evaluation of all second derivatives of the function v at that point:

0%0(x) o
El] ('U) axl‘ax]' 7 Ilx ] ~ d/ (3 4)
thus corresponding to d(d + 1)/2 degrees of freedom.

Evaluation of directional component. An arrow at a point x in a direction n denotes evaluation
of the vector-valued function v in the direction 7 at the point x:

L(v) = v(x) - n. (3.5)

The direction # is typically the normal direction of a facet, or a tangent direction of a facet
or edge. We will sometimes use an arrow at a point to denote a moment (integration against
a weight function) of a component of the function over a facet or edge.

Evaluation of directional derivative. A black line at a point x in a direction 7 denotes evalua-
tion of the directional derivative of the scalar function v in the direction # at the point x:

{(v) = Vo(x) - n. (3.6)

Evaluation of interior moments. A set of concentric spheres (discs) denotes interior moment
degrees of freedom; that is, degrees of freedom defined by integration against a weight
function over the interior of the domain T. The spheres are colored white-black-white etc.
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® point evaluation Figure 3.1: Summary of notation
used for degrees of freedom. In
evaluation of all first derivatives this example, the three concentric

spheres indicate a set of three de-
grees of freedom defined by interior
moments.

| coaluation of all second derivatives
/" | cvaluation of directional component

~ | evaluation of directional derivative

Q evaluation of interior moments

We note that, for some of the finite elements presented below, the literature will use different
notation and numbering schemes, so that our presentation may be quite different from the original
presentation of the elements. In particular, the families of Raviart-Thomas and Nédélec spaces of the
first kind are traditionally numbered from 0, while we have followed the more recent scheme from the
finite element exterior calculus of numbering from 1.

3.3 H! finite elements

The space H! is fundamental in the analysis and discretization of weak forms for second-order elliptic
problems, and finite element subspaces of H! give rise to some of the best-known finite elements.
Typically, these elements use C’ approximating spaces, since a piecewise smooth function on a
bounded domain is H! if and only if it is continuous (Braess, 2007, Theorem 5.2). We consider the
classic Lagrange element, as well as a nonconforming example, the Crouzeix—Raviart space. It is worth
noting that the Hermite element considered later is technically only an H! element, but can be used
as a nonconforming element for smoother spaces. Also, smoother elements such as Argyris may be
used to discretize H', although this is less common in practice.

3.3.1 The Lagrange element

The best-known and most widely used finite element is the P; Lagrange element. This lowest-
degree triangle is sometimes called the Courant triangle, after the seminal paper by Courant (1943)
in which variational techniques are used with the P; triangle to derive a finite difference method.
Sometimes this is viewed as “the” finite element method, but in fact there is a whole family of elements
parametrized by polynomial degree that generalize the univariate Lagrange interpolating polynomials
to simplices, boxes, and other shapes. The Lagrange elements of higher degree offer higher order
approximation properties. Moreover, these can alleviate locking phenomena observed when using
linear elements or give improved discrete stability properties; see Taylor and Hood (1973); Scott and
Vogelius (1985).

Definition 3.3 (Lagrange element) The Lagrange element (CGy) is defined for q = 1,2,... by

T € {interval, triangle, tetrahedron}, (3.7)
V = Py(T), (3.8)
ti(v) =o(x'), i=1,...,n(q), 3.9
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Figure 3.2: The linear Lagrange interval, triangle and tetrahedron.

where {xi}?:(ql) is an enumeration of points in T defined by

i/q, 0<i<y, T interval,
x=14 (i/q,j/9), 0<i+j<g, T triangle, (3.10)
(i/q,j/q9,k/q), 0<i+j+k<g, T tetrahedron.

The dimension of the Lagrange finite element thus corresponds to the dimension of the complete
polynomials of degree g on T and is

q+1, T interval,
n(q) = %(’7 +1)(9+2), T triangle, (3.11)
%(q +1)(g+2)(g+3), T tetrahedron.

The definition above presents one choice for the set of points {x'}. However, this is not the
only possible choice. In general, it suffices that the set of points {x'} is unisolvent and that the
boundary points are located so as to allow C° assembly. The point set must include the vertices,
g — 1 points on each edge, w points per face, and so forth. The boundary points should
be placed symmetrically so that the points on adjacent cells match. While numerical conditioning
and interpolation properties can be dramatically improved by choosing these points in a clever way
(Warburton, 2005), for the purposes of this chapter the points may be assumed to lie on an equispaced
lattice; see Figures 3.2, 3.3 and 3.4.

Letting H‘% denote the interpolant defined by the above degrees of freedom of the Lagrange
element of degree g4, we have from Brenner and Scott (2008) that

+1
[l — HqT”HHl(T) < Ch%|“|Hq+1(T)/ [Ju — H%“HLZ(T) < Ch'% |”|Hq+1(T)- (3.12)

where, here and throughout, C denotes a generic positive constant not depending on kit but depending
on the degree q and the aspect ratio of the simplex, and u is a sufficiently regular function (or vector-
field).

Vector-valued or tensor-valued Lagrange elements are usually constructed by using a Lagrange
element for each component.

3.3.2  The Crouzeix—Raviart element

The Crouzeix—Raviart element was introduced in Crouzeix and Raviart (1973) as a technique for
solving the stationary Stokes equations. The global element space consists of piecewise linear
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B, i

Figure 3.3: The Lagrange CG;, triangle for ¢ = 1,2,3,4,5,6.

bbb
& &

Figure 3.4: The Lagrange CG, tetrahedron for g = 1,2,3,4,5,6.
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Figure 3.5: Illustration of the
Crouzeix-Raviart elements on trian-
gles and tetrahedra. The degrees of
freedom are point evaluation at the
midpoint of each facet.

polynomials, as for the linear Lagrange element. However, in contrast to the Lagrange element, the
global basis functions are not required to be continuous at all points; continuity is only imposed at the
midpoint of facets. The element is hence not H'-conforming, but it is typically used for nonconforming
approximations of H! functions (and vector fields). Other applications of the Crouzeix-Raviart element
includes linear elasticity (Hansbo and Larson, 2003) and Reissner-Mindlin plates (Arnold and Falk,
1989).

Definition 3.4 (Crouzeix—Raviart element) The (linear) Crouzeix—Raviart element (CR) is defined by

T € {triangle, tetrahedron}, (3.13)
Y =Py(T), (3.14)
Gilv)=v(x), i=1,...,n. (3.15)

where {x'} are the barycenters (midpoints) of each facet of the domain T.
The dimension of the Crouzeix-Raviart element on T C RY is thus
n=d+1 (3.16)

ford =2,3.
Letting I11 denote the interpolation operator defined by the degrees of freedom, the Crouzeix—
Raviart element interpolates as the linear Lagrange element (Braess, 2007, Chapter 3.I):

Vector-valued Crouzeix—Raviart elements can be defined by using a Crouzeix—Raviart element for
each component, or by using facet normal and facet tangential components at the midpoints of each
facet as degrees of freedom. The Crouzeix—Raviart element can be extended to higher odd degrees
(9 =3,57...) (Crouzeix and Falk, 1989).

3.4 H(div) finite elements

The Sobolev space H(div) consists of vector fields for which the components and the weak divergence
are square-integrable. This is a weaker requirement than for a d-vector field to be in [H']¢ (for d > 2).
This space naturally occurs in connection with mixed formulations of second-order elliptic problems,
porous media flow, and elasticity equations. For a finite element family to be H(div)-conforming,
each component need not be continuous, but the normal component must be continuous. In order
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Figure 3.6: Illustration of the de-
grees of freedom for the first, second
and third degree Raviart-Thomas
elements on triangles and tetrahe-
dra. The degrees of freedom are
moments of the normal compo-
nent against P;_1 on facets (edges
and faces, respectively) and, for
the higher degree elements, inte-
rior moments against [P;_5]?. Al-
ternatively, as indicated in this
illustration, the moments of nor-
mal components may be replaced by
point evaluation of normal compo-
nents.

to ensure such continuity, the degrees of freedom of H(div)-conforming elements usually include
normal components on element facets.

The two main families of H(div)-conforming elements are the Raviart-Thomas and Brezzi-
Douglas-Marini elements. These two families are described below. In addition, the Arnold-Winther
element discretizing the space of symmetric tensor fields with square-integrable row-wise divergence
and the Mardal-Tai-Winther element are included.

3.4.1 The Raviart—-Thomas element

The Raviart-Thomas element was introduced by Raviart and Thomas (1977). It was the first element
to discretize the mixed form of second-order elliptic equations on triangles. Its element space V is
designed so that it is the smallest polynomial space V C P;(T), for ¢ = 1,2,..., from which the
divergence maps onto P, 1(T). Shortly thereafter, it was extended to tetrahedra and boxes by Nédélec
(1980). It is therefore sometimes referred to as the Raviart-Thomas—Nédélec element. Here, we label
both the two- and three-dimensional versions as the Raviart-Thomas element.

The definition given below is based on the one presented by Nédélec (1980) (and Brezzi and Fortin
(1991)). The original Raviart-Thomas paper used a slightly different form. Moreover, Raviart and
Thomas originally started counting at g = 0. Hence, the lowest degree element is traditionally called
the RTj element. For the sake of consistency, such that a finite element of polynomial degree g is
included in P;(T), we here label the lowest degree elements by g = 1 instead (as did also Nédélec).

Definition 3.5 (Raviart-Thomas element) The Raviart-Thomas element (RT,) is defined forq = 1,2, ...
by
T € {triangle, tetrahedron}, (3.18)
V = [Py1(T)]* + xPy_1(T), (3.19)

ro { ff v-npds, foraset of basis functions p € Py_1(f) for each facet f,

3.20
Jpv-pdx,  foraset of basis functions p € [Py_o(T))* for q > 2. (3.20)

As an example, the lowest degree Raviart-Thomas space on triangles is a three-dimensional space
and consists of vector fields of the form

v(x) = a+ Bx, (3.21)
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second and third degree Brezzi-

Douglas-Marini elements on trian- = |

gles and tetrahedra. The degrees
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for the higher degree elements, inte-

rior moments against NElel. Al-

ternatively, as indicated in this illus-
tration, the moments of normal com-
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where « is a vector-valued constant, and B is a scalar constant.
The dimension of RTq is

P1t
P11t

_J q(qg+2), T triangle,
n(g) = { 1q(q+1)(q+3), T tetrahedron. (3:22)
Letting HqT denote the interpolation operator defined by the degrees of freedom above for g =1,2,...,
we have that (Brezzi and Fortin, 1991, Chapter II1.3)

[ = T [ raivy (1) < CHElulpar(ry, | =100 |27y < Chp[ulpacr- (3.23)

3.4.2  The Brezzi-Douglas—Marini element

The Brezzi-Douglas-Marini element was introduced by Brezzi, Douglas and Marini in two dimensions
(for triangles) in Brezzi et al. (1985a). The element can be viewed as an alternative to the Raviart-
Thomas element using a complete polynomial space. It was later extended to three dimensions
(tetrahedra, prisms and cubes) in Nédélec (1986) and Brezzi et al. (1987a). The definition given here is
based on that of Nédélec (1986).

The Brezzi-Douglas-Marini element was introduced for mixed formulations of second-order
elliptic equations. However, it is also useful for weakly symmetric discretizations of the elastic stress
tensor; see Farhloul and Fortin (1997); Arnold et al. (2007).

Definition 3.6 (Brezzi-Douglas-Marini element) The Brezzi-Douglas—-Marini element (BDM,) is
defined for q = 1,2,... by
T € {triangle, tetrahedron}, (3.24)
V= [Py(T))", (3.25)
[ { ff v-npds, fora set of basis functions p € Py(f) for each facet f,

Jrv-pdx,  foraset of basis functions p € NED}]?l(T)for q=2.

(3.26)

where NED! refers to the Nédélec H (curl) elements of the first kind, defined below in Section 3.5.1.
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The dimension of BDM, is

_ [ g+ 1)(q+2), T triangle,

n(g) = { 3(q+1)(9+2)(q+3), T tetrahedron. (3:27)

Letting H‘% denote the interpolation operator defined by the degrees of freedom for g =1,2,..., we
have that (Brezzi and Fortin, 1991, Chapter 1I1.3)

+1
| =X | aivy (1) < ChElulgarory, | —=T0qu |2y < CHE ] ot - (3.28)

A slight modification of the Brezzi-Douglas-Marini element constrains the element space V by
only allowing normal components on the boundary of polynomial degree 4 — 1 (rather than the full
polynomial degree g). Such an element was suggested on rectangles by Brezzi et al. (1987b), and the
triangular analogue was given in Brezzi and Fortin (1991). In similar spirit, elements with differing
degrees on the boundary suitable for varying the polynomial degree between triangles were derived
in Brezzi et al. (1985b).

3.4.3 The Mardal-Tai-Winther element

The Mardal-Tai-Winther element was introduced in Mardal et al. (2002) as a finite element suitable
for the velocity space for both Darcy and Stokes flow in two dimensions. In the Darcy flow equations,
the velocity space only requires H(div)-regularity. Moreover, discretizations based on H'-conforming
finite elements are typically not stable. On the other hand, for the Stokes equations, the velocity
space does stipulate H'-regularity. The Mardal-Tai-Winther element is H(div)-conforming, but
H'-nonconforming. The element was extended to three dimensions in Tai and Winther (2006), but we
only present the two-dimensional case here.

Definition 3.7 (Mardal-Tai-Winther element) The Mardal-Tai—Winther element (MTW) is defined by

T = triangle, (3.29)
V = {v € [P5(T))?, such that divo € Py(T) and v-n|s € Py(T) for each facet f}, (3.30)
. { ff v-npds, forasetof basis functions p € P1(f) for each facet f, (3.31)
S sv-tds,  foreach facet f.
The dimension of MTW is
n=09. (3.32)

Letting I17 denote the interpolation operator defined by the degrees of freedom, we have that

[ =Tl g1 gy < Chrlulgary, |4 —Trul| gy < Chrlulgaery, |u—Trull 2y < Chplulger).
(3.33)

3.4.4 The Arnold—Winther element

The Arnold-Winther element was introduced by Arnold and Winther (2002). This paper presented
the first stable mixed (non-composite) finite element for the stress—displacement formulation of
linear elasticity. The finite element used for the stress space is what is presented as the Arnold-
Winther element here. This finite element is a symmetric tensor element that is row-wise H(div)-
conforming. The finite element was introduced for a hierarchy of polynomial degrees and extended



Chapter 3. Common and unusual finite elements 101

Figure 3.8: Illustration of the
Mardal-Tai-Winther element. The
degrees of freedom are two mo-
ments of the normal component on
each facet and one moment of the
tangential component on each facet. <
In this figure, the moments of nor-

mal components are illustrated by

point evaluation of normal compo- Y
nents.

Figure 3.9: Illustration of the Arnold—
Winther element. The 24 degrees of

freedom are point evaluation at the

vertices, the two first moments of

the normal component of each row

of the tensor field on each facet, and

three interior moments.

to three-dimensions in Adams and Cockburn (2005) and Arnold et al. (2008), but we only present the
lowest degree two-dimensional case here.

Definition 3.8 (Arnold—Winther element) The (lowest degree) Arnold—Winther element (AW) is defined
by
T = triangle, (3.34)
V = {veP(T;8) : dive € Pi(T;R?)}, (3.35)

U(xk)ij/ for 1 <i < j <2 at each vertex x
L= ff 2]2:1 viin; p ds, for a set of basis functions p € P1(f), on each facet f, 1 <i <2, (3.36)
Jpvijdx, for1<i<j<2

The dimension of AW is
n = 24. (3.37)

Letting I17 denote the interpolation operator defined by the degrees of freedom, we have that

[ = TTrue| [ aivy 1y < CHElulpacry, [ — Tl |2y < Chlulgs ). (3.38)



102 Chapter 3. Common and unusual finite elements

3.5 H(curl) finite elements

The Sobolev space H(curl) arises frequently in problems associated with electromagnetism. The
Nédélec elements, also colloquially referred to as edge elements, are much used for such problems, and
stand as a premier example of the power of “nonstandard” (meaning not lowest-degree Lagrange)
finite elements (Nédélec, 1980, 1986). For a piecewise polynomial to be H(curl)-conforming, the
tangential component must be continuous. Therefore, the degrees of freedom for H(curl)-conforming
finite elements typically include tangential components.

There are four families of finite element spaces due to Nédélec, introduced in the papers Nédélec
(1980) and Nédélec (1986). The first (1980) paper introduced two families of finite element spaces on
tetrahedra, cubes and prisms: one H(div)-conforming family and one H(curl)-conforming family.
These families are known as Nédélec H(div) elements of the first kind and Nédélec H(curl) elements
of the first kind, respectively. The H(div) elements can be viewed as the three-dimensional extension
of the Raviart-Thomas elements. (These are therefore presented as Raviart-Thomas elements above.)
The first kind Nédélec H(curl) elements are presented below.

The second (1986) paper introduced two more families of finite element spaces: again, one H(div)-
conforming family and one H (curl)-conforming family. These families are known as Nédélec H(div)
elements of the second kind and Nédélec H(curl) elements of the second kind, respectively. The H(div)
elements can be viewed as the three-dimensional extension of the Brezzi-Douglas—Marini elements.
(These are therefore presented as Brezzi-Douglas-Marini elements above.) The second kind Nédélec
H(curl) elements are presented below.

In his two classic papers, Nédélec considered only the three-dimensional case. However, one can
also define a two-dimensional curl, and two-dimensional H(curl)-conforming finite element spaces.
We present such elements as Nédélec elements on triangles here. Although attributing these elements
to Nédélec may be dubious, we include them for the sake of completeness.

In many ways, Nédélec’s work anticipates the recently introduced finite element exterior calculus
presented in Arnold et al. (2006a), where the first kind spaces appear as P, AF spaces and the second

kind as Pqu. Moreover, the use of a differential operator (the elastic strain) in Nédélec (1980) to
characterize the function space foreshadows the use of differential complexes in Arnold et al. (2006b).

3.5.1 The Nédélec H(curl) element of the first kind

Definition 3.9 (Nédélec H(curl) element of the first kind) For g =1,2,..., define the space
So(T) ={s € [Py(T)]" : s(x)-x =0 VxeT} (3.39)
The Nédélec element of the first kind (NED; ) is defined for g = 1,2, ... in two dimensions by
T = triangle, (3.40)

V = [Py_1(T)]* + S4(T), (3.41)

o { J,v-tpds, fora setof basis functions p € Py_1(e) for each edge e,

Jpv-pdx,  foraset of basis functions p € [Py_z(T)}?, for q >2, (342)
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Figure 3.10: Illustration of first,
second and third degree Nédélec
H (curl) elements of the first kind on
triangles and tetrahedra. Note that
these elements may be viewed as ro-
tated Raviart-Thomas elements. For
the first degree Nédélec elements,
the degrees of freedom are the av-
erage value over edges or, alterna-

tively, the value of the tangential | | |

component at the midpoint of edges.
Hence the term “edge elements”.

where t is the edge tangent; and in three dimensions by

T = tetrahedron, (3.43)
V = [Pya(T)P + S4(T), (3.44)

J,o-tpdl, for a set of basis functions p € P, _1(e) for each edge e
L= ff vxmn-pds, forasetof basis functions p € [Py_(f)]? for each face f, for g >2,  (3.45)
Jrv-pdy, for a set of basis functions p € [Py_3], for q > 3.

The dimension of NED; is

+2), T triangle,

_ [ q(q
na) = { 3q(q+2)(g+3), T tetrahedron. (3.46)

Letting I—I? denote the interpolation operator defined by the degrees of freedom above, we have
that (Nédélec, 1980, Theorem 2)

||t = T || reuny(r) < CHp|ul gy, | = Tull2(ry < ChTulpa(r).- (3:47)

3.5.2 The H(curl) Nédélec element of the second kind

Definition 3.10 (Nédélec H(curl) element of the second kind) The Nédélec element of the second kind
(NED%) is defined for q = 1,2,. .. in two dimensions by

T = triangle, (3.48)
v =[P(T)P, (349)

r— { J,v-tpds, foraset of basis functions p € Py(e) for each edge e,

Jrv-pdx,  foraset of basis functions p € RT,_1(T), for q > 2. (3-50)
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Figure 3.11: Illustration of first,
second and third degree Nédélec
H(curl) elements of the second kind
on triangles. Note that these el-
ements may be viewed as rotated
Brezzi-Douglas-Marini elements.

