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Abstract

This document provides an overview of the continuous probability distributions utilized in
Phitter. It includes a detailed description for each distribution, covering aspects such as the
definition, domain, parameter definitions and domains, probability density function, cumulative
distribution function, percentile point function, raw moments, mean, variance, skewness, kurtosis,
median, and mode in a concise and clear manner.
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1 Alpha Distribution

1.1 Distribution definition

X ∼ Alpha (α,Loc,Sc)

1.2 Distribution domain

x ∈ (Loc,∞)

1.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R,Sc ∈ R+

1.4 Cumulative distribution function

FX (x) =
Φ
(
α− 1

z(x)

)
Φ (α)

1.5 Probability density function

fX (x) =
1

Sc · z(x)2 · Φ (α) ·
√
2π

exp

(
−1

2

(
α− 1

z(x)

)2
)

1.6 Percent point function/Sample

F−1
X (u) = Loc + Sc× 1

α− Φ−1 (uΦ (α))

1.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx

1.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1

1.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 )

1.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

1.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

1.12 Parametric median

Median(X) = Loc +
Sc

α− Φ−1
(
1
2Φ (α)

)
1.13 Parametric mode

Mode(X) = Loc + Sc
(
√
α2 + 8− α)

4

24



1.14 Additional information and definitions

� X̃ ∼ Alpha (α, 0, 1)

� Loc : Location parameter

� Sc : Scale parameter

� z(x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

1.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/alpha.xlsx
https://docs.google.com/spreadsheets/d/1yRovxx1YbqgEul65DjjXetysc_4qgX2a_2NQQA1AxCA


2 Arcsine Distribution

2.1 Distribution definition

X ∼ Arcsine (a, b)

2.2 Distribution domain

x ∈ (a, b)

2.3 Parameters domain and parameters constraints

a ∈ R, b ∈ R, a < b

2.4 Cumulative distribution function

FX(x) =
2

π
arcsin

(√
x− a

b− a

)
2.5 Probability density function

fX(x) =
1

π
√
(x− a)(b− x)

2.6 Percent point function/Sample

F−1
X (u) = a+ (b− a)× sin2

(π
2
u
)

2.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ 1

0

xkfX̃ (x) dx =
1

π
Beta

(
1

2
, k +

1

2

)
=

(2k − 1)!!

2kk!

2.8 Parametric mean

Mean(X) = a+ µ̃′
1 (b− a) = a+

1

2
(b− a)

2.9 Parametric variance

Variance(X) = (b− a)
2 × (µ̃′

2 − µ̃′2
1 ) =

(b− a)
2

8

2.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

= 0

2.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3− 3

2

2.12 Parametric median

Median(X) = a+ (b− a)× sin2
(π
4

)
2.13 Parametric mode

Mode(X) = undefined
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2.14 Additional information and definitions

� X̃ ∼ Arcsine (0, 1)

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

2.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/arcsine.xlsx
https://docs.google.com/spreadsheets/d/1q8SKX4gmSbpGzimRvjopzaZ4KrEV5NY1EPmf1G1T7NQ


3 Argus Distribution

3.1 Distribution definition

X ∼ Argus (χ,Loc,Sc)

3.2 Distribution domain

x ∈ (Loc,Loc + Sc)

3.3 Parameters domain and parameters constraints

χ ∈ R+,Loc ∈ R,Sc ∈ R+

3.4 Cumulative distribution function

FX (x) = 1−
Ψ
(
χ
√
1− z(x)2

)
Ψ(χ)

3.5 Probability density function

fX (x) =
1

Sc
· χ3

√
2πΨ(χ)

· z(x)
√

1− z(x)2 exp

(
−1

2
χ2
(
1− z(x)2

))

3.6 Percent point function/Sample

F−1
X (u) = Loc + Sc

√
1−

2P−1( 32 , (1− u)P( 32 ,
χ2

2 ))

