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ABSTRACT. We present known formulas for distance correlation and distance variance
specifically for binary vectors. We derive that the distance correlation reduces to
the absolute value of the Pearson correlation or the Matthews correlation coefficient
(MCC) in the case of two binary vectors. We also derive a formula to compute the
distance correlation quickly in the case of one binary vector. Our motivation is to
enable fast computational algorithms when working with binary vectors. These notes
accompany the Rust project dist_corr (https://github.com/mg-gebert/dist_corr) where
fast algorithms for binary vectors are implemented. Some timing benchmarks are also
added.

1. Preliminaries

The primary motivation for studying quantities such as distance correlation is to
find a computationally convenient test for determining whether two vectors originate
from independent probability distributions. In probability theory courses, discussions of
independence criterions often begin with the characteristic function of a random variable.
This is the Fourier transform of a random variable X, i.e. for t € R

px(t) = E[e"] (1)

and also the starting point here. The main relationship with independence of two random
variables X,Y on the same probability space is the following

X,Y independent <= Vs,t € R: oxy(s,t) = px(t)py(s). (2)
Integrating the right hand side we see that
X,Y independent <= /dt/ ds|ox.y(s,t) — ox(t)py(s)|Pw(t,s) =0  (3)
R JR

for any appropriate weight function w > 0 ensuring finiteness of the above integral. The

idea in [ ] is to use the weight function
1

t,8) = ——. 4

olt.5) = T3 ()

The reason for this choice is simple and very clever as its Fourier transform is

a1
dte ™ — = —2|z|. 5
[t g = <2l )

By replacing E with the sample average, all of the previous results apply to vectors of
samples as well. Hence, given two non-constant vectors v, w € R"™ we define the sample
1
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characteristic functions

n n

1 isvs —itw, 1 itos
Gow(t,s) == - Ze 80j =W and @, (t) = - Ze itv; (6)

i=1 =1
Then a computation using (5) shows that

/dt/ s e 4t232(t) ) ZZAUBM (7)

=1 j=1

where for i,j =1,..,n
1 n
Aij:’Ui_vj|_52‘vz_vj|_*2|vl vl + QZZ|U1 (8)
=1 i=1 j=1
and B;; is defined similarly using w.

Recalling (3), we have now identified a quantity that allows us to infer independence.
This leads to the following definition of distance covariance and distance correlation.

DEFINITION 1.1 (Distance correlation). Let v,w € R™ be two non-constant vectors.
The distance covariance is defined by

dOO'U2 U w 2 Z ZA’L]BZ] (9)

=1 j=1
and the distance correlation by

dCov(v, w)

dC =
orr(v, w) dCov(v,v)Y/2dCov(w, w)/?

(10)

where A;j and B;; are defined in (8) and dCov is the non-negative square root of dCov*.

REMARK 1.1. From the derivation of (9) and (10) one sees that

(i) 0 < dCorr(v,w) < 1.
(ii) dCorr(v,w) =0 <= v, w independent.
(iii) dCorr(v,w) =1 <= Ja,beR:v=aw+0b, i.e. v,w linearly dependent.

So far, we have defined the distance correlation for two vectors in R"™, meaning
vectors of one-dimensional samples. However, distance correlation can also be applied
to vectors of higher-dimensional samples by using the Euclidean norm in place of the
absolute value in equation (8).

There are various ways to represent the distance covariance. While the formulation
(8) in terms of means and grand means of distance matrices is common, it may not
always be the most convenient. For instance, it can also be expressed as the trace of a
product of appropriate matrices.

REMARK 1.2. Let v,w € R" be two non-constant vectors and D,, := (|v; —vj|)i; and
Dy, = (Jwi—wj|); ; be the corresponding distance matrices. Let o = (1/\/n, ..., 1/y/n)T
R™ then one can rewrite A defined in (7) according to

A =Dy — |p)(Dyo| — [Dup){p| + ) (¢l{p; Duip) (11)
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and B along the same lines in terms of D,,. Using this, we obtain

1
dCov* (v, w) = — Tr(P*D,P+D,,P")
n

1 2
= ﬁ T’I"(DUDw) —

n? 1 (0, Do) (@, Dwp).  (12)

<DUSO7 Dw90> + ﬁ
where PL is the orthogonal projection onto the orthogonal complement of the subspace
spanned by the vector @, i.e. in bar-ket notation P+ = id — |p)(p| with id being the

identity matrixz and Tr denotes the trace of a matriz.