Figure 3.12: Illustration of the first
degree Nédélec H(curl) elements of
the second kind on tetrahedra.

where t is the edge tangent, and in three dimensions by

T = tetrahedron, (3.51)

V = [Py(T)]}, (3.52)
J,v-tpdl, foraset of basis functions p € Py(e) for each edge e,

L= ff v-pds,  fora set of basis functions p € RT,_1(f) for each face f, for q > 2 (3.53)

Jrv-pdx,  foraset of basis functions p € RT,_»(T), for q > 3.
The dimension of NEDZq is

(a+1)(g+2), T triangle,

n(g) = { 2g+1)(g+2)(q+3), T tetrahedron. (3:54)

Letting H‘% denote the interpolation operator defined by the degrees of freedom above, we have
that (Nédélec, 1986, Proposition 3)

1
[Ju— Hg"ullH(curl)(T) < Ch%'“'H'ﬁl(T)f [Ju — HLTI'MHLz(T) < Ch? |”|Hq+1(T)- (3.55)

3.6 L? finite elements

By L? elements, one usually refers to finite element spaces where the elements are not in C°. Such
elements naturally occur in mixed formulations of the Poisson equation, Stokes flow, and elasticity.
Alternatively, such elements can be used for nonconforming methods imposing the desired continuity
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weakly instead of directly. The discontinuous Galerkin (DG) methods provide a typical example. In
this case, the numerical flux of element facets is assembled as part of the weak form; numerous variants
of DG methods have been defined with different numerical fluxes. DG methods were originally
developed for hyperbolic problems but have been successfully applied to many elliptic and parabolic
problems. Moreover, the decoupling of each individual element provides an increased opportunity for
parallelism and hp-adaptivity.

3.6.1 Discontinuous Lagrange

Definition 3.11 (Discontinuous Lagrange element) The discontinuous Lagrange element (DGg) is de-
fined for q =0,1,2,... by

T € {interval, triangle, tetrahedron}, (3.56)
V = Py(T), (3.57)
li(v) = v(x), (3.58)

where {x"}?:(? is an enumeration of points in T defined by

i/q, 0<i<y T interval,
x=14 (i/q,j/9) 0<i+j<yg T triangle, (3.59)
(i/q,j/q9,k/q) 0<i+j+k<g, T tetrahedron.

The dimension of DG, is

q+1, T interval,
n(q) =3 2(4+1)(g+2), T triangle, (3.60)
%(q +1)(g+2)(g+3), T tetrahedron.

Letting H% denote the interpolation operator defined by the degrees of freedom above, the
interpolation properties of the DG, elements of degree g are:

+1
[ =T [ 127y < CRE | gggon (- (3.61)

3.7 H? finite elements

The H? elements are commonly used in the approximation of fourth-order problems, or for other
spaces requiring at least C! continuity. Due to the restrictive nature of the continuity requirement,
conforming elements are often of a high polynomial degree, but lower degree nonconforming elements
have proven to be successful. Therefore, we here consider the conforming Argyris element and the
nonconforming Hermite and Morley elements.

3.7.1 The Argyris element

The Argyris element (Argyris et al.,, 1968; Ciarlet, 2002) is based on the space P5(T) of quintic
polynomials over some triangle T. It can be pieced together with full C! continuity between elements
and C? continuity at the vertices of a triangulation.
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Figure 3.13: Illustration of the ze-
roth, first, second and third degree
discontinuous Lagrange elements on
triangles and tetrahedra. The de-
grees of freedom may be chosen ar-
bitrarily as long as they span the
dual space V'. Here, the degrees
of freedom have been chosen to be
identical to those of the standard La-
grange finite element, with the dif-
ference that the degrees of freedom
are viewed as internal to the element.

Figure 3.14: All degrees of freedom
of a discontinuous Lagrange finite
element are internal to the element,
which means that no global conti-
nuity is imposed by these elements.
This is illustrated here for discontin-
uous quadratic Lagrange elements.
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Figure 3.15: The quintic Argyris tri-
angle. The degrees of freedom are
point evaluation, point evaluation of
both first derivatives and point eval-
uation of all three second derivatives
at the vertices of the triangle, and
evaluation of the normal derivative
at the midpoint of each edge.

Definition 3.12 (Argyris element) The (quintic) Argyris element (ARGs) is defined by

T = triangle, (3.62)
o(x'), for each vertex x',
r— grad v(x') js for each vertex x', and each component j, (3.64
~ ] D?%u(x) jks for each vertex x!, and each component jk,j < k, :

gradv(m') -n, for each edge midpoint m'.

The dimension of ARGgs is
n=21. (3.65)

Letting I11 denote the interpolation operator defined by the degrees of freedom above, the interpola-
tion properties of the (quintic) Argyris elements are (Braess, 2007, Chapter I1.6):

|| = TTrul g2y < Chlulps(ry, |l —Tlrullgry < CHp|ulgsr), || —=TTrul|z2r) < Ch6T|u|€g’(6T6))'

The normal derivatives in the dual basis for the Argyris element prevent it from being affine-
interpolation equivalent. This prevents the nodal basis from being constructed on a reference cell
and affinely mapped. Recent work by Dominguez and Sayas (2008) develops a transformation that
corrects this issue and requires less computational effort than directly forming the basis on each cell
in a mesh. The Argyris element can be generalized to polynomial degrees higher than quintic, still
giving C! continuity with C? continuity at the vertices (Solin et al., 2004).

3.7.2 The Hermite element

The Hermite element generalizes the classic cubic Hermite interpolating polynomials on the line
segment (Ciarlet, 2002). Hermite-type elements appear in the finite element literature almost from
the beginning, appearing at least as early as the classic paper by Ciarlet and Raviart (1972). They have
long been known as useful C!-nonconforming elements (Braess, 2007; Ciarlet, 2002). Under affine
mappings, the Hermite elements form affine-interpolation equivalent families (Brenner and Scott, 2008).

On the triangle, the space of cubic polynomials is ten-dimensional, and the ten degrees of freedom
for the Hermite element are point evaluation at the triangle vertices and barycenter, together with the
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Figure 3.16: The cubic Hermite tri-
angle and tetrahedron. The degrees
of freedom are point evaluation at
the vertices and the barycenter, and
evaluation of both first derivatives
at the vertices.
L
(3

components of the gradient evaluated at the vertices. The generalization to tetrahedra is analogous.

Definition 3.13 (Hermite element) The (cubic) Hermite element (HER) is defined by

T € {interval, triangle, tetrahedron}, (3.67)

VY =Ps3(T), (3.68)
v(x), for each vertex x',

L=< grado(x') jo for each vertex x', and each component j, (3.69)
v(b), for the barycenter b (of the faces in 3D).

The dimension of HER is

_ { 10, T triangle, (3.70)

20, T tetrahedron.

Letting II7 denote the interpolation operator defined by the degrees of freedom above, the
interpolation properties of the (cubic) Hermite elements are:

[ = Trul| g r) < Ch%‘|u|H4(T)/ [l = TIru|[ 207y < Ch%"|u|H4(T)' (3.71)

Unlike the cubic Hermite functions on a line segment, the cubic Hermite triangle and tetrahedron
cannot be patched together in a fully C! fashion. The cubic Hermite element can be extended to
higher degree (Brenner and Scott, 2008).

3.7.3 The Morley element

The Morley triangle defined in Morley (1968) is a simple H2-nonconforming quadratic element that is
used in fourth-degree problems. The function space V is simply P,(T), the six-dimensional space of
quadratics. The degrees of freedom consist of pointwise evaluation at each vertex and the normal
derivative at each edge midpoint. It is interesting to note that the Morley triangle is neither C! nor
even CU, yet it is suitable for fourth-order problems, and is the simplest known element for this
purpose.

The Morley element was first introduced to the engineering literature by Morley (1968, 1971). In
the mathematical literature, Lascaux and Lesaint (1975) considered it in the context of the patch test in

a study of plate-bending elements. Recent applications of the Morley element include Huang et al.
(2008); Ming and Xu (2006).
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Figure 3.17: The quadratic Morley
triangle. The degrees of freedom are
point evaluation at the vertices and
evaluation of the normal derivative
at the midpoint on each edge.

Definition 3.14 (Morley element) The (quadratic) Morley element (MOR) is defined by

T = triangle, (3.72)
V = Py(T), (3.73)
f u(xh), for each vertex x',
L= { gradv(m') -n, for each edge midpoint m'. (374)
The dimension of the Morley element is
n=a6. (3.75)

Letting II7 denote the interpolation operator defined by the degrees of freedom above, the
interpolation properties of the (quadratic) Morley elements are:

[l = Thrul |y gy < CHlulpery, | —Toru| gy < Chlulpsr- (3.76)

3.8 Enriching finite elements

If U, V are linear spaces, one can define a new linear space W by
W={w=u+v:ueclveV} (3.77)

Here, we choose to call such a space W an enriched space.

The enrichment of a finite element space can lead to improved stability properties, especially
for mixed finite element methods. Examples include the enrichment of the Lagrange element with
bubble functions for use with the Stokes equations or enriching the Raviart-Thomas element for
linear elasticity (Arnold et al., 1984a,b). Bubble functions have since been used for many different
applications. We here define a bubble element for easy reference. Notable examples of the use of a
bubble element include:

The MINI element for the Stokes equations. In the lowest degree case, the linear vector Lagrange element
is enriched with the cubic vector bubble element for the velocity approximation (Arnold et al., 1984b).
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The PEERS element for weakly symmetric linear elasticity. Each row of the stress tensor is approximated
by the lowest degree Raviart-Thomas element enriched by the curl of the cubic bubble element
(Arnold et al., 1984a).

Definition 3.15 (Bubble element) The bubble element (Bg) is defined for g > (d + 1) by

T € {interval, triangle, tetrahedron}, (3.78)
V ={vePyT) : vlor =0}, (3.79)
ti(v) =ov(x'), i=1,...,n(9). (3.80)

where {xi}?:(q) is an enumeration of the points® in T defined by

(i+1)/q, 0<i<qg—2, T interval,
x=2< ((i+1)/q,(j+1)/q), 0<i+j<qg-3, T triangle, (3.81)
((i+1)/q,(j+1)/q,(k+1)/q), 0<i+j+k<q—4, T tetrahedron.

The dimension of the Bubble element is

I
—
N

T interval,
)(g—1), T triangle, (3.82)
—-3)(g—2)(g—1), T tetrahedron.

Y
|
N

n(q) =

[N ST
—~
-

3.9 Finite element exterior calculus

It has recently been demonstrated that many of the finite elements that have been discovered or
invented over the years can be formulated and analyzed in a common unifying framework as special
cases of a more general class of finite elements. This new framework is known as finite element exterior
calculus and is summarized in Arnold et al. (2006a). In finite element exterior calculus, two finite
element spaces P;A(T) and Py AK(T) are defined for general simplices T of dimension d > 1. The
element Pqu (T) is the space of polynomial differential k-forms* on T with degrees of freedom chosen
to ensure continuity of the trace on facets. When these elements are interpreted as regular elements,
by a suitable identification between differential k-forms and scalar- or vector-valued functions, one
obtains a series of well-known elements for 0 < k < d < 3. In Table 3.2, we summarize the relation
between these elements and the elements presented above in this chapter®.

3.10 Summary

In the table below, we summarize the list of elements discussed in this chapter. For brevity, we include
element degrees only up to and including q = 3. For higher degree elements, we refer to the script
dolfin-plot available as part of FEniCS, which can be used to easily plot the degrees of freedom for
a wide range of elements:

Bash code

3 Any other basis for the dual space of V will work just as well.

4A differential k-form w on a domain Q maps each point x € () to an alternating k-form w, on the tangent space Ty (Q2) of
Q) at the point x. One can show that for d = 3, the differential k-forms correspond to scalar-, vector-, vector-, and scalar-valued
functions for k = 0,1,2,3 respectively. Thus, we may identify for example both Pqu and Pqu on a tetrahedron with the
vector-valued polynomials of degree at most g on the tetrahedron.

5The finite elements P, A¥(T) and Py AK(T) have been implemented for general values of k, g and d = 1,2,3,4,.. . as part of
the FEniCS Exterior package available from http://launchpad.net/exterior.
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k — Ak
Py Py A
k d=1 d=2  d=3 k d=1 d=2  d=3
0 CG, CG, CGq 0 CGy CG, CG,
1 DGy NEDZ®! NEDZ! 1 DG,.1 NED}“! NED}e!
q q — q q
2 — DG, BDM, 2 — DG, 1 RT,
3 - — I)(Eq 3 - — (EQ*l

Table 3.2: Relationships between the finite elements Pqu and P, AK defined by finite element exterior calculus
and their more traditional counterparts using the numbering and labeling of this chapter.

$ dolfin-plot BDM tetrahedron 3
$ dolfin-plot Nlcurl triangle 4
$ dolfin-plot CG tetrahedron 5

Elements indicated with at () in the table below are fully supported by FEniCS.

Element family Notation Mlustration Dimension Description

Ps (scalar); 3 point values,
3 x 2 derivatives, 3 x 3 sec-
ond derivatives, 3 directional
derivatives

(Quintic) Argyris ARGs5 (2D)

P3(T;S) (matrix) with linear
"= 24 divergence; 3 x 3 point val-
ues, 12 normal components,
3 interior moments

Arnold-Winther AW (2D)

[P1]? (vector); 6 normal com-

Brezzi-Douglas-Marini (*) BDM; (2D)
ponents

[P>]? (vector); 9 normal com-

Brezzi-Douglas-Marini () BDM, (2D) . .
ponents, 3 interior moments

[P3)?> (vector); 12 normal
n=20 components, 8 interior mo-
ments

Brezzi-Douglas-Marini (x) BDM;3 (2D)

[731}3 (vector); 12 normal

Brezzi-Douglas-Marini () BDM; (3D) components

il
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.‘).V

[732]3 (vector); 24 normal

Brezzi-Douglas-Marini (*) BDM, (3D) E —\" n =30 components, 6 interior mo-
9\’ ments
[P3]® (vector); 40 normal
Brezzi-Douglas-Marini () BDM;3 (3D) n = 60 components, 20 interior mo-
ments
Crouzeix-Raviart (x) CR; (2D) & n=3 Py (scalar); 3 point values
Crouzeix-Raviart (x) CR; (3D) ‘ n=4 Py (scalar); 4 point values
Discontinuous Lagrange () DGy (2D) k n=1 Po (scalar); 1 point value
Discontinuous Lagrange () DG; (2D) L n=3 P (scalar); 3 point values
Discontinuous Lagrange (x) DG, (2D) k n==6 P (scalar); 6 point values
Discontinuous Lagrange () DG; (2D) ‘ n =10 ‘P5 (scalar); 10 point values
Discontinuous Lagrange () DGy (3D) ‘ n=1 Py (scalar); 1 point value
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Discontinuous Lagrange (x) DG; (3D) ‘ n=4 Py (scalar); 4 point values
Discontinuous Lagrange () DG, (3D) ‘ n=10 P, (scalar); 10 point values
Discontinuous Lagrange () DG; (3D) ‘ n =20 P53 (scalar); 20 point values
(Cubic) Hermite HER (2D) &. =10 ;’Pe;( (255;1;1); tiﬁi e};oint values,
(Cubic) Hermite HER (3D) b " =20 Z;i ésfia;raii[); t i, e};oint values,
Lagrange (x) CG; (2D) B n=3 P (scalar); 3 point values
Lagrange (x) CG, (2D) b n==6 P (scalar); 6 point values
Lagrange (x) CG; (2D) h n=10 P3 (scalar); 10 point values
Lagrange (x) CGy (3D) h n=4 P1 (scalar); 4 point values
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Lagrange (x) CG; (3D) n =10 P, (scalar); 10 point values

Lagrange (x) CG; (3D) n=20 P, (scalar); 20 point values

[P>]? (vector); with constant
divergence and linear nor-
n=09 mal components; 6 moments
of normal components, 3 mo-
ments of tangential compo-
nents

Mardal-Tai-Winther MTW (2D)

P, (scalar); 3 point values, 3

i MOR (2D
(Quadratic) Morley OR (2D) directional derivatives

[Po]? + Sy (vector); 3 tangen-

1 . 1
Nédélec 1st kind H(curl) (x) NED; (2D) tial components

[P1]? + S (vector); 6 tangen-
n=38 tial components, 2 interior
moments

Nédélec 1st kind H(curl) (+) ~ NED} (2D)

[P2]? + S (vector); 9 tangen-
n=15 tial components, 6 interior
moments

Nédélec 1st kind H(curl) (+) ~ NED} (2D)

[Po]® + Sy (vector); 6 tangen-

14 . 1
Nédélec 1st kind H(curl) (x) NED; (3D) tial components

[P1]® + S, (vector); 20 tan-

L 14 . 1
Nédélec 1st kind H(curl) (x) NED; (3D) gential components

TV IV YyREy
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[732]3 + S3 (vector); 42 tan-
n =45 gential components, 3 inte-
rior moments

Nédélec 1st kind H(curl) (*) ~ NED} (3D)

[P1]? (vector); 6 tangential

Nédélec 2nd kind H (curl) (x) NED? (2D)
components

[P,]? (vector); 9 tangential
n=12  components, 3 interior mo-
ments

Nédélec 2nd kind H(curl) ()  NED3 (2D)

[P3)? (vector); 12 tangential
n=20 components, 8 interior mo-
ments

Nédélec 2nd kind H (curl) (x) NED? (2D)

[P1]? (vector); 12 tangential

Nédélec 2nd kind H(curl) (¥) ~ NED? (3D)
components

[730]2 + xPy (vector); 3 nor-

Raviart-Thomas () RT; (2D)

mal components

[P1]2 + xP; (vector); 6 nor-
Raviart-Thomas (*) RT, (2D) n=28 mal components, 2 interior

moments

[P2]? + xP; (vector); 9 nor-
Raviart-Thomas () RT; (2D) n=15 mal components, 6 interior

moments

3 . -

Raviart-Thomas () RT; (3D) n=4 [Po]” + xPy (vector); 4 nor

mal components

LESEEal 4E 4N 4l 4l 4
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[P1]3 + xP; (vector); 12 nor-

Raviart-Thomas () RT, (3D) n=15 mal components, 3 interior
moments
[P>]3 + xP, (vector); 24 nor-
Raviart-Thomas (*) RT3 (3D) n =36 mal components, 12 interior

moments




4 Constructing general reference finite elements

By Robert C. Kirby and Kent-Andre Mardal

This chapter describes the mathematical framework for constructing a general class of finite
elements on reference domains. This framework is used by both the FIAT and SyFi projects, see
the Chapters 13 and 15, respectively. Our goal is to provide a framework by which simplicial finite
elements with very complicated bases can be constructed automatically. We work from the classic
Ciarlet definition of the finite element and its “nodal” basis (an abstract notion far more general and
powerful than standard node-oriented Lagrange polynomials).

To date, our methodology does not include spline-type spaces such as are becoming widely
popular in isogeometric analysis (Hughes et al., 2005), nor does it entirely address XFEM (Chessa
et al., 2002) or hp-type methods (Schwab, 1998). However, in isogeometric analysis, the basis functions
are readily defined by simple recurrence relations from the theory of splines, so a tool like FIAT or
SyFi is not necessary. XFEM typically works by enriching existing finite element spaces with special
basis functions to capture singular behavior — our approach can provide the regular basis but not the
“extra” functions. Finally, handling the constraints imposed in hp methods is possible, but unwieldy;,
with our methodology, but tetrahedral /ip bases are available (Ainsworth and Coyle, 2003). We return
to some of these issues later.

4.1 Background

The finite element literature contains a huge collection of approximating spaces and degrees of
freedom, many of which are surveyed in Chapter 3. Some applications, such as Cahn-Hilliard
and other fourth-order problems, can benefit from very smooth finite element bases, while porous
media flow requires vector fields discretized by piecewise polynomial functions with only normal
components continuous across cell boundaries. Many problems in electromagnetism call for the
tangentially continuous vector fields obtained by using Nédélec elements (Nédélec, 1980, 1986). Many
elements are carefully designed to satisfy an inf-sup condition (Brezzi and Fortin, 1991; Girault and
Raviart, 1986), originally developed to explain stability of discretizations of incompressible flow
problems. Additionally, some problems call for low-order discretizations, while others are effectively
solved with high-order polynomials.