χ2

3.7 Parametric centered moments

µ′
k = E[Xk] =

∫ Loc+Sc

Loc

xkfX (x) dx

3.8 Parametric mean

Mean(X) = µ′
1 = Loc + Sc

√
π/8

χe−
χ2

4 I1(
χ2

4 )

Ψ(χ)

3.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = Sc2 ·
(
1− 3

χ2
+
χϕ(χ)

Ψ(χ)

)
− (µ− Loc)2

3.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

3.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

3.12 Parametric median

Median(X) = Loc + Sc

√
1−

2P−1( 32 ,
1
2P(

3
2 ,

χ2

2 ))

χ2
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3.13 Parametric mode

Mode(X) = Loc +
Sc√
2χ

√
(χ2 − 2) +

√
χ4 + 4

3.14 Additional information and definitions

� Loc : Location parameter

� Sc : Scale parameter

� z(x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� Ψ(χ) = Φ(χ)− χϕ(χ)− 1
2

� Φ(x) : CDF normal standard distribution

� ϕ(x) : PDF normal standard distribution

� Iα (x) : Modified Bessel function of the first kind of order α ∈ N

� P(a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1(a, y) : Inverse of regularized lower incomplete gamma function

� γ(a, x) : Lower incomplete gamma function

� Γ(x) : Gamma function

3.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/argus.xlsx
https://docs.google.com/spreadsheets/d/1u2x7IFUSB7rEyhs7s6-C2btT1Bk5aCr4WiUYEML-8xs


4 Beta Distribution

4.1 Distribution definition

X ∼ Beta (α, β,A,B)

4.2 Distribution domain

x ∈ (A,B)

4.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+, A ∈ R, B ∈ R, A < B

4.4 Cumulative distribution function

FX (x) = I (z(x), α, β)

4.5 Probability density function

fX (x) =
z(x)α−1 (1− z(x))

β−1

Beta(α, β)(B −A)

4.6 Percent point function/Sample

F−1
X (u) = A+ (B −A)× I−1 (u, α, β)

4.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ 1

0

xkfX̃ (x) dx

4.8 Parametric mean

Mean(X) = A+ (B −A) · µ̃′
1 = A+

α (B −A)

α+ β

4.9 Parametric variance

Variance(X) = (B −A)
2 · (µ̃′

2 − µ̃′2
1 ) =

αβ (B −A)
2

(α+ β)2(α+ β + 1)

4.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
2 (β − α)

√
α+ β + 1

(α+ β + 2)
√
αβ

4.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
6[(α− β)2(α+ β + 1)− αβ(α+ β + 2)]

αβ(α+ β + 2)(α+ β + 3)

4.12 Parametric median

Median(X) = A+ (B −A)× I−1

(
1

2
, α, β

)
if α, β > 1

4.13 Parametric mode

Mode(X) = A+ (B −A)
α− 1

α+ β − 2
if α, β > 1
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4.14 Additional information and definitions

� X̃ ∼ Beta (α, β, 0, 1)

� z (x) = (x−A) / (B −A)

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

4.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/1P7NDy-9toV3dv64gabnr8l2NjB1xt_Ani5IVMTx3gyU


5 Beta Prime Distribution

5.1 Distribution definition

X ∼ BetaPrime (α, β)

5.2 Distribution domain

x ∈ [0,∞)

5.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+

5.4 Cumulative distribution function

FX (x) = I

(
x

1 + x
, α, β

)
5.5 Probability density function

fX (x) =
xα−1(1 + x)−α−β

Beta(α, β)

5.6 Percent point function/Sample

F−1
X (u) =

I−1 (u, α, β)

1− I−1 (u, α, β)

5.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx =
Γ (k + α) Γ (β − k)

Γ (α) Γ (β)
if β > k

5.8 Parametric mean

Mean(X) = µ′
1 =

α

β − 1
if β > 1

5.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
α(α+ β − 1)

(β − 2)(β − 1)2
if β > 2

5.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2(2α+ β − 1)