A key fact for what follows is that if v € R™ is a binary vector then the distance
matrix D, can be simplified.

LEMMA 1.2. Let v € R™ be a 0-1-valued binary vector, i.e. v; € {0,1}. Define
DER™ by ¥ =2v; — 1€ {~1,1} and p = (1,...,1)T € R™. Then

D, = 3 (1)1 - [9)(91), (13)

i.e. the distance matriz can be represented as a rank-2 matrix.

2. Distance Covariance for two binary vectors

Let v,w € R? be two binary vectors, i.e. vectors which take on only two different
values, for simplicity we assume v;, w; € {0,1} for all ¢ = 1,...,n. In this case, the
formula for the distance correlation can be simplified, and it turns out that in this case
the distance correlation reduces to the Pearson correlation. More precisely, one obtains
the following formula.

THEOREM 2.1. Let v,w € R"™ such that v;,w; € {0,1} for all i =1,...,n. We define
the confusion matriz corresponding to the piar v, w

w,=1|w;=0| X
vi=1] nyu nip | ni-
v;=0]| ng npo | No—
b)) n_q n—o n
Then
4 2
dCov? (v, w) = F(nllnoo — n1gno1) (14)
and
dCorr(v, w) = [n11n00 — N10701] (15)

VI1l-n_1ng_n_qg

REMARK 2.1. The above formula for the distance correlation is known and turns
out to be similar to the absolute value of the Pearson correlation which is also called
Phi coefficient or the Matthews correlation coefficient (MCC) in the case of two binary
vectors, see wikipedia: Phi coefficient.

For completeness we prove the above formula.
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PROOF OF THEOREM 2.1. Let ¢ := ﬁ(l7 ., )T € R™ and 9, € R™ are defined

by ¥; := 2v; — 1, w; := 2w; — 1. Using the representation of the distance covariance (12)
and (13), we obtain

1
dCov? (v, w) = ﬁTr(PLDUPLDwPL)

— #(5,13%)(@,13%)
= 2 ({5,0) ~ (@), ) (16)

where we used P+® = 0. We write the latter scalar products in terms of ni1, n1g, ... and
get

(16) = 5 (1 + - ) )
=—(n oo — 1o — no1 — —(n1— — ng—)(n_1 — n_
12\ 00 10 o1 — —{m 0 1 0
1
=i (((nn +n00)* = (n10 + n01)?)
2
— (n11 — noo + 110 — no1) (N1 — noeo + no1 — n10)> (17)
where we wrote out n = ni; + ni1g + no1 + Noo, N1— = N11 + N1 and ng—, N_1, N_g

accordingly. Rewriting the latter further we end up with

(17) = i<((7”L11 +n00)% = (n10 + 101)?) — (n11 — noo)* + (n10 — n01)2))2

4nt
1 4 4 ’ 18
= @( n11Moo — nlonm) . (18)
The formula for dCorr follows from applying the above formula to (10). O

3. Distance Covariance involving one binary vector

Let v € R? be a binary vector, i.e. v; € {0,1} for all i = 1,...,n and some arbitrary
w € R%. In this case the formula for the distance correlation can also be simplified and
one obtains the following.