While the automatic generation of computer programs for finite element methods requires one
to confront the panoply of finite element families found in the literature, it also provides a pathway
for wider employment of Raviart-Thomas, Nédélec, and other difficult-to-program elements. Ideally,
one would like to describe the diverse finite element spaces at an abstract level, whence a computer
code discerns how to evaluate and differentiate their basis functions. Such goals are in large part
accomplished by the FIAT and SyFi projects, whose implementations are described in the chapters 13
and 15.
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Projects like FIAT and SyFi may ultimately remain mysterious to the end user of a finite element
system, as interactions with finite element bases are typically mediated through tools that construct
the global finite element operators. The end user will typically be satisfied if two conditions are met.
First, a finite element system should support the common elements used in the application area of
interest. Second, it should provide flexibility with respect to order of approximation.

It is entirely possible to satisfy many users by a priori enumerating a list of finite elements and
implement only those. At certain times, this would even seem ideal. For example, after the rash of
research that led to elements such as the Raviart-Thomas-Nédélec and Brezzi-Douglas-Marini families,
development of new families slowed considerably. Then, more recent work lead forth by Arnold,
Falk, and Winther in the context of exterior calculus has not only led to improved understanding of
existing element families, but has also brought a new wave of elements with improved properties,
see Arnold et al. (2006a) for an overview. A generative system for finite element bases can far more
readily assimilate these and future developments. Automation also provides generality with respect to
the order of approximation that standard libraries might not otherwise provide. Finally, the end-user
might even easily define his own new element and test its numerical properties before analyzing it
mathematically.

In the present chapter, we describe the mathematical formulation underlying such projects as FIAT,
SyFi and Exterior (Logg and Mardal, 2009). This formulation starts from definitions of finite elements
as given classically by Ciarlet (2002). It then uses basic linear algebra to construct the appropriate basis
for an abstract finite element in terms of polynomials that are easy to implement and well-behaved in
floating point arithmetic. We focus on constructing nodal bases for a single, fixed reference element.
As we will see in the Chapters 11 and 15, form compilers such as FFC and SFC will work in terms of
this single reference element.

Other approaches exist in the literature, such as the hierarchical bases studied by Szabé et al.
(1991) and extended to H(curl) and H(div) spaces in work such as Ainsworth and Coyle (2003).
These approaches can provide greater flexibility for refining the mesh and polynomial degree in finite
element methods, but they also require more care during assembly and are typically constructed on a
case-by-case basis for each element family. When they are available, they may be cheaper to construct
than using the technique studied here, but this present technique is easier to apply to an “arbitrary”
finite element and so is considered in the context of automatic software.

4.2 Preliminaries

Both FIAT and SyFi work with a slightly modified version of the abstract definition of a finite element
introduced by Ciarlet.

Definition 4.1 (Finite element (Ciarlet, 2002)) A finite element is defined by a triple (T,V, L), where

o the domain T is a bounded, closed subset of R? (for d = 1,2,3,...) with nonempty interior and piecewise
smooth boundary;

e the space V = V(T) is a finite dimensional function space on T of dimension n;

e the set of degrees of freedom (nodes) L = {{1,0a,...,¢,} is a basis for the dual space V'; that is, the
space of bounded linear functionals on V.

In this definition, the term “finite element” refers not only to a particular cell in a mesh, but also to the
associate function space and degrees of freedom. Typically, the domain T is some simple polygonal or
polyhedral shape and the function space V consists of polynomials.

Given a finite element, a concrete basis, often called the nodal basis, for this element can be
computed by using the following definition.
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Definition 4.2 The nodal basis for a finite element (T,V, L) is the set of functions {¢;}!" | such that for all
1<ij<n,
li(¢;) = dij, 4.1)

where b;; denotes the Kronecker delta function.

The main issue at hand in this chapter is the construction of this nodal basis. For any given finite
element, one may construct the nodal basis explicitly with elementary algebra. However, this becomes
tedious as we consider many different families of elements and want arbitrary order instances of each
family. Hence, we present a new paradigm here that undergirds computer programs for automating
the construction of nodal bases.

In addition to the construction of the nodal base we need to keep in mind that finite elements
are patched together to form a piecewise polynomial field over a mesh. The fitness (or stability) of a
particular finite element method for a particular problem relies on the continuity requirements of the
problem. The degrees of freedom of a particular element are often chosen such that these continuity
requirements are fulfilled.

Hence, in addition to computing the nodal basis, the framework developed here simplifies software
for the following tasks:

1. Evaluate the basis functions and their derivatives at points.

2. Associate the basis functions (or degrees of freedom) with topological facets of T such as its
vertices, edges and its placement on the edges.

3. Associate each basis function with additional metadata that describes the mapping that should
be used for the evaluation of the basis functions and their derivatives.

4. Provide rules for evaluating the degrees of freedom applied to arbitrary functions (needed for
Dirichlet boundary conditions).

The first of these is relatively simple in the framework of symbolic computation (SyFi), but they
require more care if an implementation uses numerical arithmetic (FIAT). The middle two encode the
necessary information for a client code to transform the reference basis and assemble global degrees
of freedom when the finite element is either less or more than C? continuous. The final task may take
the form of a point at which data is evaluated or differentiated or more generally as the form of a
sum over points and weights, much like a quadrature rule.

4.3 Mathematical framework

4.3.1 Change of basis

The fundamental idea in constructing a nodal basis is from elementary linear algebra: one constructs
the desired (nodal) basis as a linear combination of another available basis. We will start with some
basis {1;};_; that spans V. From this, we construct each nodal basis function ¢; as

bj =Y i, (4.2)
k=1

The task is to compute the matrix a. Each fixed ¢; must satisfy

Li(¢;) = 6ij, (4.3)



120 Chapter 4. Constructing general reference finite elements

and using the above expansion for ¢;, we obtain
n n
S =y Lilaipr) = ) wjnli(r)- (4.4)
k=1 k=1

So, for a fixed j, we have a system of n equations

n

Y Biajx = Gij, (4.5)
k=1
where
B = £i(r) (4.6)
is a kind of generalized Vandermonde matrix. Of course, (4.5) can be written as
Ba' =1, (4.7)
and we obtain
a=BT. (4.8)

In practice, this supposes that one has an implementation of the original basis for which the actions of
the degrees of freedom may be readily computed. The degrees of freedom typically involves point
evaluation, differentiation, integration, and so on.

4.3.2  Polynomial spaces

In Definition 4.1 we defined the finite element in terms of a finite dimensional function space V.
Although it is not strictly necessary, the functions used in finite elements are typically polynomials.
While our general strategy will in principle accommodate non-polynomial bases, we only deal with
polynomials in this chapter. The most common space is [Pq]d, the space of polynomials of degree g
in R?. There are many different ways to represent [P,;]9. We will discuss the power and Bernstein
bases, and orthogonal bases such as Dubiner, Jacobi, and Legendre. Each of these bases has explicit
representations or recurrence relations making them easy to evaluate and differentiate. In contrast,
most finite element bases are determined by solving the linear system in Definition 4.2. In addition to
[Pq]d we will also for some elements need Hg, the space of homogeneous polynomials of degree g in
d variables.

Typically, the techniques developed here are used on simplices, where polynomials do not have a
nice tensor-product structure. SyFi does, however, have support for rectangular domains, while FIAT
does not.

Power basis. On a line segment, the monomial or power basis {x'}!_ spans P, so that any ¢ € P,
can be written as

q ,
Yp=ay+ax+...a5xT = Zaixl. 4.9)
i=0
In 2D on triangles, [P;]? is spanned by functions on the form {xy/ }f]l %q, with a similar definition in

three dimensions.

This basis is quite easy to evaluate, differentiate, and integrate. But the basis is very ill-conditioned
in numerical calculations. For instance, the condition number of the mass matrix using the power
basis in Py gives a condition number of 5 - 10'4, while corresponding condition numbers are 4 - 10°
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and 2 - 10° for the Bernstein and Lagrange polynomials, respectively.

Legendre basis. A popular polynomial basis for polygons that are either intervals, rectangles or boxes
are the Legendre polynomials. This polynomial basis is also usable to represent polynomials of high
degree. The basis is defined on the interval [—1, 1], as

1 d .
¢xmzziﬁang—1ﬂ i=0,1,..., (4.10)

A nice feature with these polynomials is that they are orthogonal with respect to the L? inner product;
that is,

1 _ [ Erisi
[ wemea={ 2 @1

The Legendre polynomials can be extended to rectangular domains in any dimensions by tensor—
products. For instance, in 2D the basis reads,

Vi (% y) = i) i(y), ij<q. (4.12)
Recurrence relations for these polynomials can be found in Karniadakis and Sherwin (2005).
Jacobi basis. The Jacobi polynomials Pf’ﬁ (x) generalize the Legendre polynomials, giving orthogonal-

ity with respect to a weighted inner product. In particular, | El(l —x)*(1+ x)ﬁPle’ﬁ P]'.X’ﬁ dx = 0 unless
i = j. The polynomials are given by

Py =1
. 1 (4.13)
PP = (a—pt(atpr2)),
with a three-term recurrence for i > 1:
PP (x) = (aPx + P PP (x) — PP (). (4.14)

General Jacobi polynomials are used in 1d and tensor-product domains far less frequently than
Legendre polynomials, but they play an important role in constructing orthogonal bases on the
simplex, to which we now turn.

Dubiner basis. Orthogonal polynomials in simplicial domains are also known, although they lack
some of the rotational symmetry of the Legendre polynomials. The Dubiner basis, frequently used
in simplicial spectral elements (Dubiner, 1991), is known under many names in the literature. It
is an L?-orthogonal basis that can be constructed by mapping particular tensor products of Jacobi

polynomials on a square by a singular coordinate change to a fixed triangle. Let P, # denote the nth
Jacobi polynomial with weights «, 8. Then, define the new coordinates

B (1+x>_1
=21y (4.15)

which map the triangle with vertices (—1,—1),(—1,1),(1,—1) to the square [—1,1]? as shown in
Figure 4.1. This is the natural domain for defining the Dubiner polynomials, but they may easily be
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Figure 4.1: Reference triangular and
square domains with collapsed coor-
dinate transformation.

-L1) -L1) L1)

- L.

(-=1,-1) (1,-1) (-1,-1) 1,-1)

mapped to other domains like the triangle with vertices (0,0), (0,1), (1,0) by an affine mapping. Then,
one defines

9 (x,y) = P (m) (1_2’72) PE0 (). (4.16)

Though it is not obvious from the definition, ¢;;(x,y) is a polynomial in x and y of degree i + .
Moreover, for (i,j) # (p,q), i is L2-orthogonal to §p,.

While this basis is more complicated than the power basis, it is very well-conditioned for numerical
calculations even with high degree polynomials. The polynomials can also be ordered hierarchically
so that {¢;}" , forms a basis for P,_; for each n > 1. As a possible disadvantage, the basis lacks
rotational symmetry that can be found in other bases.

Bernstein basis. The Bernstein basis is another well-conditioned basis that can be used in generating
finite element bases. In 1D, the basis functions in P, take the form,

! = <’Z> d1—x)1, i=0,...4q (4.17)
and then P is spanned by {y/ ?:0.

Notice that the Bernstein basis consists of powers of x and 1 — x, which are the barycentric
coordinates for [0, 1], an observation that makes it easy to extend the basis to simplices in higher
dimensions. Let b1, by, and b3 be the barycentric coordinates for the reference triangle; that is,
by =1—-x—y, bp = x, and b3 = y. Then the basis is of the form,

q!

9l = ngbgb’g, fori+j+k=gq, (4.18)

and a basis for P; is simply.
q i+j+k=q
{lpijk ijk=0 - (4.19)
The Bernstein polynomials on the tetrahedron and even higher dimensional simplices are completely
analogous.
These polynomials, though less common in the finite element community, are well-known in

graphics and splines. They have rotational symmetry and are nonnegative and so give positive mass
matrices, though they are not hierarchical. Recently, Kirby (2011, 2010b) has analyzed finite element



Chapter 4. Constructing general reference finite elements 123

Figure 4.2: Lagrange elements of or-
der one and two.

operators based on Bernstein polynomials. In these papers, particular properties of the Bernstein
polynomials are exploited to develop algorithms for matrix-free application of finite element operators
with complexity comparable to spectral elements.

Homogeneous polynomials. Another set of polynomials which sometimes is useful is the set of homo-
geneous polynomials H,. These are polynomials where all terms have the same degree. H, is in 2D
spanned by polynomials on the form:

{x'y/}iyj=g (4.20)

with a similar definition in dD.

Vector or tensor-valued polynomials. 1t is straightforward to generalize the scalar-valued polynomials
discussed earlier to vector or tensor-valued polynomials. Let {¢;} be canonical basis in R?. Then a
basis for the vector-valued polynomials is

bij = ¢jei, (4.21)

with a similar definition extending the basis to tensors.

4.4  Examples of elements

We include some standard finite elements to illustrate the concepts. We refer the reader to Chapter 3
for a more thorough review of elements and their properties.

Example 4.1 The Lagrange Element

The Lagrange element shown in Figure 4.2 is the most common element. The degrees of freedom are represented
by black dots, which represent point evaluation. The first order element is shown in the leftmost triangle,
its degrees of freedom consist of a point evaluation in each of the vertices. That is, the degrees of freedom
l;: Y — Rare

li(v) = /Tvdxi dx = v(x;), (4.22)

where x; are the vertices (0,0), (1,0), (0,1) and ¢ is the Dirac delta function. The corresponding basis functions
are 1 —x —y, x, and y. The second order element is shown in right triangle. It has six degrees of freedom,
three at the vertices and three at the edges, all are point evaluations. The Lagrange element produces piecewise
continuous polynomials and they are therefore well suited for approximation in H'. The Lagrange element of
order q spans Py on simplices in any dimension.
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Figure 4.3: Hermite elements of or-
der 3.

Figure 4.4: Triangular Raviart-
Thomas elements of order one.

Example 4.2 The Hermite Element

In Figure 4.3 we show the Hermite element on the reference triangle in 2D. The black dots mean point evalu-
ation, while the white circles mean evaluation of derivatives in both x and y direction. That is, the degrees of
freedom £; .V — R associated with the vertex x; are,

b (v) = /Tvéxi dx = v(x;), (4.23)
v ]

i, (v) = 9 Oy, dx = av(x,'), (4.24)
gyl 0

liy(v) = Jray Oy, dx = @v(xi). (4.25)

In addition, there is one internal point evaluation, which in total gives ten degrees of freedom, which is the same
number of degrees of freedom as in P3. One feature of the Hermite element is that it has continuous derivatives
at the vertices (it will however not necessarily result in a H2-conforming approximation).

Example 4.3 The Raviart-Thomas Element
In Figure 4.4 we illustrate the lowest order Raviart—Thomas element. In contrast to the previous elements, this
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element has a vector-valued function space. The arrows represent normal vectors; that is, the degrees of freedom
l; 2V — Rare

4i(v) :/Tv'nl- dx, (4.26)

where n; is the outward normal vector on edge i. The Raviart—Thomas element is a vector space with three
degrees of freedom. Hence, the standard basis [Pq]d is not a suitable starting point and we use V = [Py]>
xH instead. The Raviart-Thomas element is typically used for approximations in H(div). We remark that
this element may also be defined in terms of point evaluations of normal components.

4.4.1 Bases for other polynomial spaces

The basis presented above are suitable for constructing many finite elements, but as we have just seen,
they do not work in all cases. The Raviart-Thomas function space in 2D is spanned by

[Pu]* & ( ; ) H;. (4.27)

Hence, this element requires a basis for vectors of polynomials (72)? enriched with ( * ) H2. On
Yy

the other hand, the Brezzi-Douglas-Fortin-Marini on triangle is defined as
{ue PP u-neP,1(E), E€&}, (4.28)

where £(T) denotes the facets of T.

Hence, this element requires that some functions are removed from [P, (T)]?>. The removal is
expressed by the constraint u - n € P,_1(E;).

Obtaining a basis for this space is somewhat more subtle. FIAT and SyFi have developed different
but mathematically equivalent solutions. In SyFi, since it uses a symbolic representation, the poly-
nomial may be easily expressed in the power basis and the coefficients corresponding to n’th order
polynomials normal to the edges are set to zero. In a similar fashion, FIAT utilizes the orthogonality
of the Legendre polynomials to express the constraints the edges. That is, on the edge E; the following
constraints apply:

() = [ (e =0, (4.29)

where i/, is the n’th order Legendre polynomial on the edge E;.
In general, assume that we have m constraints and n — m degrees of freedom. Let

Vi}:éi(cpj), 1<i<n-—m,1<j<n, (4.30)
VE=1(5(¢), n—-m<i<n 1<j<n (4.31)

and ,
V= ( “Q ) (4.32)

Consider now the matrix equation
Val =[vn—m (4.33)

where """~ denotes the n x n — m identity matrix. As before, the columns of « still contain the
expansion coefficients of the nodal basis functions ; in terms of {¢;}. Moreover, Voa = 0, which
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implies that the nodal basis functions fulfill the constraint.

Other examples than the Brezzi-Douglas-Fortin-Marini element that are defined in terms of
constrained polynomials are the Nédélec (Nédélec, 1980), Arnold-Winther (Arnold and Winther, 2002),
Mardal-Tai-Winther (Mardal et al., 2002), Tai-Winther (Tai and Winther, 2006), and Bell (Ciarlet, 2002)
element families.

4.5 Operations on the polynomial spaces

Here, we show how various important operations may be cast in terms of linear algebra operations,
supposing that the operations may be performed on the original basis {1;}" ;.
4.5.1 Evaluation
In order to evaluate the nodal basis {¢;}"" ; at a given point x € T, one simply computes the vector
¥i = 9i(x) (4.34)

followed by the product

gbi(x) =9, = ZIXZJ‘Y] (4.35)

i

Generally, the nodal basis functions are required at an array of points {Jc]-}}”:1 C T. For performance
reasons, performing matrix-matrix products may be advantageous. So, define ¥;; = ¥;(x;) and
®;; = ®;(x;). Then all of the nodal basis functions may be evaluated by the product

UHEDILA (4.36)
k

4.5.2  Differentiation

Differentiation is more complicated and presents more options. Let & = (aq, &y, . .. &) be a multi-index

so that

D* = il (4.37)
= oo o '

where |a| = Zle «; and we want to compute the array
P = D;(x) (4.38)

for some x € T.
One obvious option is to differentiate the original basis functions {;} to produce an array

¥i = Di(x), (4.39)

whence
CD;-X = 2061]1{/;‘1 (440)
]

This presupposes that one may conveniently compute all derivatives of the {i;}. This is typically true
in symbolic computation or when using the power basis. For the Bernstein, Jacobi, and Legendre
polynomials recurrence relations are available, see Karniadakis and Sherwin (2005); Kirby (2010b).
The Dubiner basis, as typically formulated, contains a coordinate singularity that prevents automatic
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differentiation from working at the top vertex. Recent work by Kirby (2010a) has reformulated
recurrence relations to allow for this possibility.

If one prefers (or is required by the particular starting basis), one may also compute matrices
that encode first derivatives acting on the {¢;} and construct higher derivatives than these. For each
coordinate direction x;, a matrix D is constructed so that

9bi _
ok Dj;. (4.41)
How to do this depends on which bases are chosen. For particular details on the Dubiner basis,

see Dubiner (1991).

4.5.3 Integration

Integration of basis functions over the reference domain, including products of basis functions and/or
their derivatives, may be performed numerically, symbolically, or exactly with some known formula.
In general, quadrature is easily performed. Quadrature rules for a variety of reference elements may
be obtained from for example (Dunavant, 1985; Keegan et al., 2008; Solin et al., 2004).

4.5.4  Association with facets

As we saw in the definition of for instance the Brezzi-Douglas-Marini element, it is necessary to have
polynomials that can be associated with the facets of a polygonal domain. The Bernstein polynomials
are expressed via barycentric coordinates and are therefore naturally associated with the facets. The
Legendre and Jacobi polynomials are also easy to associated to 1D facets in barycentric coordinates.

4.5.5 Linear functionals

Linear functionals are usually cast in terms of linear combinations of integration, pointwise evaluation
and differentiation.