β − 3

√
β − 2

α(α+ β − 1)
if β > 3

5.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

if β > 4

5.12 Parametric median

Median(X) =
I−1

(
1
2 , α, β

)
1− I−1

(
1
2 , α, β

)
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5.13 Parametric mode

Mode(X) =
α− 1

β + 1

5.14 Additional information and definitions

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Γ (x) : Gamma function

� Beta (x, y) : Beta function

5.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/1-8cKeS9D6YixQE_uLig7UarXcoQoE-341yHDj8sfXA8


6 Beta Prime 4P Distribution

6.1 Distribution definition

X ∼ BetaPrime4P (α, β,Loc,Sc)

6.2 Distribution domain

x ∈ [Loc,∞)

6.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+,Loc ∈ R,Sc ∈ R+

6.4 Cumulative distribution function

FX (x) = I

(
z(x)

1 + z(x)
, α, β

)
6.5 Probability density function

fX (x) =
z(x)α−1(1 + z(x))−α−β

Sc× Beta(α, β)

6.6 Percent point function/Sample

F−1
X (u) = Loc + Sc

I−1 (u, α, β)

1− I−1 (u, α, β)

6.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
Γ (k + α) Γ (β − k)

Γ (α) Γ (β)
if β > k

6.8 Parametric mean

Mean(X) = Loc + Scµ̃′
1 = Loc + Sc

α

β − 1
if β > 1

6.9 Parametric variance

Variance(X) = Sc2(µ̃′
2 − µ̃′2

1 ) = Sc2
α(α+ β − 1)

(β − 2)(β − 1)2
if β > 2

6.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
2(2α+ β − 1)

β − 3

√
β − 2

α(α+ β − 1)
if β > 3

6.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

if β > 4

6.12 Parametric median

Median(X) = Loc + Sc
I−1

(
1
2 , α, β

)
1− I−1

(
1
2 , α, β

)
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6.13 Parametric mode

Mode(X) = Loc + Sc
α− 1

β + 1

6.14 Additional information and definitions

� X̃ ∼ BetaPrime (α, β)

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Γ (x) : Gamma function

� Beta (x, y) : Beta function

6.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/1vlaZrj_jX9oNGwjW0o4Z1AUTuUTGE8Z-Akis_wb7Jq4


7 Bradford Distribution

7.1 Distribution definition

X ∼ Bradford (c,min,max)

7.2 Distribution domain

x ∈ (min,max)

7.3 Parameters domain and parameters constraints

c ∈ R+,min ∈ R,max ∈ R,min < max

7.4 Cumulative distribution function

FX (x) =
ln (1 + c · z(x))

k

7.5 Probability density function

fX (x) =
c

k (1 + c · z(x)) (max−min)

7.6 Percent point function/Sample

F−1
X (u) = min + (max−min)× (1 + c)

u − 1

c

7.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ 1

0

xkfX̃ (x) dx

7.8 Parametric mean

Mean(X) = min + (max−min) · µ̃′
1 = min + (max−min) · c− k

ck

7.9 Parametric variance

Variance(X) = (max−min)
2 · (µ̃′

2 − µ̃′2
1 ) = (max−min)

2 · (c+ 2) k − 2c

2ck2

7.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=

√
2
(
12c2 − 9kc (c+ 2) + 2k2 (c (c+ 3) + 3)

)√
c (c (k − 2) + 2k) (3c (k − 2) + 6k)

7.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3+
c3 (k − 3) (k (3k − 16) + 24) + 12kc2 (k − 4) (k − 3) + 6ck2 (3k − 14) + 12k3

3c (c (k − 2) + 2k)
2

7.12 Parametric median

Median(X) = min + (max−min) · (1 + c)
frac12 − 1

c

7.13 Parametric mode

Mode(X) = min
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7.14 Additional information and definitions

� X̃ ∼ Bradford (c, 0, 1)

� k = ln(1 + c)

� z (x) = (x−min) / (max−min)

� u : Uniform[0,1] random varible

7.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/bradford.xlsx
https://docs.google.com/spreadsheets/d/1kI8b05IXur3I9SUJdrbYIdv7zMdzVxVGPWx6sK6YmuU