THEOREM 3.1. Let v € R™ be such that v; € {0,1} for alli = 1,...n and w € RY.
Then

1
dCov? (v, w) = —ﬁuﬂ@, Dy PLo) (19)
n
where 0 € R™ is defined by ¥; := 2v; — 1, Dy, := (Jw; — wjl|)i; is the distance matriz
corresponding to w and P+ = id — |p)(p| with ¢ = ﬁ(l7 L, DT e R,

PRrOOF. Using the representation (13) of D, for binary v and P+@ = 0, we obtain

1
dCov?*(v,w) = —Tr(P+D,P+D,Pt)

2n?2
1 . -
= —Wuﬂv, Dy P1o). (20)
O

REMARK 3.1. The vector P+o = o— (0, ) can clearly be computed in O(n) and also
(P9, Dy P1%) can be calculated in O(n) for an increasingly sorted w. This effectively
reduces the complezity of computing equation (19) to that of sorting, that is O(nlogn).
The algorithm described above is simpler and faster than the general O(nlogn)-algorithm
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for two arbitrary vectors, see [ |. In the next section, we underline this with nu-
merical evidence.

4. Performance speed

In this section we evaluate the performance of the O(nlogn) algorithm from | ]
against improved implementations that take advantage of cases in which one or both
input vectors are binary-valued. Benchmarking was performed on a Windows sys-
tem equipped with an AMD Ryzen 7 PRO 6850U processor and 32 GB of RAM
and using the implementation from our Rust project dist_corr (https://github.com/mg-
gebert /dist_corr).

4.1. One binary vector. We generate pairs (v1,v2) of vectors of length n where
the first vector v; is randomly chosen within [—10,10] and the companion vector vg is
defined by

_ 1.0, if v1(j) < 0.0,
v2l]) =
0.0, otherwise,

for j = 1,...,n. This means we compare a general float vector with a binary vector. We
compute the distance correlation for various lengths n = 2™ for m = 6, 8,10, 12, 14, 16, 18, 20, 22
for

1. the standard O(nlog(n)) algorithm outlined in | ].
2. the semi-binary O(nlog(n)) algorithm for one binary vector outlined in Sec-
tion 3.

TABLE 1. Benchmark median running times (seconds) for general float
vs binary

n  standard (s) semi-binary (s)
26 3.8514 x 10°° 1.2830 x 107°

28 1.93810 x 10°°>  0.57068 x 107>
210 970580 x 10™°  2.79640 x 10~
212 4486000 x 1074 1.313100 x 10~*
214 1.652700 x 1072 5.121000 x 104
2169675100 x 1073 2.068600 x 103
218 4708400 x 1072 1.064600 x 102
220 2961400 x 10~! 0.4855400 x 10!
222 1.504900 x 10°  0.2533500 x 10°

4.2. Two binary vectors. We generate pairs of vectors (v1,v2) of length n. The
first vector vy is a random binary vector, i.e. 0-1-valued, where the probability of 0 and
1 are 0.5. The companion vector vs is defined by

) vi(j), if2[wv()),
v2\]) =
0.0, otherwise,

for j = 1,...,n. This means we compare two binary vectors. We compute the distance
correlation for various lengths n = 2™ for m = 6, 8,10, 12, 14, 16, 18, 20, 22 for
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1. the standard O(nlog(n)) algorithm outlined in | ]
2. the semi-binary O(nlog(n)) algorithm for one binary vector outlined in Sec-
tion 3. We call this semi-binary.
3. the full-binary O(n) algorithm for two binary vectors outlined in Section 2.
TABLE 2. Benchmark median running times (seconds) for binary vs bi-
nary.
n  standard (s)  semi-binary (s) full-binary (s)
20 33123 x 10°° 0.8548 x 10°%  0.0656 x 10~°
28 14228 x 1072 0.3175 x 107°  0.0258 x 107°
210 6.6114 x 107> 1.1531 x 107°  0.1144 x 107°
212 2.7786 x 107* 0.6089 x 10™*  0.0475 x 10~*
214 1.0255 x 1072 0.2861 x 1072 0.0452 x 103
216 47995 x 107® 1.2748 x 107%  0.2663 x 1073
218 24360 x 1072 0.8102 x 1072  0.1084 x 102
220 1.3763 x 107! 0.2827 x 107! 0.0438 x 10~!
222 6.2279 x 107! 1.1863 x 107! 0.1749 x 10!
FIGURE 1. Comparison of benchmark median running times (seconds)
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(A) General vs. semi-binary (B) General vs semi-binary vs. full-binary
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