4.5.6  The mapping of the reference element

A common practice, employed throughout the FEniCS software and in many other finite element codes,
is to map the nodal basis functions from the reference cell to each cell in a mesh. Sometimes, this is as
simple as an affine change of coordinates; in other cases it is more complicated. For completeness,
we briefly describe the basics of creating the global finite elements in terms of a mapped reference
element. Let therefore T be a global polygon in the mesh and T be the corresponding reference
polygon. Between the coordinates x € T and % € T we use the mapping

X = FT(J?) = AT(J?) + xo, (4.42)
The Jacobian of this mapping is:

R _ax_aAT(J?)
J®=5= "

(4.43)

Currently, FEniCS only supports affine maps between T and T, which means that x = Fr(%) =
Ar% + x9 and | = Ar. For isoparametric elements, a basis function is defined in terms of the
corresponding basis function on the reference element as

¢(x) = p(%). (4.44)
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Figure 4.5: Patching together a pair
of quadratic local function spaces on
a pair of cells to form a global contin-

— uous piecewise quadratic function
space.

The integral can then be performed on the reference polygon,

/T ¢(x)dx = /T ¢(2) det] dz, (4.45)

and the spatial derivatives are defined by the derivatives on the reference element and the geometry
mapping by using the chain rule,

9 9 O

== = . 4.46

axi ; da% j E)xi ( )

The above mapping of basis functions is common for approximations in H!. For approximations in
H(div) or H(curl) it is necessary to use the Piola mapping, where the mapping for the basis functions
differs from the geometry mapping. That is, for H(div) elements, the Piola mapping reads

1 "
¢(x) = Wﬁl)(f)r (4.47)

When using the numbering of mesh entities used by UFC, see Chapter 16, it is advantageous to use

%t] instead of ﬁ since the sign of the determinant relates to the sign of the normal vector, see

Rognes et al. (2009) for more details on the Piola mapping and its implementation in FFC. Some
elements like the Rannacher-Turek element (Turek, 1999; Rannacher and Turek, 1992) has far better
properties when defined globally compared to its analogous definition in terms of a reference element.

4.5.7  Local to global mapping of degrees of freedom

As shown in Figure 4.5, finite elements are patched together with a continuity depending on the
degrees of freedom. To obtain the desired patching, the elements should provide identifiers that
determine whether the degrees of freedom of some neighboring elements should be shared or not.
One alternative is to relate each degree of freedom on the reference cell to a point in the reference cell.
The geometry mapping then gives a global point in the mesh, by (4.42), that identifies the degree of
freedom; that is, the degrees of freedom in different elements are shared if they correspond to the
same global point in the mesh. Alternatively, each degree of freedom may be related to a local mesh
entity, like a vertex, edge or face, on the reference element. After mapping the element, the degree of
freedom will then be related to the corresponding mesh entity in the global mesh. This alternative
requires that the corresponding mesh entities are numbered.



5 Finite element variational forms

By Robert C. Kirby and Anders Logg

Much of the FEniCS software is devoted to the formulation of variational forms (UFL), the
discretization of variational forms (FIAT, FFC, SyFi) and the assembly of the corresponding discrete
operators (UFC, DOLFIN). This chapter summarizes the notation for variational forms used throughout
FEniCs.

5.1 Background

In Chapter 2, we introduced the following canonical variational problem: find # € V such that
a(u,v) = L(v) VYoveV, (5.1)
where V is a given trial space and V is a given test space. The bilinear form
a:VxV—-R (5.2)

maps a pair of trial and test functions to a real number and is linear in both arguments. Similarly,
the linear form L : V — R maps a given test function to a real number. We also considered the
discretization of nonlinear variational problems: find u € V such that

F(u;0) =0 VoeV. (5.3)

Here, F: VxV — R again maps a pair of functions to a real number. The semilinear form F is
nonlinear in the function u but linear in the test function v. Alternatively, we may consider the
mapping

Ly=Fu-):V—R, (5.4)
and note that L, is a linear form on V for any fixed value of u. In Chapter 2, we also considered the
estimation of the error in a given functional M : V' — RR. Here, the possibly nonlinear functional M
maps a given function u to a real number M (u).

In all these examples, the central concept is that of a form that maps a given tuple of functions
to a real number. We shall refer to these as multilinear forms. Below, we formalize the concept of a
multilinear form, discuss the discretization of multilinear forms, and related concepts such as the
action, derivative and adjoint of a multilinear form.
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5.2 Multilinear forms

A form is a mapping from the product of a given sequence {V]-};?:l of function spaces to a real number:

a:Vox---xVpxVp —R. (5.5)

If the form a is linear in each of its arguments, we say that the form is multilinear. The number of
arguments p of the form is the arity of the form. Note that the spaces are numbered from right to
left. As we shall see below in Section 5.3, this is practical when we consider the discretization of
multilinear forms.

Forms may often be parametrized over one or more coefficients. A typical example is the right-hand
side L of the canonical variational problem (5.1), which is a linear form parametrized over a given
coefficient f. We shall use the notation a(f;v) = L¢(v) = L(v) and refer to the test function v as an
argument and to the function f as a coefficient. In general, we shall refer to forms which are linear in
each argument (but possibly nonlinear in its coefficients) as multilinear forms. Such a multilinear
form is a mapping from the product of a sequence of argument spaces and coefficient spaces:

a: Wy X Wy X X Wy X Vpx--- XV x V) =R,

(5.6)
av a(wy,wy, ..., W;Vp,...,02,01).
The argument spaces {V]}f=1 and coefficient spaces {W;}7_; may all be the same space but they

typically differ, such as when Dirichlet boundary conditions are imposed on one or more of the
spaces, or when the multilinear form arises from the discretization of a mixed problem such as in
Section 2.2.2.

In finite element applications, the arity of a form is typically p = 2, in which case the form is said
to be bilinear, or p = 1, in which case the form is said to be linear. In the special case of p = 0, we
shall refer to the multilinear form as a functional. It may sometimes also be of interest to consider
forms of higher arity (o > 2). Below, we give examples of some multilinear forms of different arity.

5.2.1 Examples

Poisson’s equation. Consider Poisson’s equation with variable conductivity x = x(x),
—div(kgradu) = f. (5.7)

Assuming Dirichlet boundary conditions on the boundary 0(), the corresponding canonical variational
problem is defined in terms of a pair of multilinear forms, a(x;u,v) = [, xgradu - gradvdx and
L(v) = fQ fvdx. Here, a is a bilinear form (p = 2) and L is a linear form (0 = 1). Both forms have
one coefficient (n = 1) and the coefficients are x and f respectively:

a=a(x;u,v),

L = L(f;v). ©8)

We usually drop the coefficients from the notation and use the short-hand notation 2 = a(u,v) and
L = L(v).
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The incompressible Navier—Stokes equations. The incompressible Navier-Stokes equations for the veloc-
ity u and pressure p of an incompressible fluid read:

p(ii + grad u - u) — div U(u-/ p)=f, (5.9)
divu =0,

where the stress tensor ¢ is given by o(u, p) = 2ue(u) — pl, € is the symmetric gradient; that is,
e(u) = J(gradu + (gradu) "), p is the fluid density and f is a body force.! Consider here the form
obtained by integrating the nonlinear term grad u - u against a test function v:

a(u;v) = /Q(gradwu) -vdx. (5.10)

This is a linear form (o = 1) with one coefficient (n = 1). We may linearize around a fixed velocity
to obtain
a(u;v) = a(i;v) + a' (;0)6u + O(6u?), (5.11)

where u = i + éu. The linearized operator 4’ is here given by
a'(i;6u,v) = a' (v; 1) 6u = ./('l(grad Su-it)-v+ (gradi - éu) - vdx. (5.12)
This is a bilinear form (p = 2) with one coefficient (n = 1). We may also consider the trilinear form
a(w,u,v) = /Q(gradu -w) - vdx. (5.13)

This trilinear form may be assembled into a rank three tensor and applied to a given vector of
expansion coefficients for w to obtain a rank two tensor (a matrix) corresponding to the bilinear form
a(w; u,v). This may be useful in an iterative fixed point method for the solution of the Navier-Stokes
equations, in which case w is a given (frozen) value for the convective velocity obtained from a
previous iteration. This is rarely done in practice due to the cost of assembling the global rank three
tensor. However, the corresponding local rank three tensor may be contracted with the local expansion
coefficients for w on each local cell to compute the matrix corresponding to a(w; u,v).

Lift and drag. When solving the Navier-Stokes equations, it may be of interest to compute the lift and
drag of some object immersed in the fluid. The lift and drag are given by the z- and x-components of
the force generated on the object (for a flow in the x-direction):

Lyge(u, p;) = /r(tf(u,p) -n)-e.ds,

Larag(u, p;) = /F(U(u,p) 1) - eyds.

(5.14)

Here, I is the boundary of the body, # is the outward unit normal of I" and ey, e, are unit vectors in the
x- and z-directions respectively. The arity of both forms is p = 0 and both forms have two coefficients.

5.2.2  Canonical form

FEniCS automatically handles the representation and evaluation of a large class of multilinear forms,
but not all. FEniCS is currently limited to forms that may be expressed as a sum of integrals over
the cells (the domain), the exterior facets (the boundary) and the interior facets of a given mesh. In

IFor a discussion of the definition of the operators grad and V for a vector-valued function, see Chapter 17. Note that for a
vector-valued function 1, we have grad u - u = u - Vu.
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A 2 Figure 5.1: The lift and drag of an ob-

ject, here a NACA 63A409 airfoil, are
the integrals of the vertical and hor-
izontal components respectively of
the stress o - n over the surface I' of
the object. At each point, the prod-
uct of the stress tensor o and the
outward unit normal vector n gives
the force per unit area acting on the
surface.

particular, FEniCS handles forms that may be expressed as the following canonical form:

0
e "y "y
a(wy,wy Wit o2 0) = Y [ Kde+ Y [ dfas+ ¥ [ fds. 619)
k=17 k=1"Tk k=1"Tk

Here, each () denotes a union of mesh cells covering a subset of the computational domain ().
Similarly, each I'y denotes a subset of the facets on the boundary of the mesh, and Fg denotes a
subset of the interior facets of the mesh. The latter is of particular interest for the formulation
of discontinuous Galerkin methods that typically involve integrals across cell boundaries (interior
facets). The contribution from each subset is an integral over the subset of some integrand. Thus, the
contribution from the kth subset of cells is an integral over (); of the integrand I} etc.

One may consider extensions of (5.15) that involve point values or integrals over subsets of
individual cells (cut cells) or facets. Such extensions are currently not supported by FEniCS but may
be added in the future.

5.3 Discretizing multilinear forms

As we saw in Chapter 2, one may obtain the finite element approximation u; = Zjl\i 1Uj¢; ~ u of the
canonical variational problem (5.1) by solving a linear system AU = b, where

Aij:a(gbj,(f)i), i,j:1,2,...,N, (5 ]6)
bj=L(¢), i=12,...,N. '

Here, A and b are the discrete operators corresponding to the bilinear and linear forms a and L for
the given bases of the trial and test spaces. Note that the discrete operator is defined as the transpose
of the multilinear form applied to the basis functions to account for the fact that in a bilinear form
a(u,v), the trial function u is associated with the columns of the matrix A, while the test function v is
associated with the rows (the equations) of the matrix A.

In general, we may discretize a multilinear form a of arity p to obtain a tensor A of rank p. The
discrete operator A is defined by

A= a(w1,w2,...,wn;<pi,...,4)122,4>}1), (5.17)

where i = (iy,ip,...,ip) is a multi-index of length p and {47]](}]1(\];1 is a basis for V;, C V;, j=1,2,...,p.
The discrete operator is a typically sparse tensor of rank p and dimension Ny x Np x -+ X Nj.
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Figure 5.2: The cell tensor Ar, ex- 1 |05 0.5
terior facet tensor Ag, and interior 05 2 05 1
facet tensor Agy on a mesh are ob-

tained by discretizing the local con- g s
tribution to a multilinear form on a -0.5 1

cell, exterior facet or interior facet, 0.5 2
respectively. By assembling the local 1 -
contributions from all cell and facet —

tensors, one obtains the global dis- A = //"

crete operator A that discretizes the
multilinear form. ’

iﬂ
I

The discrete operator A may be computed efficiently using an algorithm known as assembly, which
is the topic of the next chapter. As we shall see then, an important tool is the cell tensor obtained as the
discretization of the bilinear form on a local cell of the mesh. In particular, consider the discretization
of a multilinear form that may be expressed as a sum of local contributions from each cell T of a
mesh 7;, = {T},

a(wl,wz,...,wn;vp,...,vz,vl) = 2 aT(wl,wz,...,wn;vp,...,vz,vl). (5.18)
TeT,

Discretizing ar using the local finite element basis {cka J }Z/: yonTforj=1,2,...,0, we obtain the cell

tensor .
p T2 . T1
AT,i = aT(wlr w2, ..., wn}(,bip ,0/ e /471‘2 /471'1 ) (5.19)

The cell tensor Ar is a typically dense tensor of rank p and dimension 1y X 12 X - - - X np. The discrete
operator A may be obtained by appropriately summing the contributions from each cell tensor Ar.
We return to this in detail below in Chapter 6.

One may similarly define the exterior and interior facet tensors Ag and Ag g as the contributions
from a facet on the boundary or in the interior of the mesh. The exterior facet tensor Ag is defined as
in (5.19) by replacing the domain of integration T by a facet S. The dimension of Ag is generally the
same as that of Ar. The interior facet tensor Agy is defined slightly differently by considering the
basis on a macro element consisting of the two elements sharing the common facet S as depicted in
Figure 5.2. For details, we refer to QJlgaard et al. (2008).

5.4 The action of a multilinear form

Consider the bilinear form
a(u,v) = / grad u - grad vdx, (5.20)
Q

obtained from the discretization of the left-hand side of Poisson’s equation. Here, u and v are a pair
of trial and test functions. Alternatively, we may consider v to be a test function and u to be a given
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solution to obtain a linear form parametrized over the coefficient u:
(Aa)(u;v) = / grad u - grad v dx. (5.21)
Q

We refer to the linear form Aa as the action of the bilinear form a. In general, the action of a p-linear
form with n coefficients is a (p — 1)-linear form with n + 1 coefficients. In particular, the action of a
bilinear form is a linear form, and the action of a linear form is a functional.

The action of a bilinear form plays an important role in the definition of matrix-free methods
for solving differential equations. Consider the solution of a variational problem of the canonical
form (5.1) by a Krylov subspace method such as GMRES (Generalized Minimal RESidual method)
(Saad and Schultz, 1986) or CG (Conjugate Gradient method) (Hestenes and Stiefel, 1952). Krylov
methods approximate the solution U € RY of the linear system AU = b by finding an approximation
for U in the subspace of RN spanned by the vectors b, Ab, A2b, ..., AFb for some k < N. These vectors
may be computed by repeated application of the discrete operator A defined as above by

= a(¢7,¢})- (5.22)

For any given vector U € RY, it follows that

(AU); =

‘mz

N N
2 (97, 1)U a(ZU@%@%) = a(up, ¢7) = (Aa)(up; ¢;), (5.23)
j=1 j=1

where uj, = Zjl\il ll]-gbjz is the finite element approximation corresponding to the coefficient vector U.
In other words, the application of the matrix A on a given vector U is given by the action of the
bilinear form evaluated at the corresponding finite element approximation:

(AU); = (Aa) (up; ¢}).- (5.24)

The variational problem (5.1) may thus be solved by repeated evaluation (assembly) of a linear form
(the action Aa of the bilinear form a) as an alternative to first computing (assembling) the matrix A
and then repeatedly computing matrix—vector products with A. Which approach is more efficient
depends on how efficiently the action may be computed compared to matrix assembly, as well as
on available preconditioners. For a further discussion on the action of multilinear forms, we refer
to Bagheri and Scott (2004).

Computing the action of a multilinear form is supported by the UFL form language by calling the
action function:

Python code

inner(grad(u), grad(v))xdx
action(a)

>
Q
non

5.5 The derivative of a multilinear form

When discretizing nonlinear variational problems, it may be of interest to compute the derivative of a
multilinear form with respect to one or more of its coefficients. Consider the nonlinear variational
problem to find u € V such that

a(u;9) =0 VoeV. (5.25)
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To solve this problem by Newton’s method, we linearize around a fixed value 7 to obtain
0 = a(u;v) ~ a(i;v) + a' (@1;0)éu. (5.26)

Given an approximate solution i of the nonlinear variational problem (5.25), we may then hope to
improve the approximation by solving the following linear variational problem: find du € V such that

a'(@;6u,v) = a'(i;0)6u = —a(i;v) YoeV. (5.27)

Here, a’ is a bilinear form with two arguments du and v, and one coefficient ii. Furthermore, —a is a
linear form with one argument v and one coefficient .

When there is more than one coefficient, we use the notation D,, to denote the derivative with
respect to a specific coefficient w. In general, the derivative D of a p-linear form with n > 0 coefficients
is a (p + 1)-linear form with n coefficients. To solve the variational problem (5.25) using a matrix-free
Newton method, we would thus need to repeatedly evaluate the linear form (ADa)(iiy, duy;v) for a
given finite element approximation #; and increment Juy,.

Note that one may equivalently consider the application of Newton’s method to the nonlinear
discrete system of equations obtained by a direct application of the finite element method to the
variational problem (5.25) as discussed in Chapter 2.

Computing the derivative of a multilinear form is supported by the UFL form language by calling
the derivative function:

Python code

inner((1 + u)*grad(u), grad(v))=*dx
derivative(a, u)

5.6 The adjoint of a bilinear form
The adjoint a* of a bilinear form a is the form obtained by interchanging the two arguments:
a*(v,w) = a(w,0) Yoe V' Ywe V2 (5.28)

The adjoint of a bilinear form plays an important role in the error analysis of finite element methods as
we saw in Chapter 2 and as will be discussed further in Chapter 29 where we consider the linearized
adjoint problem (the dual problem) of the general nonlinear variational problem (5.25). The dual
problem takes the form

(Dya)*(u;z,v) = DyM(u;v) VoeV, (5.29)

or simply

a*(z,0) = M'(v) VYoev, (5.30)
where (Dya)* is a bilinear form, D, M is a linear form (the derivative of the functional M), and z is
the solution of the dual problem.

Computing the adjoint of a multilinear form is supported by the UFL form language by calling the
adjoint function:

Python code

a = div(u)*qg+dx
a_star = adjoint(a)
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5.7 A note on the order of trial and test functions

It is common in the literature to consider bilinear forms where the trial function u is the first argument,
and the test function v is the second argument:

a=a(u,v). (5.31)
With this notation, one is lead to define the discrete operator A as

Ajj = a(j, i), (5.32)

that is, a transpose must be introduced to account for the fact that the order of trial and test functions
does not match the order of rows and columns in a matrix. Alternatively, one may change the order
of trial and test functions and write a = a(v, ) and avoid taking the transpose in the definition of the
discrete operator A;; = a(¢;, ;). This is practical in the definition and implementation of software
systems such as FEniCS for the general treatment of variational forms.

In this book and throughout the code and documentation of the FEniCS Project, we have adopted
the following compromise. Variational forms are expressed using the conventional order of trial and
test functions; that is,

a=a(u,v), (5.33)

but using an unconventional numbering of trial and test functions. Thus, v is the first argument of
the bilinear form and u is the second argument. This ensures that one may express finite element
variational problems in the conventional notation, but at the same time allows the implementation to
use a more practical numbering scheme.



6 Finite element assembly

By Anders Logg, Kent-Andre Mardal and Garth N. Wells

The finite element method may be viewed as a method for forming a discrete linear system
AU = b or nonlinear system b(U) = 0 corresponding to the discretization of the variational form of a
differential equation. A central part of the implementation of finite element methods is therefore the
computation of matrices and vectors from variational forms. In this chapter, we describe the standard
algorithm for computing the discrete operator (tensor) A. This algorithm is known as finite element
assembly. We also discuss efficiency aspects of the standard algorithm and extensions to matrix-free
methods.

6.1 Assembly algorithm

As seen in Chapter 5, the discrete operator of a multilinear form a : V, x --- x Vo x V1 — R of arity p
is the rank p tensor A defined by

Ar=a(¢y,-- 9%, 1), 6.1)

where I = (Iy, I, ..., Ip) is a multi-index of length p and {¢]k}11<\i1 isabasis for V;, C V;, j=1,2,...,p.
The discrete operator is a typically sparse tensor of rank p and dimension Ny x Np x -+ X Np.