8 Burr Distribution

8.1 Distribution definition

X ∼ Burr (A,B,C)

8.2 Distribution domain

x ∈ [0,∞)

8.3 Parameters domain and parameters constraints

A ∈ R+, B ∈ R, C ∈ R+

8.4 Cumulative distribution function

FX (x) = 1−
[
1 +

( x
A

)B]−C

8.5 Probability density function

fX (x) =
BC

A

( x
A

)B−1
[
1 +

( x
A

)B]−C−1

8.6 Percent point function/Sample

F−1
X (u) = A

[
(1− u)−

1
c − 1

] 1
B

8.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = AkC × Beta

(
BC − k

B
,
B +K

B

)
8.8 Parametric mean

Mean(X) = µ′
1

8.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

8.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

8.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

8.12 Parametric median

Median(X) = A

[(
1

2

)− 1
c

− 1

] 1
B

8.13 Parametric mode

Mode(X) = A

(
B − 1

BC + 1

) 1
B
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8.14 Additional information and definitions

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

8.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/burr.xlsx
https://docs.google.com/spreadsheets/d/1vhY3l3VAgBj9BQT1yE3meRTmEZP3HXjjm30nxDKCwCI


9 Burr 4P Distribution

9.1 Distribution definition

X ∼ Burr4P (A,B,C,Loc)

9.2 Distribution domain

x ∈ [Loc,∞)

9.3 Parameters domain and parameters constraints

A ∈ R+, B ∈ R, C ∈ R+,Loc ∈ R

9.4 Cumulative distribution function

FX (x) = 1−

[
1 +

(
x− Loc

A

)B
]−C

9.5 Probability density function

fX (x) =
BC

A

(
x− Loc

A

)B−1
[
1 +

(
x− Loc

A

)B
]−C−1

9.6 Percent point function/Sample

F−1
X (u) = Loc +A

[
(1− u)−

1
c − 1

] 1
B

9.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ = AkC × Beta

(
BC − k

B
,
B +K

B

)
9.8 Parametric mean

Mean(X) = Loc + µ̃′
1

9.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1

9.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

9.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

9.12 Parametric median

Median(X) = Loc +A

[(
1

2

)− 1
c

− 1

] 1
B

40



9.13 Parametric mode

Mode(X) = Loc +A

(
B − 1

BC + 1

) 1
B

9.14 Additional information and definitions

� X̃ ∼ Burr (A,B,C)

� Loc : Location parameter

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

9.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/burr_4p.xlsx
https://docs.google.com/spreadsheets/d/1tEk3O2yvANj_PlLqACuwvRSqYYGQVRFH1SPMdLGYnz4


10 Cauchy Distribution

10.1 Distribution definition

X ∼ Cauchy (x0, γ)

10.2 Distribution domain

x ∈ (−∞,+∞)

10.3 Parameters domain and parameters constraints

x0 ∈ R, γ ∈ R+

10.4 Cumulative distribution function

FX (x) =
1

π
arctan

(
x− x0
γ

)
+

1

2

10.5 Probability density function

fX (x) =
1

πγ

[
1 +

(
x−x0

γ

)2]
10.6 Percent point function/Sample

F−1
X (u) = x0 + γ tan

[
π
(
u− 1

2

)]
10.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

10.8 Parametric mean

Mean(X) = undefined

10.9 Parametric variance

Variance(X) = undefined

10.10 Parametric skewness

Skewness(X) = undefined

10.11 Parametric kurtosis

Kurtosis(X) = undefined

10.12 Parametric median

Median(X) = x0

10.13 Parametric mode

Mode(X) = x0
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10.14 Additional information and definitions

� x0 : Location parameter

� γ : Scale parameter

� u : Uniform[0,1] random varible

10.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/cauchy.xlsx
https://docs.google.com/spreadsheets/d/1xoJJvuSvfg-umC7Ogio9fde1l4TiWuAlR2IxucYK0y8