A straightforward algorithm to compute the tensor A is to iterate over all its entries and compute
them one by one as outlined in Algorithm 1. This algorithm has two major drawbacks and is rarely
used in practice. First, it does not take into account that most entries of the sparse tensor A may
be zero. Second, it does not take into account that each entry is typically a sum of contributions
(integrals) from the set of cells that form the support of the basis functions (p}l,q)i, e ,([J?p. As a
result, each cell of the mesh must be visited multiple times when computing the local contribution to
different entries of the tensor A. For this reason, the tensor A is usually computed by iterating over
the cells of the mesh and adding the contribution from each local cell to the global tensor A. To see
how the tensor A can be decomposed as a sum of local contributions, we recall the definition of the
cell tensor At from Chapter 5:

T, T, T,
Ari=ar(@) 0.7 ¢, (6.2)

where i = (i1, 1y, ...,ip) is a multi-index of length p, A7 is the ith entry of the rank p tensor Ar, ar

is the local contribution to the multilinear form from a cell T € 7, and {47kT / }Z’: 1 is the local finite
element basis for V;;, on T. We assume here that the multilinear form is expressed as an integral over
the domain () so that it may be naturally decomposed as a sum of local contributions. If the form
contains contributions from facet or boundary integrals, one may similarly decompose the multilinear
form into local contributions from facets.
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Algorithm 1 Straightforward (naive) “assembly” algorithm.
for Il = 1,2,. . .,Nl
for Iz = 1,2,...,N2
for...

AI = ﬂ((’)?p,...,(l)%z,(i)}l)

To formulate the general assembly algorithm, let lT [1,n;] — [1,N;] denote the local-to-global
mapping introduced in Chapter 2 for each discrete function space Vj;, j = 1,2,...,p, and define for
each T € 7j, the collective local-to-global mapping i1 : Zr — Z by

i (i) = (ip(in), 5 (i2), -, #(Bp)) Vi€ T, (6.3)

where 77 is the index set

—.

Ir = [1,n]-]:{(1,1,...,1),(1,1,...,2),...,(n1,n2,...,np—1),(n1,n2,...,np)}. (6.4)

j=1
That is, ;7 maps a tuple of local degrees of freedom to a tuple of global degrees of freedom. Further-
more, let 77 C 7, denote the subset of cells of the mesh on which { gb]Ij }le are all nonzero. We note

that /7 is invertible if T € 7;. We may now compute the tensor A by summing local contributions
from the cells of the mesh:

Ar= ) aT(4>‘,’p,...,4>%2,¢}1) =Y aT(¢§p,...,¢%2,4>}l)

TeT, TeT;
- , (6.5)
= TGZ']’, aT((P(‘TV 1(1, (P([ )=1( [2)/ Z Ti:(I)

This computation may be carried out efficiently by a single iteration over all cells T € 7j,. On each
cell T, the cell tensor At is computed and then added to the global tensor A as outlined in Algorithm 2
and illustrated in Figure 6.1.

Algorithm 2 Assembly algorithm.
A=0
for T € 7,

(1) Compute i

(2) Compute At

(3) Add At to A according to it:
foric Iy
+
Ay = A
end for
end for
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Figure 6.1: Adding the entries of the (1) 2(2) 2(3) 1 2 3
cell tensor At to the global tensor A
using the local-to-global mapping 1
i1, illustrated here for the assembly
of a rank two tensor (matrix) with L%,(l) . .:-— 2
piecewise linear elements on trian-
gles. On each element T, a 3 x 3 /
element matrix At is computed and llT(2) . .:-_
its entries are added to the global
matrix. The entries of the first row
are added to row (1(1) of the global

matrix in the columns given by LZT (1), A (3) Atz
i2.(2) and /% (3), respectively. The en- T
tries of the second row are added to
N "
row 11(2) of the global matrix etc.
Figure 6.2: Actual implementation c g
(excerpt) of the assembly algorithm ++ code
(1\lg0riﬂln1 2) in DOLFIN (fronl for (CelllIterator cell(mesh); !cell.end(); ++cell)
Assembler.cpp in DOLFIN 1.0). {
// Get local-to-global dofmap for each dimension
for (uint i = 0; i < form_rank; ++i)
dofs[i] = &(dofmaps[i]->cell_dofs(cell->index()));
// Tabulate cell tensor
integral->tabulate_tensor(&ufc.A[0O],
ufc.w(),
ufc.cell);
// Add entries to global tensor
A.add(&ufc.A[0], dofs);
}

6.2 Implementation

In FEniCS, the assembly algorithm (Algorithm 2) is implemented as part of DOLFIN (see Figure 6.2).
For the steps (1), (2) and (3) of the assembly algorithm, DOLFIN relies on external code. For steps (1)
and (2), DOLEFIN calls code generated by a form compiler such as FFC or SyFi. In particular, DOLFIN
calls the two functions tabulate_dofs and tabulate_tensor through the UFC interface for steps
(1) and (2), respectively. Step (3) is carried out through the DOLFIN GenericTensor: :add interface
and maps to the corresponding operation in one of a number of linear algebra backends, such as
MatSetValues for PETSc and SumIntoGlobalValues for Trilinos/Epetra.

In typical assembly implementations, the computation of the cell tensor At is the most costly
operation of the assembly algorithm. For DOLFIN, however, as a result of optimized algorithms for
the computation of At being generated by form compilers (see Chapters 7 and 8), adding entries of the
local tensor At to appropriate positions in the global tensor A often constitutes a significant portion of
the total assembly time. This operation is costly since the addition of a value to an arbitrary entry of a
sparse tensor is not a trivial operation, even when the layout of the sparse matrix has been initialized.
In the standard case when A is a sparse matrix (a rank two tensor), the linear algebra backend stores
the sparse matrix in compressed row storage (CRS) format or some other sparse format. For each given
entry, the linear algebra backend must search along a row I to find the position to store the value
for a given column J. As a result, the speed of assembly in FEniCS for sparse matrices is currently
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limited by the speed of insertion into a sparse linear algebra data structure for many problems. An
additional cost is associated with the initialization of a sparse matrix, which involves the computation
of a sparsity pattern. For most linear algebra libraries, it is necessary to initialize the layout of a
sparse matrix before inserting entries in order to achieve tolerable insertion speed. Computation of
the sparsity pattern is a moderately costly operation, but which in the case of nonlinear problems is
usually amortized over time.

Algorithm 2 may be easily extended to assembly over the facets of a mesh. Assembly over facets is
necessary both for handling variational forms that contain integrals over the boundary of a mesh (the
exterior facets), to account for Neumann boundary conditions, and forms that contain integrals over
the interior facets of a mesh as part of a discontinuous Galerkin formulation. For this reason, DOLFIN
implements three different assembly algorithms. These are assembly over cells, exterior facets and
interior facets.

6.3 Symmetric application of boundary conditions

For symmetric problems, it is useful to be able to apply Dirichlet boundary conditions in a fashion
that preserves the symmetry of the matrix, since that allows the use of solution algorithms which are
limited to symmetric matrices, such as the conjugate gradient method and Cholesky decomposition.
The symmetric application of boundary conditions may be handled by modifying the cell tensors
At before assembling into the global tensor A. Assembly with symmetric application of boundary
conditions is implemented in DOLFIN in the class SystemAssembler.

To explain the symmetric assembly algorithm, consider the global system AU = b and the
corresponding element matrix At and element vector br. If a global index [ is associated with a
Dirichlet boundary condition, U; = Dj, then this condition can be enforced by setting Aj; = 1,
Arp = 0 for I # ], and by = D;. This approach is applied when calling the DOLFIN function
DirichetBC: :apply. However, to preserve symmetry of the matrix, we can perform a partial Gaussian
elimination to obtain Aj; = Aj; = 0 for I # J. This is achieved by subtracting the Ith row multiplied
by Aj; from the Jth equation, locally. These partial Gaussian eliminations are performed on the linear
systems at the element level. The local linear systems are then added to the global matrix. As a result,
the Dirichlet condition is added multiple times to the global vector, one time for each cell, which
is compensated for by the addition of one multiple times to the corresponding diagonal entry of A.
This is summarized in Algorithm 3. Alternatively, one may choose to eliminate degrees of freedom
corresponding to Dirichlet boundary conditions from the linear system (since these values are known).
The values then end up in the right-hand side of the linear system. The described algorithm does
not eliminate the degrees of freedom associated with a Dirichlet boundary condition. Instead, these
degrees of freedom are retained to preserve the dimension of the linear system so that it always
matches the total number of degrees of freedom for the solution (including known Dirichlet values).

6.4 Parallel assembly

The assembly algorithms remain unchanged in a distributed! parallel environment if the linear algebra
backend supports distributed matrices and insertion for both on- and off-process matrix entries, and
if the mesh data structure supports distributed meshes. Both PETSc (Balay et al., 2001, 2004) and
Trilinos/Epetra (Heroux et al., 2005) support distributed matrices and vectors. Efficient parallel
assembly relies on appropriately partitioned meshes and properly distributed degree-of-freedom
maps to minimize inter-process communication. It is not generally possible to produce an effective

1By distributed assembly, we refer here to assembly in parallel on a distributed memory parallel architecture, running
multiple processes that cannot access the same memory, but must pass data as messages between processes.
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Algorithm 3 Symmetric assembly algorithm (o = 2).
A=0andb=0
for T € 7,
(1) Compute 11{3 and tl}
(2) Compute At and br
(3) Apply Dirichlet boundary conditions to At and bt
(4) Perform partial Gaussian elimination on At and bt to preserve symmetry
(5) Add At and by to A and b according to 14 and /%, respectively:
for (i,j) € 74
A 0.020)
end for
fori € It

+
= Arjj

end for

degree-of-freedom map using only a form compiler, since the degree-of-freedom map should reflect
the partitioning of the mesh. Instead, one may use a degree-of-freedom map generated by a form
compiler to construct a suitable map at run-time. DOLFIN supports distributed meshes and computes
distributed degree of freedom maps for distributed assembly.

Multi-threaded? assembly is outwardly simpler than distributed assembly and is attractive given
the rapid growth in multi-core architectures. The assembly code can be easily modified, using for
example OpenMP, to parallelize the assembly loop over cells. Multi-threaded assembly requires extra
care so that multiple threads don’t write to the same memory location (when multiple threads attempt
to write to the same memory location, this is known as a race condition). Multi-threaded assembly has
recently been implemented in DOLFIN (from version 1.0) based on coloring the cells of the mesh so
that no two neighboring cells (cells that share a common vertex in the case of Lagrange elements) have
the same color. One may then iterate over the colors of the mesh, and for each color use OpenMP to
parallelize the assembly loop. This ensures that no two cells will read data from the same location (in
the mesh), or write data to the same location (in the global tensor).

6.5 Matrix-free methods

A feature of Krylov subspace methods and some other iterative methods for linear systems of the form
AU = b is that they rely only on the action of the matrix operator A on vectors and do not require
direct manipulation of A. This is in contrast with direct linear solvers. Therefore, if the action of A on
an arbitrary vector v can be computed, then a Krylov solver can be used to solve the system AU = b
without needing to assemble A. This matrix-free approach may be attractive for problem types that
are well-suited to Krylov solvers and for which the assembly of A is costly (in terms of CPU time
and/or memory). A disadvantage of matrix-free methods is that the preconditioners that are most
commonly used to improve the convergence properties and robustness of Krylov solvers do involve
manipulations of A; hence these cannot be applied in a matrix-free approach. For the purpose of
assembly, a matrix-free approach replaces the assembly of the matrix A with repeated assembly of
a vector Av, which is the action of A on the given vector v. A key element in the efficient application

2By multi-threaded assembly, we refer here to assembly in parallel on a shared memory parallel architecture, running
multiple threads that may access the same memory.
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of such methods is the rapid assembly of vectors. The cost of insertion into a dense vector is relatively
low, compared to insertion into a sparse matrix. The computation of the cell tensor is therefore the
dominant cost. Assembly of the action of a linear or linearized operator is supported in FEniCS.



7 Quadrature representation of finite element
variational forms

By Kristian B. Qlgaard and Garth N. Wells

This chapter addresses the conventional run-time quadrature approach for the numerical inte-
gration of local element tensors associated with finite element variational forms, and in particular
automated optimizations that can be performed to reduce the number of floating point operations. An
alternative to the run-time quadrature approach is the tensor representation presented in Chapter 8.
Both the quadrature and tensor approaches are implemented in FFC (see Chapter 11). In this chapter
we discuss four strategies for optimizing the quadrature representation for run-time performance of
the generated code and show that optimization strategies lead to a dramatic improvement in run-time
performance over a naive implementation. We also examine performance aspects of the quadrature
and tensor approaches for different equations, and this will motivate the desirability of being able to
choose between the two representations.

7.1  Standard quadrature representation

To illustrate the standard quadrature representation and optimizations implemented in FFC we
consider the bilinear form for the weighted Laplace operator —V - (wVu), where u is the unknown
and w is a prescribed coefficient. The bilinear form of the variational problem for this equation reads

a(u,v) :/Qquondx. (7.1)

The quadrature approach can deal with cases in which not all functions come from a finite element
space, using ‘quadrature functions’ that can be evaluated directly at quadrature points. The tensor
representation approach only supports cases in which all functions come from a finite element space
(using interpolation if necessary). Therefore, to ensure a proper performance comparison between the
representations we assume that all functions in a form, including coefficient functions, come from a
finite element function space. In the case of (7.1), all functions will come from

Vh:{veHl Q) : v|TeP,,(T)VTeT}, (7.2)

where P; (T) denotes the space of Lagrange polynomials of degree g on the element T of the standard
triangulation of Q, which is denoted by 7. If we let {¢/ } denote the local finite element basis that
span the discrete function space Vj, on T, the local element tensor for an element T can be computed
as

Ar; = /T WVl - Vel dx, (7.3)
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where i = (iy,12).

The expression for the local element tensor in (7.3) can be expressed in UFL (see Chapter 17),
from which FFC generates an intermediate representation of the form (see Chapter 11). Assuming
a standard affine mapping Fr : Ty — T from a reference element Tj to a given element T € 7T, this
intermediate representation reads

49Xy 0P (XT) & 09Xy, 0Py, (XT)

N n
A= D, (XN w
' q;%; “ "‘3520(1; dxg  0Xa dxp  0Xa,

det Ff W1, (7.4)
0(2:1

where a change of variables from the reference coordinates X to the real coordinates x = Fr(X) has
been used. In the above equation, N denotes the number of integration points, d is the dimension
of (), n is the number of degrees of freedom for the local basis of w, ®; denotes basis functions on
the reference element, det F} is the determinant of the Jacobian, and W1 is the quadrature weight at
integration point X7. By default, FFC applies a quadrature scheme that will integrate the variational
form exactly.

From the representation in (7.4), code for computing entries of the local element tensor is generated
by FFC. This code is shown in Figure 7.1. Code generated for the quadrature representation is
structured in the following way. First, values of geometric quantities that depend on the current
element T, like the components of the inverse of the Jacobian matrix 0X,, / axﬂ and 90Xy, / axﬁ, are
computed and assigned to the variables like K_01 in the code (this code is not shown as it is not
important for understanding the nature of the quadrature representation). Next, values of basis
functions and their derivatives at integration points on the reference element, like ®,,(X7) and
0®; (X7)/0X,, are tabulated. Finite element basis functions are computed by FIAT. Basis functions
and their derivatives on a reference element are independent of the current element T and are
therefore tabulated at compile-time and stored in the tables Psi_w, Psi_vu_D@1 and Psi_vu_D10 in
Figure 7.1. After the tabulation of basis functions values, the loop over integration points begins. In
the example we are considering linear elements, and only one integration point is necessary for exact
integration. The loop over integration points has therefore been omitted. The first task inside a loop
over integration points is to compute the values of coefficients at the current integration point. For the
considered problem, this involves computing the value of the coefficient w. The code for evaluating
FO in Figure 7.1 is an exact translation of the representation }y, 1 ®u,(X7)wy,. The last part of the
code in Figure 7.1 is the loop over the basis function indices iy and i, where the contribution to each
entry in the local element tensor, Ar, from the current integration point is added. To generate code
using the quadrature representation the FFC command-line option -r quadrature should be used.

7.2 Quadrature optimizations

We now address optimizations for improving the run-time performance of the generated code. The
underlying philosophy of the optimization strategies implemented in FFC is to manipulate the
representation in such a way that the number of operations to compute the local element tensor
decreases. Each strategy described in the following sections, with the exception of eliminating
operations on zero terms, share some common features which can be categorized as:

Loop invariant code motion In short, this procedure seeks to identify terms that are independent of
one or more of the summation indices and to move them outside the loop over those particular
indices. For instance, in (7.4) the terms regarding the coefficient w, the quadrature weight
W17 and the determinant det F}. are all independent of the basis function indices i; and i, and
therefore only need to be computed once for each integration point. A generic discussion of this
technique, which is also known as ‘loop hoisting’, can be found in Alfred et al. (1986).
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Figure 7.1: Part of the generated
code for the bilinear form associated
with the weighted Laplacian using
linear elements in two dimensions.
The variables like K_00 are compo-
nents of the inverse of the Jacobian
matrix and det is the determinant of
the Jacobian. The code to compute
these variables is not shown. A holds
the values of the local element ten-
sor and w contains nodal values of
the weighting function w.

C++ code

virtual void tabulate_tensor(doublex A,

const double * const * w,
const ufc::cell& c) const

// Quadrature weight.
static const double W1l = 0.5;

// Tabulated basis functions at quadrature points.

static const double Psi_w[1][3] =\

{{0.33333333333333, 0.33333333333333, 0.33333333333333}};
static const double Psi_vu_DO1[1][3] = \

{{-1.0, 0.0, 1.0}};

static const double Psi_vu D10[1][3] = \

{{-1.0, 1.0, 0.0}};

// Compute coefficient value.

double FO = 0.0;

for (unsigned int r = 0; r < 3; r++)
FO += Psi w[O][r]+w[O][r];

// Loop basis functions.
for (unsigned int j = 0; j < 3; j++)

{
for (unsigned int k = 0; k < 3; k++)
{

ALj*3 + k] +=\

((K_00xPsi_vu_D10[0][j] + K_10%Psi_vu_DO1[0][j])=*\
(K_00+Psi_vu_D10[0] [k] + K_10*Psi_vu_DO1[0][k]) +\
(K_01+Psi_vu_D10[0][j] + K_11%Psi_vu_DO1[O][j])*\
(K_01%Psi_vu_D10[0][k] + K_11#Psi_vu_DO1[0][k])\

) *FO+W1lxdet;

}
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Figure 7.2: Part of the generated
code for the weighted Laplacian us-
// T?bulated basis functions. ing linear elements in two dimen-
static const double Psi vu[l][2] = {{-1.0, 1.0}}; sions with optimization option - f
eliminate_zeros. The arrays nzc0

C++ code

// Arrays of nonzero columns.

static const unsigned int nzc0[2] = {0, 2}; and.qzc} contain the nonzero col-

static const unsigned int nzcl[2] = {0, 1}; umn indices for the mapping of val-
ues. Note how eliminating zeros

// Loop basis functions. _ makes it possible to replace the two

I°r fusdples) S 3 = @3 g = 25 J0) tables with derivatives of basis func-

for (unsigned int k = 0; k < 2; ki) brom Trgure 71 with. oo tablo

{ .

A[nzcO[j]#3 + nzcO[k]] +=\ (Psi_vu).

(K_10+Psi_vu[O][j]*K_10+Psi_vu[O][k] +\

K 11#Psi vu[0][j]+*K_11%Psi vu[0][k])*FO+Wl+det;
AlnzcO[j]+3 + nzcl[k]] +=\

(K_11#Psi_vu[0][j]*K_01+Psi_vu[0O][k] +\

K_10+Psi_vu[0][j]1+K_00+Psi_vu[0][k])*FO+Wl+det;
Alnzcl[j]*3 + nzcO[k]] +=\

(K_00+Psi vu[0][j]+*K_ 10+Psi_vu[0O][k] +\

K_01#Psi_vu[0][j]+*K_11+Psi_vu[0][k])*FO+Wlxdet;
Alnzcl[j]*3 + nzcl[k]] +=\

(K_01#Psi_vu[O][j]*K_ 01+Psi_vu[O][k] +\

K_00+Psi vu[0][j]+K_00+Psi vu[0][k])*FO+Wlxdet;

Reuse common terms Terms that appear multiple times in an expression can be identified, computed
once, stored as temporary values and then reused in all occurrences in the expression. This
can have a great impact on the operation count since the expression to compute an entry in At
is located inside loops over the basis function indices as shown in the code for the standard
quadrature representation in Figure 7.1.

To switch on optimization the command-line option -0 should be used in addition to any of the
FFC optimization options presented in the following sections.