11 Chi Square Distribution

11.1 Distribution definition

X ∼ χ2 (df)

11.2 Distribution domain

x ∈ (0,∞)

11.3 Parameters domain and parameters constraints

df ∈ N+

11.4 Cumulative distribution function

FX (x) =
γ(df2 ,

x
2 )

Γ(df2 )
= P

(
df

2
,
x

2

)

11.5 Probability density function

fX (x) =
1

2df/2Γ(df/2)
xdf/2−1e−x/2

11.6 Percent point function/Sample

F−1
X (u) = 2P−1

(
df

2
, u

)
11.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = df(df + 2) · · · (df + 2k − 2) = 2k
Γ
(
k + df

2

)
Γ
(
df
2

)
11.8 Parametric mean

Mean(X) = µ′
1 = df

11.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = 2df

11.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=

√
8

df

11.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
12

df

11.12 Parametric median

Median(X) = 2P−1

(
df

2
,
1

2

)
11.13 Parametric mode

Mode(X) = max(df− 2, 0)
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11.14 Additional information and definitions

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

11.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/chi_square.xlsx
https://docs.google.com/spreadsheets/d/1VatJuUON_2qghjPEYMdcjGE7TYbYqduzgdYe5YNyVf4


12 Chi Square 3P Distribution

12.1 Distribution definition

X ∼ χ2
3P (df,Loc,Sc)

12.2 Distribution domain

x ∈ (Loc,∞)

12.3 Parameters domain and parameters constraints

df ∈ N+,Loc ∈ R,Sc ∈ R+

12.4 Cumulative distribution function

FX (x) =
γ(df2 ,

z(x)
2 )

Γ(df2 )
= P

(
df

2
,
z(x)

2

)

12.5 Probability density function

fX (x) =
1

Sc

1

2df/2Γ(df/2)
xdf/2−1e−z(x)/2

12.6 Percent point function/Sample

F−1
X (u) = 2P−1

(
df

2
, u

)
12.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = df(df + 2) · · · (df + 2k − 2) = 2k
Γ
(
k + df

2

)
Γ
(
df
2

)
12.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 = Loc + Sc · df

12.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 ) = 2 · df · Sc2

12.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=

√
8

df

12.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
12

df

12.12 Parametric median

Median(X) = Loc + Sc× 2P−1

(
df

2
,
1

2

)
12.13 Parametric mode

Mode(X) = Loc + Sc×max(df− 2, 0)
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12.14 Additional information and definitions

� X̃ ∼ χ2 (df)

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

12.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/chi_square_3p.xlsx
https://docs.google.com/spreadsheets/d/15tf3ZKbEgR3JWQRbMT2OaNij3INTGGUuNsR01NCDFJw


13 Dagum Distribution

13.1 Distribution definition

X ∼ Dagum (a, b, p)

13.2 Distribution domain

x ∈ (0,∞)

13.3 Parameters domain and parameters constraints

a ∈ R+, b ∈ R+, p ∈ R+

13.4 Cumulative distribution function

FX (x) =

(
1 +

(x
b

)−a
)−p

13.5 Probability density function

fX (x) =
ap

x

(
(xb )

ap(
(xb )

a + 1
)p+1

)

13.6 Percent point function/Sample

F−1
X (u) = b(u−1/p − 1)−1/a

13.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = pbk · Beta
(
ap+ k

a
,
a− k

a

)
13.8 Parametric mean

Mean(X) = µ′
1

13.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

13.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

13.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

13.12 Parametric median

Median(X) = b

(
−1 + 2

1
p

)− 1
a

13.13 Parametric mode

Mode(X) = b

(
ap− 1

a+ 1

) 1
a
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13.14 Additional information and definitions

� b : Scale parameter

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

13.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/dagum.xlsx
https://docs.google.com/spreadsheets/d/1qct7LByxY_z2-Rl-pWFG1LQsUxW8VQaCgLizn93YPxk