7.2.1 Eliminate operations on zeros

Some basis functions and derivatives of basis functions may be zero-valued at all integration points for
a particular problem. Since these values are tabulated at compile-time, the columns containing nonzero
values can be identified. This enables a reduction in the loop dimension for indices concerning these
tables. However, a consequence of reducing the tables is that a mapping of indices must be created in
order to access values correctly. The mapping results in memory not being accessed contiguously at
run-time and can lead to a decrease in run-time performance.

This optimization is switched on by using the command-line option -f eliminate_zeros. Code
for the weighted Laplace equation generated with this option is shown in Figure 7.2. For brevity, only
code different from that in Figure 7.1 has been included.

Although the elimination of zeros has lead to a decrease of the loop dimension for the loops
involving the indices j and k from three to two, the number of operations has increased. The reason is
that the mapping causes four entries to be computed at the same time inside the loop, and the code to
compute each entry has not been reduced significantly if compared to the code in Figure 7.1. In fact,
using this optimization strategy by itself is usually not recommended, but in combination with the
strategies outlined in the following sections it can improve run-time performance significantly. This



Chapter 7. Quadrature representation of finite element variational forms 147

Figure 7.3: Part of the generated
code for the weighted Laplacian us-
ing linear elements in two dimen- // Geometry constants.

C++ code

sions with optimization option -f double G[31;
it . G[0] = Wlrdet+(K 00K 00 + K 01+K 01);
SLMptiTy—expressions. G[1] = Wlrdets(K 00K 10 + K_01+K 11);
G[2] = Wlrdets (K 10+K_ 10 + K_11+K_11);

// Integration point constants.

double I[3];

I[0] = FO=G[O];
I[1] = FO*G[1];
I[2] = FOxG[2];

// Loop basis functions.
for (unsigned int j = 0; j < 3; j++)
{
for (unsigned int k = 0; k < 3; k++)
{
A[j*3 + K] += \
(Psi_vu_D10[0][j]*Psi_vu_D10[0O] [k]*I[0] +\
Psi vu_D10[0][j]*Psi vu_DOL[O][k]*I[1] +\
Psi vu_DO1[0O][j]*Psi_vu_D10[O][K]*I[1] +\
Psi vu_DO1[0][j]*Psi vu_DO1[0O][k]*I[2]);

effect is particularly pronounced when forms contain mixed elements in which many of the values
in the basis function tables are zero. Another reason for being careful when applying this strategy is
that the increase in the number of terms might prevent FFC compilation due to hardware limitations.

7.2.2  Simplify expressions

The expressions to evaluate an entry in the local element tensor can become very complex. Since such
expressions are typically located inside loops, a reduction in complexity can reduce the total operation
count significantly. The approach can be illustrated by the expression x(y + z) 4+ 2xy, which after
expansion of the first term, grouping common terms and simplification can be reduced to x(3y + z),
which involves a reduction from five to three operations. An additional benefit of this strategy is that
the expansion of expressions, which take place before the simplification, will typically allow more
terms to be precomputed and hoisted outside loops, as explained in the beginning of this section. For
the weighted Laplace equation, the terms

d 49Xy, 00 (X1) & 9X,, 0P, (X1)

(7.5)
g;%aggl BXﬂ 8}<a1 =1 aXﬁ BEQQ
will be expanded into

i i i 9Xa, 0Xa, 0P; (XT) 0Dy, (XT) 76

B=1a1=1ay=1 dxg dxg  9Xy 0Xa,
where (0Xy, / 8x5) (0Xa,/ Bxﬁ) is independent of the indices i; and i and can therefore be moved
outside these loops.

The FFC command-line option -f simplify_expressions should be used to generate code with
this optimization enabled. Code generated by this option for the representation in (7.4) is presented
in Figure 7.3, where again only code different from that in Figure 7.1 has been included.
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Figure 7.4: Part of the generated
code for the weighted Laplacian us-
// Geometry constants. ing linear elements in two dimen-
double G[11; sions with optimization option -f
G[0] = Wlxdet; .
precompute_ip_const.

C++ code

// Integration point constants.
double I[1];
I[0] = FOxG[O];

// Loop basis functions.
for (unsigned int j = 0; j < 3; j++)

{
for (unsigned int k = 0; k < 3; k++)
{

A[j*3 + k] +=\

((Psi_vu_DO1[0][j]*K_ 10 + Psi_vu_D10[0][j]+K_ 00)=*\
(Psi_vu_DO1[0][k]*K_10 + Psi_vu_D10[0][k]+*K_00) +\
(Psi_vu_DO1[0][j]*K_11 + Psi_vu_D10[0][j]*K_01)*\
(Psi_vu_DO1[0] [k]*K_11 + Psi_vu_D10[0][k]*K_01)

)*I[0];

}
}

Due to expansion of the expression, many terms related to the geometry have been moved outside
of the loops over the basis function indices j and k and stored in the array G. Also, note how the
expressions to compute the values in G have been simplified by moving the variables det and W1
outside the parentheses. Similarly, terms that depend only on the integration point are hoisted and
stored in the array I. The number of operations has decreased compared to the code in Figure 7.1 for
the standard quadrature representation. An improvement in run-time performance can therefore be
expected.

The optimization described above is the most expensive of the quadrature optimizations to perform
in terms of FFC code generation time and memory consumption as it involves creating new terms
when expanding the expressions. The procedure does not scale well for complex expressions, but
it is in many cases the most effective approach in terms of reducing the number of operations. This
particular optimization strategy, in combination with the elimination of zeros outlined in the previous
section, was the first to be implemented in FFC. It has been investigated and compared to the tensor
representation in Jlgaard and Wells (2010), to which the reader is referred for further details.

7.2.3  Precompute integration point constants

The optimizations described in the previous section are performed at the expense of increased code
generation time. In order to reduce the generation time while achieving a reduction in the operation
count, another approach can be taken involving hoisting expressions that are constant with respect to
integration points without expanding the expression first.

To generate code with this optimization the FFC command-line option -f precompute_ip_const
should be used. Code generated by this method for the representation in (7.4) can be seen in Figure 7.4.

It is clear from the generated code that this strategy will not lead to a significant reduction in
the number of operations for this particular form. However, for more complex forms, with many
coefficients, the number of terms that can be hoisted will increase significantly, leading to improved
run-time performance.
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Figure 7.5: Part of the generated
code for the weighted Laplacian us-
ing linear elements in two dimen- for (unsigned int j = 0; j < 3; j++)

C++ code

sions with optimization option -f { ) }
. for (unsigned int k = 0; k < 3; k++)

precompute_basis_const. The ar- {

ray B contain precomputed values double B[16];

that depend on indices j and k. B[O] = Psi_vu_DO1[0][j]+K_10;
B[1] = Psi_vu_D10[0][]j]*K_00;
B[2] = (B[@] + B[1]);
B[3] = Psi_vu_DO1[0][k]*K_10;
B[4] = Psi_vu_D10[0][k]*K_00;
B[5] = (B[3] + B[4]);
B[6] = B[2]+B[5];
B[7] = Psi_vu_DO1[0][]j]*K_11;
B[8] = Psi_vu_D10[0][j]+K_01;
B[9] = (B[7] + B[8]);
B[10] = Psi_vu_DO1[0][k]*K_11;
B[11] = Psi_vu_D10[0][k]*K_01;
B[12] = (B[10] + B[11l]);
B[13] = B[12]+B[9];
B[14] = (B[13] + B[6]);
B[15] = B[14]+I[0];
A[j*3 + k] += B[15];

}
}

7.2.4  Precompute basis constants

This optimization strategy is an extension of the strategy described in the previous section. In addition
to hoisting terms related to the geometry and the integration points, values that depends on the
basis indices are precomputed inside the loops. This will result in a reduction in operations for cases
in which some terms appear frequently inside the loop such that a given value can be reused once
computed.

To generate code with this optimization, the FFC command-line option -f precompute_basis_
const should be used. Code generated by this method for the representation in (7.4) can be seen in
Figure 7.5, where only code that differs from that in Figure 7.4 has been included. In this particular
case, no additional reduction in operations has been achieved, if compared to the previous method,
since no terms can be reused inside the loop over the indices j and k.

7.2.5  Future optimizations

Preliminary investigations suggest that the performance of the quadrature representation can be
improved by applying two additional optimizations. Looking at the code in Figure 7.5, we see that
about half of the temporary values in the array B only depend on the loop index j, and they can
therefore be hoisted, as we have done for other terms in previous sections. Another approach is to
unroll the loops with respect to j and k in the generated code. This will lead to a dramatic increase
in the number of values that can be reused, and the approach can be readily combined with all of
the other optimization strategies. However, the total number of temporary values will also increase.
Therefore, this optimization strategy might not be feasible for all forms.

FFC implements a few efficient quadrature schemes for integrating polynomials of degree less than
or equal to six on simplices. For polynomials of degree higher than six, it calls FIAT (see Chapter 13) to
compute the quadrature scheme. FIAT supplies schemes that are based on the Gauss-Legendre—Jacobi
rule mapped onto simplices (see Karniadakis and Sherwin (2005) for details of such schemes). This
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means that for integrating a seventh-order polynomial, FFC will use four quadrature points in each
spatial direction that is, 4> = 64 points per cell in three dimensions. A further optimization of the
quadrature representation can thus be achieved by implementing more efficient quadrature schemes
for higher order polynomials on simplices since a reduction in the number of integration points will
yield improved run-time performance. FFC does, however, provide an option for a user to specify the
quadrature degree of a variational form thereby permitting inexact quadrature. To set the quadrature
degree equal to one, the command-line option -f quadrature_degree=1 should be used.

7.3 Performance comparisons

In this section we investigate the impact of the optimization strategies outlined in the previous section
on the run-time performance. The point is not to present a rigorous analysis of the optimizations, but
to provide indications as to when the different strategies will be most effective. We also compare the
run-time performance of quadrature representation to the tensor representation, which is described in
Chapter 8, to illustrate the strengths and weaknesses of the two approaches.

7.3.1 Performance of quadrature optimizations

The performance of the quadrature optimizations will be investigated using two forms, namely the
bilinear form for the weighted Laplace equation (7.1) and the bilinear form for the hyperelasticity
model presented in Chapter 17, equation (17.6). In both cases quadratic Lagrange finite elements will
be used.

All tests were performed on an Intel Pentium M CPU at 1.7GHz with 1.0GB of RAM running
Ubuntu 11.10 with Linux kernel 2.6.38. We used Python version 2.7.2 and NumPy version 1.5.1 (both
pertinent to FFC), and g++ version 4.6.1 to compile the UFC version 2.0.2 compliant C++ code.

The two forms are compiled with the different FFC optimizations, and the number of floating
point operations (flops) to compute the local element tensor is determined. We define the number
of flops as the sum of all appearances of the operators ‘+ and ‘*” in the code. The ratio between the
number of flops of the current FFC optimization and the standard quadrature representation, ‘0/q’
is also computed. The generated code is then compiled with g++ using four different optimization
options and the time needed to compute the element tensor N times is measured. In the following, we
will use -zeros as shorthand for the -f eliminate_zeros option, -simplify as shorthand for the - f
simplify_expressions option, -ip as shorthand for the -f precompute_ip_const option and -basis
as shorthand for the -f precompute_basis_const option.

The operation counts for the weighted Laplace equation with different FFC optimizations can be
seen in Table 7.1, while Figure 7.6 shows the run-time performance for different compiler options
for N = 1 x 107. The FFC compiler options can be seen on the x-axis in the figure and the four g++
compiler options are shown with different colors.

The FFC and g++ compile-times were less than two seconds for all optimization options. It
is clear from Figure 7.6 that run-time performance is greatly influenced by the g++ optimizations.
Compared to the case where no g++ optimizations are used (the -00 flag), the run-time for the
standard quadrature code improves by a factor of 3.31 when using the -02 option, 5.23 when using
the -02 -funroll-loops option and 7.75 when using the -03 option. The -03 option does not appear
to improve the run-time noticeably beyond the improvement observed for the -02 -funroll-loops
option when the FFC optimization option -zeros is used. Using the FFC optimization option -zeros
alone for this form does not improve run-time performance. In fact, using this option in combination
with any of the other optimization options increases the run-time, even when combining with the
option -simplify, which has a significant lower operation count compared to the standard quadrature
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FFC

optimization flops o/q
None 4176 1.00
-zeros 6672 1.60
-simplify 2712 0.65
-simplify -zeros 1920 0.46
-ip 3756 0.90
-ip -zeros 4290 1.03
-basis 3756 0.90
-basis -zeros 3690 0.88

Table 7.1: Operation counts for the weighted Laplace equation.
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Figure 7.6: Run-Time performance for the weighted Laplace equation for different compiler options. The x-axis
shows the FFC compiler options, and the colors denote the g++ compiler options.
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FFC FEC time

optimization s o/q flops o/q
None 6.8 1.00 70794360 1.000
-zeros 6.9 1.01 31415076 0.444
-simplify 19.6 2.88 3086370 0.044
-simplify -zeros 18.6 2.74 185472  0.003
-ip 12.8 1.88 46742697 0.660
-ip -zeros 15.1 222 7673022 0.108
-basis 13.0 191 3852297 0.054

-basis -zeros 155 2.28 1023624 0.014

Table 7.2: FFC compile-times and operation counts for the hyperelasticity example.

representation. A curious point to note is that without g++ optimization there is a significant difference
in run-time for the -ip and -basis options, even though they involve the same number of flops.
When g++ optimizations are switched on, this difference is eliminated completely and the run-time
for the two FFC optimizations are identical. This suggests that it is not possible to predict run-time
performance from the operation count alone since the type of FEC optimization must be taken into
account as well as the intended use of g++ compiler options. The optimal combination of optimizations
for this form is FFC option -ip or -basis combined with g++ option -03, in which case the run-time
has improved by a factor of 10.2 compared to standard quadrature code with no g++ optimizations.

The operation counts and FFC compile-time for the bilinear form for hyperelasticity with different
FFC optimizations are presented in Table 7.2, while Figure 7.7 shows the run-time performance for
different compiler options for N = 1 x 10*. Comparing the number of flops involved to compute the
element tensor to the weighted Laplace example, it is clear that this problem is considerably more
complex. The FFC compile-times in Table 7.2 show that the -simplify optimization, as anticipated, is
the most expensive to perform. The g++ compile-times for all test cases were in the range two to seven
seconds for all optimization options. A point to note is that the scope for reducing the flop count is
considerably greater for this problem than for the weighted Laplace problem, with a difference in
the number of flops spanning several orders of magnitude between the different FFC optimizations.
This compares to a difference in flops of roughly a factor two between the non-optimized and the
most effective optimization strategy for the weighted Laplace problem. In the case where no g++
optimization is used the run-time performance for the hyperelastic problem can be directly related
to the number of floating point operations. When the g++ optimization -02 is switched on, this
effect becomes less pronounced. Another point to note, in connection with the g++ optimizations,
is that switching on additional optimizations beyond -02 does not seem to provide any further
improvements in run-time. For the hyperelasticity example, the option -zeros has a positive effect
on the performance, not only when used alone but in particular when combined with the other
FFC optimizations. This is in contrast with the weighted Laplace equation. The reason is that the
test and trial functions are vector valued rather than scalar valued, which allows more zeros to be
eliminated. Finally, it is noted that the -simplify option performs particularly well for this example
compared to the weighted Laplace problem. The reason is that the nature of the hyperelasticity
form results in a relatively complex expression to compute the entries in the local element tensor.
However, this expression only consists of a few different variables (components of the inverse of
the Jacobian and basis function values) which makes the -simplify option very efficient since many
terms are common and can be precomputed and hoisted. For the hyperelasticity form, the optimal
combination of optimizations is FFC option -simplify -zeros and g++ option -02 -funroll-loops
which improves the run-time performance of the code by a factor of 335 when compared to the case
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Figure 7.7: Run-Time performance for the hyperelasticity example for different compiler options. The x-axis
shows the FFC compiler options, and the colors denote the g++ compiler options.

where no optimization is used by either FFC or g++.

For the considered examples, it is clear that no single optimization strategy is the best for all
cases. Furthermore, the generation phase optimizations that one can best use depends on which
optimizations are performed by the g++ compiler. It is also very likely that different C++ compilers
will give different results for the test cases presented above. The general recommendation for selecting
the appropriate optimization for production code will therefore be that the choice should be based on
a benchmark program for the specific problem.

7.3.2  Relative performance of the quadrature and tensor representations

As demonstrated in the previous section, a given type of optimization may be effective for one class of
forms, and be less effective for another class of forms. Similarly, differences can be observed between
the quadrature and tensor representations for different equations. A detailed study on this issue was
carried out in Jlgaard and Wells (2010). For convenience we reproduce here the main conclusions
along with Table 7.3, which has been reproduced from the paper. The results shown in this section
pertain to an elasticity-like bilinear form in two dimensions that is premultiplied by a number of
scalar coefficients f;:

a(u,v):/Q(fofl,...,fnf)Vsu:stdx, (7.7)

where 7 is the number of premultiplying coefficients. The test and trial functions are denoted by
v,u €V, with
Vi, = {v € [H (Q)2: v|r € [P, (T)2VT € 7} (7.8)

and the coefficient functions f; € W, with

Wh:{fEHl(Q):f|T€Pp(T)VT€T}, (7.9)
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ng = 1 ng= 2 ng= 3

flops q/t flops q/t flops q/t
p=1qg=1 888 0.34 3060 0.36 10224 0.11
p=1qg=2 3564 142 11400 1.01 35748 0.33
p=14g=3 10988 323 34904 1.82 100388 0.63
p=1qg=4 26232 5.77 82548 2.87 254304 0.93
p=24g=1 888 1.20 8220 031 54684  0.09
p=2q9=2 7176 1.59 41712 0.49 284232  0.11
p=24q9=3 22568 2.80 139472 0.71 856736 0.17
p=2,49=4 54300 436 337692 1.01 2058876 0.23
p=3qg=1 3044 0.36 30236 0.16 379964  0.02
p=349g=2 12488 092 126368 026 1370576 0.03
p=34g=3 36664 1.73 391552 0.37 4034704 0.05
p=3q9=4 92828  2.55 950012 0.49 9566012  0.06
p=4q=1 3660 0.68 73236 011 1275624 0.01
p=4,q9=2 17652  1.16 296712 0.16 4628460 0.02
p=4,9q=3 5780 171 903752 022 13716836 0.02
p=4,q9g=4 138984 246 2133972 029 32289984 0.03

Table 7.3: The number of operations and the ratio between number of operations for the two representations for
the elasticity-like tensor in two dimensions as a function of different polynomial orders and numbers of functions
(taken from Ulgaard and Wells (2010).

where g and p denote the polynomial order of the Lagrange basis functions. The number of coefficients
and the polynomial orders are varied and the number of flops needed to compute the local element
tensor is recorded for both tensor and quadrature representations. The results were obtained by
using the optimization options -f eliminate_zeros -f simplify_expressions for the quadrature
representation. In Table 7.3 the flops for the tensor representation is presented together with the
ratio given by the flops for quadrature representation divided by the flops for tensor representation,
denoted by q/t. In terms of flops, a ratio g/t > 1 indicates that the tensor representation is more
efficient while g/t < 1 indicates that the quadrature representation is more efficient. It was found
that when comparing the run-time performance of the two representations for this problem that the
number of flops is a good indicator of performance. However, as we have shown in the previous
section, the quadrature code with the lowest number of flops does not always perform best for a given
form. Furthermore, the run-time performance even depends on which g++ options are used. This
begs the question of whether or not it is possible to make a sound selection between representations
based only on an estimation of flops, as suggested in Jlgaard and Wells (2010).

Nevertheless, some general trends can still be read from the table. Increasing the number of
coefficient functions 7y in the form clearly works in favor of quadrature representation. For ny = 3
the quadrature representation can be expected to perform best for all values of g and p. Increasing the
polynomial order of the coefficients, p, also works in favor of quadrature representation although the
effect is less pronounced compared to the effect of increasing the number of coefficients. The tensor
representation appears to perform better when the polynomial order of the test and trial functions, g,
is increased although the effect is most pronounced when the number of coefficients is low.

7.4 Automatic selection of representation

We have illustrated how the run-time performance of the generated code for variational forms can be
improved by using various optimization options for the FFC and g++ compilers, and by changing



Chapter 7. Quadrature representation of finite element variational forms 155

the representation of the form. Choosing the combination of form representation and optimization
options that leads to optimal performance will inevitably require a benchmark study of the specific
problem. However, very often many variational forms of varying complexity are needed to solve
more complex problems. Setting up benchmarks for all of them is cumbersome and time consuming.
Additionally, during the model development stage run-time performance is of minor importance
compared to rapid prototyping of variational forms as long as the generated code performs reasonably
well.

The default behavior of FFC is, therefore, to automatically determine which form representation
should be used based on a measure for the cost of using the tensor representation. In short, the cost is
simply computed as the maximum value of the sum of the number of coefficients and derivatives
present in the monomials representing the form. If this cost is larger than a specified threshold,
currently set to three, the quadrature representation is selected. Recall from Table 7.3 that when
ny = 3 the flops for quadrature representation was significantly lower for virtually all the test cases.
Although this approach may seem ad hoc, it will work well for those situations where the difference
in run-time performance is significant. It is important to remember that the generated code is only
concerned with the evaluation of the local element tensor and that the time needed to insert the values
into a sparse matrix and to solve the system of equations will reduce any difference, particularly
for simple forms. Therefore, making a correct choice of representation is less important for forms
where the difference in run-time performance is small. A future improvement could be to devise a
strategy for also letting the system select the optimization strategy for the quadrature representation
automatically.






8 lensor representation of finite element
variational forms

By Robert C. Kirby and Anders Logg

In Chapter 6, we saw that an important step in the assembly of matrices and vectors for the
discretization of finite element variational problems is the evaluation of the cell (element) tensor At
defined by

T, T2 T1
Ari= ﬂT(<Pipp,-~-,<Pi2 i) (8.1)

Here, a7 is the local contribution to a multilinear form a : V, x --- x V, x Vi — R, i = (i1,1p,...,1p) is
a multi-index of length p, and {cka g }Z’: 1 is a basis for the local finite element space of V;, C V; on a
local cell T for j =1,2,...,p. In this chapter, we describe how the cell tensor At can be computed
efficiently by an approach referred to as tensor representation.

8.1 Tensor representation for Poisson’s equation

We first describe how one may express the cell tensor for Poisson’s equation as a special tensor
contraction and explain below how this may be generalized to other variational forms. For Poisson’s
equation, the cell tensor (matrix) At is defined by

A -—/w“- Tzdxf/ o9, %9, dx (8.2)
Ti— T i T ax,; a.’)Cﬁ ’ ’

Let Fr : T — T be an affine map from a reference cell T to the current cell T as illustrated in Figure 8.1.
Using this affine map, we make a change of variables to obtain

/ ax,x1 oy, Z Oy szz det F} dz. (8.3)
Tp= 1a¢ | 0xp 9%, ap= 1 9%p 0%,

Here, (/3{ = cpiT’j o Fr denotes the basis function on the reference cell T corresponding to the ba-

sis function (piT’/ on the current cell T. Since Fr is affine, the partial derivatives d%/dx and the
determinant det P’T are constant. We thus obtain

d d
1 = det Ff Z Z Z Oy, Oty [ 30y, 00 dt=Y Y A)GY, (8.4)

a1=1 =1 p=1 1 9xp 9xpg JT 0%y I%u, a=1ap=1
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x3 Figure 8.1: The (affine) map Fr from
areference cell Ttoacell T € 7,

x2
£ = (0,0) £ = (1,0)
where
A1 342
40 — op;, 9¢;, 4%
i T 0fay O%ny
& = detF} i AR -
T= T .
/5:1 axﬁ BXﬁ

We refer to the tensor A as the reference tensor and to the tensor Gr as the geometry tensor. We may
thus express the computation of the cell tensor At for Poisson’s equation as the tensor contraction

Ar = A" Gr. (8.6)

This tensor contraction may be computed efficiently by precomputing the entries of the reference
tensor AC. This is possible since the reference tensor is constant and does not depend on the cell T or
the mesh 7, = {T}. On each cell T € 7y, the cell tensor may thus be computed by first computing the
geometry tensor Gt and then contracting it with the precomputed reference tensor. In Chapter 11, we
describe the FEniCS Form Compiler (FFC) which precomputes the reference tensor A® at compile-time
and generates code for computing the tensor contraction.

For Poisson’s equation in two space dimensions, the tensor contraction involves contracting the
2 x 2 geometry tensor G with each corresponding block of the 3 x 3 x 2 x 2 reference tensor A°
to form the entries of the 3 x 3 cell tensor AT. Each of these entries may thus be computed in only
four multiply-add pairs (plus the cost of computing the geometry tensor). This brings a considerable
speedup compared to evaluation by run-time quadrature, in particular for higher-order elements. In
Chapter 9, we discuss how this may be improved further by examining the structure of the reference
tensor A” to find a reduced-arithmetic computation for the tensor contraction.
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a(u,v) = (u,0) rank
Ay = Jrdigrde Jia| =2
G} = detF; la] =0

Table 8.1: Tensor representation At = A” : Gt of the cell tensor At for the bilinear form associated with a mass
matrix.

a(w;u,v) = (w-Vu,v) rank
o7 1B] » 5 .

Ay = T Jrap Bleldlplde fia| =5

G} = wgldetl-}gizz la| =3

Table 8.2: Tensor representation Ay = A0 : Gy of the cell tensor At for the bilinear form associated with advection
w - Vu. It is assumed that the velocity field w may be interpolated into a local finite element space with expansion
coefficients w,{l. Note that w is a vector-valued function, the components of which are referenced by w|[f].

8.2 A representation theorem

In Kirby and Logg (2006), it was proved that the cell tensor for any affinely mapped monomial
multilinear form may be expressed as a sum of tensor contractions:

Ar =Y A% Gry. (8.7)
k

By a monomial multilinear form, we here mean a multilinear form that can be expressed as a sum of
monomials, where each monomial is a product of coefficients, trial/test functions and their derivatives.
This class covers all forms that may be expressed by addition, multiplication and differentiation. Early
versions of the form compiler FFC implemented a simple form language that was limited to these
three operations. This simple form language is now replaced by the new and more expressive UFL
form language. As a result, the tensor representation can only be a applied to a subset of the forms
that can be expressed in UFL. This is automatically checked by FFC; if tensor representation is not
applicable, then numerical quadrature is used.

The representation theorem was later extended to Piola-mapped elements in Rognes et al. (2009),
and in Qlgaard et al. (2008) it was demonstrated how the tensor representation may be computed for
discontinuous Galerkin methods.

The ranks of the reference and geometry tensors are determined by the multilinear form g4, in
particular by the number of coefficients and derivatives of the form. Since the rank of the cell tensor
Ar is equal to the arity p of the multilinear form 4, the rank of the reference tensor A? must be
lin| = p + |a|, where || is the rank of the geometry tensor. For Poisson’s equation, we have |ix| = 4
and |a| = 2. In Tables 8.1 and 8.2, we demonstrate how the tensor representation may be computed
for the bilinear forms a(u,v) = (u,v) (mass matrix) and a(w; u,v) = (w - Vu,v) (advection).

8.3 Extensions and limitations

The tensor contraction (8.7) assumes that the map Fr from the reference cell is affine, allowing
the transforms 0%/dx and the determinant det Fj to be pulled out of the integral. If the map is
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non-affine (sometimes called a “higher-order” map), one may expand it in the basis functions of
the corresponding finite element space and pull the coefficients outside the integral, as done for the
advection term from Table 8.2. Alternatively, one may evaluate the cell tensor by quadrature and
express the summation over quadrature points as a tensor contraction as explained in Kirby and Logg
(2006). As noted above, the tensor contraction readily extends to basis functions mapped by Piola
transforms.

One limitation of this approach is it requires each basis function on a cell T to be the image of a
single reference element basis function under an affine Piola transformation. While this covers a wide
range of commonly used elements, it does not include certain kinds of elements with derivative-based
degrees of freedom such as the Hermite and Argyris elements. Let Fr be the mapping of the reference
element function space to the function space over the cell T, such as the affine map or Piola transform.
Then the physical element basis functions can be expressed as linear combinations of the transformed
reference element basis functions:

¢ =Y Mr;; Fr (). (8.8)

j=i

The structure of this matrix Mt depends on the kinds of degrees freedom, and the values typically
vary for each cell T based on the cell geometry. Frequently, the matrix Mr is sparse. Given Mr, the
tensor-contraction framework may be extended to handle these more general elements. As before,
one may compute the reference tensor A? by mapping the reference element basis functions. But in
addition, the tensor contraction A” : Gy must be corrected by acting on it with the matrix M. This is
currently not implemented in the form compiler FFC and thus FEniCS does not support Hermite and
Argyris elements.

For many simple variational forms, such as those for Poisson’s equation, the mass matrix and
the advection term discussed above, the tensor contraction (8.7) leads to significant speedups over
numerical quadrature, sometimes as much as several orders of magnitude. However, as the complexity
of a form increases, the relative efficiency of quadrature also increases. In simple terms, the complexity
of a form can be measured as the number of derivatives and the number of coefficients appearing
in a form. For each derivative and coefficient, the rank of the reference tensor A° increases by one.
Thus, for Poisson’s equation, the rank is 2 + 2 = 4 since the form has two derivatives and for the
mass matrix, the rank is 2 + 0 since there are neither derivatives nor coefficients. For the advection
term, the rank is 2 + 2 + 1 = 5 since the form has one derivative, one coefficient, and also an inner
product w - V. Since the size of the reference tensor A grows exponentially with its rank, the tensor
contraction may become very costly for forms of high complexity. In these cases, quadrature is more
efficient. Quadrature may sometimes also be the only available option as the tensor contraction is not
directly applicable to forms that are not expressed as simple sums of products of coefficients, trial/test
functions and their derivatives. For this reason, it is important to be able to choose between both
approaches; tensor representation may sometimes be the most efficient approach whereas in other
cases quadrature is more efficient or even the only possible alternative. Such trade-offs are discussed
in Chapter 7 and Chapter 12.



9 Discrete optimization of finite element
matrix evaluation

By Robert C. Kirby, Matthew Gregg Knepley, Anders Logg, L. Ridgway Scott and
Andy R. Terrel

The tensor contraction structure for the computation of the element tensor At obtained in Chapter §,
enables not only the construction of a compiler for variational forms, but an optimizing compiler. For
typical variational forms, the reference tensor A® has significant structure that allows the element
tensor At to be computed on an arbitrary cell T at a lower computational cost. Reducing the number of
operations by making use of this structure, leads naturally to several problems in discrete mathematics.
This chapter introduces some of the optimizations that are possible, and discusses compile-time
combinatorial optimization problems that form the core of the FErari project (Kirby et al., 2006; Kirby
and Scott, 2007; Kirby and Logg, 2008), which is the subject of Chapter 12.

We consider two basic kinds of optimizations in this chapter. First, we consider relations between
pairs of rows in the reference tensor. This naturally leads to a graph that models proximity among
these pairs. If two rows are “close” together, then one may reuse results computed with the first row
to compute a desired quantity with the second. The proximity of two such rows is computed using
a Hamming distance and linearity relations. This approach gives rise to a weighted graph that is
(almost) a metric space, so we designate such optimizations as “topological”. Second, we consider
relations between more than two rows of the reference tensor. Such relations typically rely on sets
of rows, considered as vectors in Euclidean space. Because we are using planes and hyperplanes to
reduce the amount of computation, we describe these optimizations as “geometric”. For comparison,
we briefly discuss optimizations using more traditional optimized dense linear algebra packages.

9.1 Optimization framework

The tensor paradigm developed in Chapter 8 arrives at the representation

Ar;= Y AVG} Viel, (9.1)
ac A
or simply
Ar=A": Gr, 9.2)

where 7 is the set of admissible multi-indices for the element tensor At and A is the set of admissible
multi-indices for the geometry tensor Gr. The reference tensor A? can be computed at compile-time,
and may then be contracted with a Gt to obtain the element tensor At for each cell T in the finite
element mesh at run-time. The case of computing local finite element stiffness matrices of size nt x nr
corresponds to Z consisting of |Z| = n% multi-indices of length two, where n7 is the dimension of the
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local finite element space on T.

It is convenient to recast (9.2) in terms of a matrix—vector product:
AY: G Al (9.3)

Here, the matrix A° lies in RIZI*I4l, and the vector g1 lies in RMI. The resulting matrix-vector product
can then be reshaped into the element tensor Ar. As this computation must occur for each cell T in a
finite element mesh, it makes sense to try to make this operation as efficient as possible.

In the following, we will drop the subscripts and superscripts of (9.3) and consider the problem of
computing a general matrix—vector product

y = Ax, 9.4)

where A = A is a constant matrix known a priori, and x = g7 is an arbitrary vector. We will study
structure of A that allows for a reduction in the number of arithmetic operations required to form
these products. With this structure, we are able to produce a routine that computes the action of
the system in less operations than would be performed using general sparse or dense linear algebra
routines.

Before proceeding with the mathematical formulation, we give an example of a matrix A that we
would like to optimize. In (9.5), we display the reference tensor A for computing a standard stiffness
matrix discretizing a two-dimensional Laplacian with quadratic Lagrange elements on triangles.
The rank four tensor is depicted here as a 6 x 6 matrix of 2 x 2 matrices. Full analysis would use a
corresponding flattened 36 x 4 matrix A.

3 0/0 -1 1 1|-4 —4]0 4]0 o0
o olo olo oo o]0 o]0 0O
0 0/0 0]0O 00O O0]O0O O0]O0 O
1 0/0 3|1 1/0 0|4 0/|-4 -4
1 0/0 1|3 3|4 00 0|0 —4
0 1 0/0 13 3|-4 0|0 0|0 -4
A=|l—00 01-2 a8 10 -4 0 1 (9.5)
4 0/0 0|0 0|4 8|-4 -84 0
0 0/0 4,10 0|0 4|8 4| -8 4
4 0/lo0 olo o0|-4 -8/ 4 8|-4 0
0 0/]0 4]0 0|0 4|8 —4]8 4
0 0(0 —4| -4 —4| 4 0/|-4 0|4 8

9.2 Topological optimization

It is possible to apply the matrix A, corresponding to the reference tensor A? depicted in (9.5), to
an arbitrary vector x in fewer operations than the 144 multiply-add pairs required by a standard
matrix—vector multiplication. This requires offline analysis of A and special-purpose code generation
that applies the particular A to a generic x. For A € RM*N et {a'}", C RN denote the rows of
A. The vector y = Ax may then be computed by M dot products of the form y; = a’x. Below, we
investigate relationships among the rows of A to find an optimized computation of the matrix—vector
product.

For the purpose of illustration, we consider the following subset of (9.5), which would only cost 40
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multiply-add pairs but contains all the relations we use to optimize the larger version:

1 0
a“ A(l),?) 1 1 0 0
o A%"‘ 4 4 0 0
a’ = Ay, 0 0 1 1
a: o A%B 3 3 3 3
B A 0 4 4 0
_ 4,6 _
A= o A9, 8 4 4 8 ©.6)
aZ TN A%’S 0 -4 —4 -8
a9 — A8’6 -8 —4 —4 0
@ o A 0 0 0 0
a0 A26 8§ 4 4 8

Inspection of (9.6) shows that a’ is zero; therefore, it does not need to be multiplied by the entries of x.
In particular, if z entries of a' are zero, then the dot product a'x requires N — z multiply—-add pairs
rather than N.

If a' = a/ for some i # j, as seen in the sixth and tenth rows of A, then it follows that y; = yj, and
only one dot product needs to be performed instead of two. A similar case is where aa’ = a/ for some
number g, as in the first and second rows of A. This means that after y; has been computed, y; = ay;
may be computed with a single multiplication.

In addition to equality and collinearity discussed above, one may also consider other relations
between the rows of A. Further inspection of A in (9.6) reveals rows that have some entries in common
but are neither equal nor collinear. Such rows have a small Hamming distance; that is, the number of
entries in which the two rows differ is small. This occurs frequently, as seen in, for example, rows five
and six . We can write a/ = a’ + (a/ — a'), where @/ — a’ has dyy < N nonzero entries and where dy; is
the Hamming distance between a' and /. Once y; has been computed, one may thus compute yjas

yi=yi+ (af - ai) X, 9.7)

which requires only dy additional multiply—add pairs. If dj is small compared to N, the savings are
considerable.

In Wolf and Heath (2009), these binary relations are extended to include the partial collinearity of
two vectors. For example, the sixth and seventh rows have parts that are collinear, namely a5, = —aj ,.
This allows y; to be computed via:

- j
Yi= “(y i~y i,nonmatching) + anonmatching X, 9.8)

where the subscript indicates non-matching portions of the vectors padded with zeroes. Such
relationships reduce the computation of y; to the subtraction of the non-matching contributions, a
scaling of the result computed with y/, and then an additional multiplication with the non-matching
entries in a/.

All of these examples of structure relate to either a single row of A or a pair of rows of A. Such
binary relations between pairs of rows are amenable to the formulation of graph-theoretic structures,
as is developed in Section 9.3. Higher-order relations also occur between the rows of A. For example,
the first and third rows may be added and scaled to make the fourth row. In this case, once a'x and
a3x are known, the results may be used to compute a*x using one addition and one multiplication,
compared to four multiplications and three additions for direct evaluation of the dot product a*x.
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Figure 9.1: Minimum spanning tree

- - - T. (forest) for the vectors in (9.6). The

4 3 dashed edges represent edges that

do not reduce the number of oper-

@ ations (relative to N — z) and thus
disconnect the graph.

9.3 A graph problem

If we restrict consideration to binary relations between the rows of A, we are led naturally to a
weighted, undirected graph whose vertices are the rows a’ of A. An edge between a' and @/ with
weight d indicates that if a’x is known, then that result may be used to compute a/x with d multiply-
add pairs. In practice, such edges also need to be labeled with information indicating the kind of
relationship such as equality, collinearity or a low Hamming distance.

To find the optimal computation through the graph, we use Prim’s algorithm (Prim, 1957) for
computing a minimum-spanning tree. A minimum spanning tree is a tree that connects all the vertices
of the graph and has minimum total edge weight. In Kirby et al. (2006), it is demonstrated that, under
a given set of relationships between rows, a minimum spanning tree in fact encodes an algorithm that
optimally reduces the number of arithmetic operations required. This discussion assumes that the
initial graph is connected. In principle, every a' is no more than a distance of N away from any /. In
practice, however, only edges with d < N — z are included in a graph since N is the cost of computing
y; without reference to y;. This often makes the graph unconnected and thus one must construct a
minimum spanning forest instead of a tree (a set of disjoint trees that together touch all the vertices of
the graph). An example of a minimum spanning tree using the binary relations is shown in Figure 9.1.

Such a forest may then be used to determine an efficient algorithm for evaluating Ax as follows.
Start with some a' and compute y' = a'x directly in at most N multiply-add pairs. The number of
multiply-add pairs may be less than N if one or more entries of a' are zero. Then, if a/ is a nearest
neighbor of a' in the forest, use the relationship between a/ and a’ to compute i = a/x. After this,
take a nearest neighbor of 4/, and continue until all the entries of y have been computed.

Additional improvements may be obtained by recognizing that the input tensor Gr < x is
symmetric for certain operators like the Laplacian. In two spatial dimensions, Gt for the Laplacian is
2 x 2 with only 3 unique entries, and in three spatial dimensions it is 3 x 3 with only 6 unique entries.
This fact may be used to construct a modified reference tensor A” with fewer columns. For other
operators, it might have symmetry along some but not all of the axes.

Heath and Wolf proposed a slight variation on this algorithm. Rather than picking an arbitrary
starting row a’, they enrich the graph with an extra vertex labeled IP for “inner product.” Each a' is
a distance N — z from IP, where z is the number of vanishing entries in a’. The IP vertex is always
selected as the root of the minimum spanning tree. It allows for a more robust treatment of unary
relations such as sparsity, and detection of partial collinearity relations.

9.4 Geometric optimization

When relations between more than two rows are considered, the optimization problem may no longer
be phrased in terms of a graph, but requires some other structure. In these cases, proving that one has
found an optimal solution is typically difficult, and it is suspected that the associated combinatorial
problems are NP-hard.

As a first attempt, one can work purely from linear dependencies among the data as follows. Let
B = {b'}; C {a'}}, be a maximal set of nonzero rows of A, such that no two rows are collinear. Then



Chapter 9. Discrete optimization of finite element matrix evaluation 165
Figure 9.2: Generating graph for the
vectors in (9.6). @ @ @

enumerate all triples which are linearly dependent,
S — {{bf, bf',bk} C B:3ay, a0, a3 £ 0: a1’ + asbl + azbk = o} . 9.9)

The idea is now to identify some subset C of B that may be used to recursively construct the rest of
the rows in B using the relationships in S.

Given some C C B, we may define the closure of C, denoted by C, as follows. First of all, if b € C,
then b € C. Second, if b € B and there exist ¢,d € C such that {b,c,d} € S, then b € C as well. If
C = B, we say that C is a generator for B or that C generates B.

The recursive definition suggests a greedy process for constructing the closure of any set C. Each
vector in B is put in a priority queue with an initial value of the cost to compute independent of
other vectors. While C # B, a vector from B\C with the minimum cost to compute is added to C
and the priorities of B are updated according to S. This process constructs a directed, acyclic graph
that indicates the linear dependence being used. Each b € C will have no out-neighbors, while each
b € C\C will point to two other members of C. This graph is called a generating graph. Using (9.6), we
have the following sets B, S, and C, with the generating graph shown in Figure 9.2:

B = {ay,a3,a4,a5,a6,a7,a8}
S = {(ﬂ],ﬂ?,, a4)/ (ﬂ4, as, ll6), (a4/ ayz, HS)} (910)
C = {azayas5 a7}

If C generates B, then the generating graph indicates an optimized (but perhaps not optimal)
process for computing {y’ = bix};. Take a topological ordering of the vectors b’ according to this
graph. Then, for each b’ in the topological ordering, if b’ has no out-neighbors, then bix is computed
explicitly. Otherwise, b’ will point to two other vectors b/ and b¥ for which the dot products with x
will already be known. Since the generating graph has been built from the set of linearly dependent
triples S, there must exist some B, B such that b’ = b/ + B,b*. We may thus compute ' by

y = bix = Bibix + Bobx, (9.11)

which requires only two multiply—add pairs instead of N.

To make best use of the linear dependence information, one would like to find a generator C that
has as few members as possible. We say that a generator C is minimal for B if no C' C C also generates
B. A stronger requirement is for a generator to be minimum. A generator C is minimum if no other
generator C’ has lower cardinality. More complete details and heuristics for constructing minimal
generators are considered in Kirby and Scott (2007); it is not currently known whether such heuristics
construct minimum generators or how hard the problem of finding minimum generators is.

Given a minimal generator C for B, one may consider searching for higher order linear relations
among the elements of C, such as sets of four items that have a three-dimensional span. The discussion
of generating graphs and their utilization is the same in this case.

In Wolf and Heath (2009), a combination of the binary and higher-order relations between the rows
of A in a hypergraph model is studied. While greedy algorithms provide optimal solutions for a graph
model, it is demonstrated that the obvious generalizations to hypergraphs can be suboptimal. While
the hypergraph problems are most likely very hard, heuristics perform well and provide additional
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triangles
degree M N MN MAPs
1 6 3 18 9

2 21 3 63 17
3 55 3 165 46

tetrahedra
degree M N MN MAPs
1 10 6 60 27

2 55 6 330 101
3 210 6 1260 370

Table 9.1: Number of multiply—add pairs for graph-optimized Laplace operator (MAPS) compared to the basic
number of multiply—add pairs (MN).

degree topological geometric

2 101 105
3 370 327
4 1118 1072

Table 9.2: Comparison of topological and geometric optimizations for the Laplace operator on tetrahedra using
polynomial degrees two through four. In each case, the final number of MAPs for the optimized algorithm is
reported. The case ¢ = 1 is not reported since then both strategies yield the same number of operations.

optimizations beyond the graph models. So, even if a non-optimal solution is found, it still provides
an improved reduction in arithmetic requirements.

In Table 9.2, topological and geometric optimization are compared for the Laplacian using
quadratic through quartic polynomials on tetrahedra. In the geometric case, the vectors a’ were
filtered for unique direction; that is, only one vector for each class of collinear vectors was retained.
Then, a generating graph was constructed for the remaining vectors using pairwise linear dependence.
The generator for this set was then searched for linear dependence among sets of four vectors, and a
generating graph constructed. Perhaps surprisingly, the geometric optimization found flop reductions
comparable to or better than graph-based binary relations. These are shown in Table 9.2.

9.5 Optimization by dense linear algebra

As an alternative to optimizations that try to find a reduced arithmetic for computing the element
tensor At, one may consider computing the element tensor by efficient dense linear algebra. As above,
we note that the entries of the element tensor At may be computed by the matrix—vector product
A7, Although zeros may appear in A?, this is typically a dense matrix and so the matrix-vector
product may be computed efficiently with Level 2 BLAS, in particular using a call to dgemv. There exist
a number of optimized implementations of BLAS, including hand-optimized vendor implementations,
empirically and automatically tuned libraries (Whaley et al., 2001) and formal methods for automatic
derivation of algorithms (Bientinesi et al., 2005).

The computation of the element tensor At may be optimized further by recognizing that one may
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compute the element tensors for a batch of elements {T;}; C 7 in one matrix-matrix multiplication:
AOng AOgTz o } = A° [ng g, ] : (©12)

This matrix-matrix product may be computed efficiently using a single Level 3 BLAS call (dgemm)
instead of a sequence of Level 2 BLAS calls, and typically leads to better floating-point performance.

9.6  Notes on implementation

A subset of the optimizations discussed in this chapter are available as part of the FErari Python
module. FErari (0.2.0) implements optimization based on finding binary relations between the entries
of the element tensor. With optimizations turned on, FFC calls FErari at compile-time to generate
optimized code. Optimization for FFC can be turned on either by the -0 parameter when FFC
is called from the command-line, or by setting parameters["form_compiler"]["optimize"] = True
when FFC is called as a just-in-time compiler from the DOLFIN Python interface. Note that the FErari
optimizations are only used when FFC generates code based on the tensor representation described
in Chapter 8. When FFC generates code based on quadrature, optimization is handled differently,
as described in Chapter 7. Improved run-times for several problems are detailed in Kirby and Logg
(2008).
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10 DOLFIN: a C++/Python finite element library

By Anders Logg, Garth N. Wells and Johan Hake

DOLFIN is a C++/Python library that functions as the main user interface of FEniCS. In this
chapter, we review the functionality of DOLFIN. We also discuss the implementation of some key
features of DOLFIN in detail. For a general discussion on the design and implementation of DOLFIN,
we refer to Logg and Wells (2010).

10.1 Owverview

A large part of the functionality of FEniCS is implemented as part of DOLFIN. It provides a problem
solving environment for models based on partial differential equations and implements core parts
of the functionality of FEniCS, including data structures and algorithms for computational meshes
and finite element assembly. To provide a simple and consistent user interface, DOLFIN wraps the
functionality of other FEniCS components and external software, and handles the communication
between these components.

Figure 10.1 presents an overview of the relationships between the components of FEniCS and
external software. The software map presented in the figure shows a user application implemented on
top of the DOLFIN user interface, either in C++ or in Python. User applications may also be developed
using FEniCS Apps, a collection of solvers implemented on top of FEniCS/DOLFIN. DOLFIN itself
functions as both a user interface and a core component of FEniCS. All communication between a user
program, other core components of FEniCS and external software is routed through wrapper layers
that are implemented as part of the DOLFIN user interface. In particular, variational forms expressed
in the UFL form language (Chapter 17) are passed to the form compiler FFC (Chapter 11) or SFC
(Chapter 15) to generate UFC code (Chapter 16), which can then be used by DOLFIN to assemble
linear systems. In the case of FFC, this code generation depends on the finite element backend FIAT
(Chapter 13), the just-in-time compilation utility Instant (Chapter 14) and the optional optimizing
backend FErari (Chapter 12). Finally, the plotting capabilities provided by DOLFIN are implemented
by Viper. Some of this communication is exposed to users of the DOLFIN C++ interface, which
requires a user to explicitly generate UFC code from a UFL form file by calling a form compiler on
the command-line.

DOLFIN also relies on external software for important functionality such as the linear algebra
libraries PETSc, Trilinos, uBLAS and MTL4, and the mesh partitioning libraries ParMETIS and
SCOTCH (Pellegrini).

10.2  User interfaces

DOLFIN provides two user interfaces. One interface is implemented as a traditional C++ library, and
another interface is implemented as a standard Python module. The two interfaces are near-identical,
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but in some cases particular language features of either C++ or Python require variations in the
interfaces. In particular, the Python interface adds an additional level of automation by employing
run-time (just-in-time) code generation. Below, we comment on the design and implementation of the
two user interfaces of DOLFIN.

10.2.1 C++ interface

The DOLFIN C++ interface is designed as a standard object-oriented C++ library. It provides classes
such as Matrix, Vector, Mesh, FiniteElement, FunctionSpace and Function, which model important
concepts for finite element computing (see Figure 10.2). It also provides a small number of free
functions (a function that is not a member function of a class), most notably assemble and solve,
which can be used in conjunction with DOLFIN class objects to implement finite element solvers. The
interface is designed to be as simple as possible, and without compromising on generality. When
external software is wrapped, a simple and consistent user interface is provided to allow the rapid
development of solvers without needing to deal with differences in the interfaces of external libraries.
However, DOLFIN has been designed to interact flexibly with external software. In particular, in cases
where DOLFIN provides wrappers for external libraries, such as the Matrix and Vector classes which
wrap data structures from linear algebra libraries like PETSc and Trilinos, advanced users may, if
necessary, access the underlying data structures in order to use native functionality from the wrapped
external libraries.

To solve partial differential equations using the DOLFIN C++ interface, users must express finite
element variational problems in the UFL form language. This is accomplished by entering the forms
into separate .ufl files and compiling those files using a form compiler to generate UFC-compliant
C++ code. The generated code may then be included in a DOLFIN C++ program. We return to this
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issue in Section 10.3.

To use DOLFIN from C++, users need to include one or more header files from the DOLFIN C++

library. In the simplest case, one includes the header file dolfin.h, which in turn includes all other
DOLFIN header files:

C++ code
#include <dolfin.h>

using namespace dolfin;

int main()

{

return 0;

}

10.2.2  Python interface

Over the last decade, Python has emerged as an attractive choice for the rapid development of
simulation codes for scientific computing. Python brings the benefits of a high-level scripting language,
the strength of an object-oriented language and a wealth of libraries for numerical computation.

The bulk of the DOLFIN Python interface is automatically generated from the C++ interface
using SWIG (Beazley, 1996; SWIG). Since the functionality of both the C++ and Python interfaces are
implemented as part of the DOLFIN C++ library, DOLFIN is equally efficient via the C++ and Python
interfaces for most operations.

The DOLFIN Python interface offers some functionality that is not available from the C++ interface.
In particular, the UFL form language is seamlessly integrated into the Python interface and code
generation is automatically handled at run-time. To use DOLFIN from Python, users need to import
functionality from the DOLFIN Python module. In the simplest case, one includes all functionality
from the Python module named dolfin:
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Python code

from dolfin import =

10.3  Functionality

DOLFIN is organized as a collection of libraries (modules), with each covering a certain area of
functionality. We review here these areas and explain the purpose and usage of the most commonly
used classes and functions. The review is bottom-up; that is, we start by describing the core low-level
functionality of DOLFIN (linear algebra and meshes) and then move upwards to describe higher level
functionality. For further details, we refer to the DOLFIN Programmer’s Reference on the FEniCS
Project web page and to Logg and Wells (2010).

10.3.1 Linear algebra

DOLFIN provides a range of linear algebra objects and functionality, including vectors, dense and
sparse matrices, direct and iterative linear solvers and eigenvalues solvers, and does so via a simple and
consistent interface. For the bulk of underlying functionality, DOLFIN relies on third-party libraries
such as PETSc and Trilinos. DOLFIN defines the abstract base classes GenericTensor, GenericMatrix
and GenericVector, and these are used extensively throughout the library. Implementations of these
generic interfaces for a number of backends are provided in DOLFIN, thereby achieving a common
interface for different backends. Users can also wrap other linear algebra backends by implementing
the generic interfaces.

Matrices and vectors. The simplest way to create matrices and vectors is via the classes Matrix and
Vector. In general, Matrix and Vector represent distributed linear algebra objects that may be stored
across (MPI) processes when running in parallel. Consistent with the most common usage in a finite
element library, a Vector uses dense storage and a Matrix uses sparse storage. A Vector can be
created as follows:

C++ code

Vector x;

Python code

x = Vector()

and a matrix can be created by:

C++ code
Matrix A;

Python code
A = Matrix()

In most applications, a user may need to create a matrix or a vector, but most operations on the linear
algebra objects, including resizing, will take place inside the library and a user will not have to operate
on the objects directly.

The following code illustrates how to create a vector of size 100:
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C++ code
Vector x(100);

Python code
x = Vector(100)

A number of backends support distributed linear algebra for parallel computation, in which case the
vector x will have global size 100, and DOLFIN will partition the vector across processes in (near)
equal-sized portions.

Creating a Matrix of a given size is more involved as the matrix is sparse and in general needs
to be initialized (data structures allocated) based on the structure of the sparse matrix (its sparsity
pattern). Initialization of sparse matrices is handled by DOLFIN when required.

While DOLFIN supports distributed linear algebra objects for parallel computation, it is rare that
a user is exposed to details at the level of parallel data layouts. The distribution of objects across
processes is handled automatically by the library.

Solving linear systems. The simplest approach to solving the linear system Ax = b is to use
C++ code
solve(A, x, b);
Python code

solve(A, x, b)

DOLFIN will use a default method to solve the system of equations. Optional arguments may be
given to specify which algorithm to use when solving the linear system and, in the case of an iterative
method, which preconditioner to use:

C++ code

o

solve(A, X,
solve(A, X,

Uty
, "gmres", "ilu");

o

Python code

solve(A, x, b, "lu");
solve(A, x, b, "gmres", "ilu")

Which methods and preconditioners that are available depends on which linear algebra backend
DOLFIN has been configured with. To list the available solver methods and preconditioners, the
following commands may be used:

C++ code

list_lu_solver_methods();
list_krylov_solver_methods();
list_krylov_solver_preconditioners();

Python code
list_lu_solver_methods()
list_krylov_solver_methods()
list_krylov_solver_preconditioners()
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Using the function solve is straightforward, but it offers little control over details of the solution
process. For many applications, it is desirable to exercise a degree of control over the solution process
and reuse solver objects throughout a simulation.

The linear system Ax = b can be solved using LU decomposition (a direct method) as follows:

C++ code

LUSolver solver(A);
solver.solve(x, b);

Python code

solver = LUSolver(A)
solver.solve(x, b)

Alternatively, the operator A associated with the linear solver can be set post-construction:

C++ code

LUSolver solver;
solver.set_operator(A);
solver.solve(x, b);

Python code

solver = LUSolver()
solver.set_operator(A)
solver.solve(x, b)

This can be useful when passing a linear solver via a function interface and setting the operator inside
a function.

In some cases, the system Ax = b may be solved a number of times for a given matrix A and
different vectors b, or for different A but with the same nonzero structure. If the nonzero structure of
A does not change, then some efficiency gains for repeated solves can be achieved by informing the
LU solver of this fact:

C++ code

solver.parameters["same_nonzero_pattern"] = true;

Python code

solver.parameters["same_nonzero_pattern"] = True

In the case that A does not change, the solution time for subsequent solves can be reduced dramatically
by re-using the LU factorization of A. Re-use of the factorization is controlled by the parameter
"reuse_factorization".

It is possible for some backends to prescribe the specific LU solver to be used. This depends on
the backend, which solvers that have been configured by DOLFIN and how third-party linear algebra
backends have been configured.

The system of equations Ax = b can be solved using a preconditioned Krylov solver by:

C++ code

KrylovSolver solver(A);
solver.solve(x, b);
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Python code

solver = KrylovSolver(A)
solver.solve(x, b)

The above will use a default preconditioner and solver, and default parameters. If a KrylovSolver is
constructed without a matrix operator A, the operator can be set post-construction:

C++ code

KrylovSolver solver;
solver.set_operator(A);
solver.solve(x, b);

Python code

solver = KrylovSolver()
solver.set_operator(A)
solver.solve(x, b)

In some cases, it may be useful to use a preconditioner matrix P that differs from A:

C++ code

KrylovSolver solver;
solver.set_operators(A, P);
solver.solve(x, b);

Python code

solver = KrylovSolver()
solver.set_operators(A, P)
solver.solve(x, b)

Various parameters for Krylov solvers can be set. Some common parameters are:

Python code

solver = KrylovSolver()

solver.parameters["relative tolerance"] = 1.0e-6
solver.parameters["absolute_tolerance"] = 1.0e-15
solver.parameters["divergence_limit"] = 1.0e4
solver.parameters["maximum_iterations"] = 10000
solver.parameters["error_on_nonconvergence"] = True
solver.parameters["nonzero_initial_guess"] = False

The parameters may be set similarly from C++. Printing a summary of the convergence of a
KrylovSolver and printing details of the convergence history can be controlled via parameters:

C++ code
KrylovSolver solver;
solver.parameters["report"] = true;
solver.parameters["monitor_convergence"] = true;

Python code

solver = KrylovSolver()
solver.parameters["report"] = True
solver.parameters["monitor_convergence"] = True

The specific Krylov solver and preconditioner to be used can be set at construction of a solver object.
The simplest approach is to set the Krylov method and the preconditioner via string descriptions. For
example:
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C++ code

KrylovSolver solver("gmres", "ilu");

Python code

solver = KrylovSolver("gmres", "ilu")

The above specifies the Generalized Minimum Residual (GMRES) method as a solver, and incomplete
LU (ILU) preconditioning.

When backends such as PETSc and Trilinos are configured, a wide range of Krylov methods and
preconditioners can be applied, and a large number of solver and preconditioner parameters can be
set. In addition to what is described here, DOLFIN provides more advanced interfaces which permit
finer control of the solution process. It is also possible for users to provide their own preconditioners.

Solving eigenvalue problems. DOLFIN uses the library SLEPc, which builds on PETSc, to solve eigen-
value problems. The SLEPc interface works only with PETSc-based linear algebra objects. Therefore,
it is necessary to use PETSc-based objects, or to set the default linear algebra backend to PETSc and
downcast objects (as explained in the next section). The following code illustrates the solution of the
eigenvalue problem Ax = Ax:

C++ code

// Create matrix
PETScMatrix A;

// Code omitted for setting the entries of A

// Create eigensolver
SLEPcEigenSolver eigensolver(A);

// Compute all eigenvalues of A
eigensolver.solve();

// Get first eigenpair

double lambda_real, lambda_complex;

PETScVector x_real, x_complex;

eigensolver.get_eigenpair(lambda_real, lambda_complex, x_real, x_complex, 0);

Python code

# Create matrix
A = PETScMatrix()

# Code omitted for setting the entries of A

# Create eigensolver
eigensolver = SLEPcEigenSolver(A)

# Compute all eigenvalues of A
eigensolver.solve()

# Get first eigenpair
lambda_r, lambda_c, x_real, x_complex = eigensolver.get_eigenpair(0)

The real and complex components of the eigenvalue are returned in lambda_real and lambda_complex,
respectively, and the real and complex components of the eigenvector are returned in x_real and
x_complex, respectively.
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To create a solver for the generalized eigenvalue problem Ax = AMzx, the eigensolver can be
constructed using A and M:

C++ code

PETScMatrix A;
PETScMatrix M;

// Code omitted for setting the entries of A and M

SLEPcEigenSolver eigensolver(A, M);

Python code

A
M

PETScMatrix()
PETScMatrix()

# Code omitted for setting the entries of A and M

eigensolver = SLEPcEigenSolver(A, M)

There are many options that a user can set via the parameter system to control the eigenvalue problem
solution process. To print a list of available parameters, call info(eigensolver.parameters, true)
and info(eigensolver.parameters, True) from C++ and Python, respectively.

Selecting a linear algebra backend. The Matrix, Vector, LUSolver and KrylovSolver objects are all
based on a specific linear algebra backend. The default backend depends on which backends are en-
abled when DOLFIN is configured. The backend can be set via the global parameter
"linear_algebra_backend". To use PETSc as the linear algebra backend:

C++ code

parameters["linear_algebra_backend"] = "PETSc";

Python code

parameters["linear_algebra_backend"] = "PETSc"

This parameter should be set before creating linear algebra objects. To use Epetra from the Trilinos
collection, the parameter "linear_algebra_backend" should be set to "Epetra". For uBLAS, the
parameter should be set to "uBLAS" and for MTL4, the parameter should be set to "MTL4".

Users can explicitly create linear algebra objects that use a particular backend. Generally, such
objects are prefi