14 Dagum 4P Distribution

14.1 Distribution definition

X ∼ Dagum4P (a, b, p,Loc)

14.2 Distribution domain

x ∈ (Loc,∞)

14.3 Parameters domain and parameters constraints

a ∈ R+, b ∈ R+, p ∈ R+,Loc ∈ R

14.4 Cumulative distribution function

FX (x) =

(
1 +

(
x− Loc

b

)−a
)−p

14.5 Probability density function

fX (x) =
ap

x− Loc

(
(x−Loc

b )ap(
(x−Loc

b )a + 1
)p+1

)

14.6 Percent point function/Sample

F−1
X (u) = Loc + b(u−1/p − 1)−1/a

14.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = pbk · Beta
(
ap+ k

a
,
a− k

a

)
14.8 Parametric mean

Mean(X) = Loc + µ̃′
1

14.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1

14.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

14.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

14.12 Parametric median

Median(X) = Loc + b

(
−1 + 2

1
p

)− 1
a

14.13 Parametric mode

Mode(X) = Loc + b

(
ap− 1

a+ 1

) 1
a
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14.14 Additional information and definitions

� X̄ ∼ Dagum (a, b, p)

� Loc : Location parameter

� b : Scale parameter

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

14.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/dagum_4p.xlsx
https://docs.google.com/spreadsheets/d/1ZkKqvVdy7CvhvXwK830F6GWJrdNxoXBxJYeFD6XC2DM


15 Erlang Distribution

15.1 Distribution definition

X ∼ Erlang (k, β)

15.2 Distribution domain

x ∈ [0,∞)

15.3 Parameters domain and parameters constraints

k ∈ N+, β ∈ R+

15.4 Cumulative distribution function

FX (x) = P(k,
x

β
) =

γ(k, xβ )

(k − 1)!

15.5 Probability density function

fX (x) =
xk−1e−

x
β

βk(k − 1)!

15.6 Percent point function/Sample

F−1
X (u) = βP−1 (k, u)

15.7 Parametric centered moments

µ′
n = E[Xn] =

∫ ∞

0

xnfX (x) dx = βkΓ (n+ k)

Γ(k)

15.8 Parametric mean

Mean(X) = µ′
1

15.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

15.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

15.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

15.12 Parametric median

Median(X) = P(k,
1

2β
)

15.13 Parametric mode

Mode(X) = β (k − 1)
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15.14 Additional information and definitions

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

15.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/erlang.xlsx
https://docs.google.com/spreadsheets/d/1uG3Otntnm3cvMSkhkEiBVKuFn1pCLSWmiCxfN01D824


16 Erlang 3P Distribution

16.1 Distribution definition

X ∼ Erlang3P (k, β,Loc)

16.2 Distribution domain

x ∈ [Loc,∞)

16.3 Parameters domain and parameters constraints

k ∈ N+, β ∈ R+,Loc ∈ R

16.4 Cumulative distribution function

FX (x) = P(k,
x− Loc

β
) =

γ(k, x−Loc
β )

(k − 1)!

16.5 Probability density function

fX (x) =
(x− Loc)k−1e−

x−Loc
β

βk(k − 1)!

16.6 Percent point function/Sample

F−1
X (u) = Loc + βP−1 (k, u)

16.7 Parametric centered moments

µ̃′
n = E[X̃n] =

∫ ∞

0

xnfX̃ (x) dx = βkΓ (n+ k)

Γ(k)

16.8 Parametric mean

Mean(X) = Loc + µ̃′
1

16.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1

16.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

16.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

16.12 Parametric median

Median(X) = Loc + P(k,
1

2β
)

16.13 Parametric mode

Mode(X) = Loc + β · (k − 1)
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16.14 Additional information and definitions

� X̃ ∼ Erlang (k, β)

� Loc : Location parameter

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

16.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/erlang_3p.xlsx
https://docs.google.com/spreadsheets/d/1EvFPyOAL-TPQyNf7sAXfqgHqap8sGynH0XxrLRVP12M


17 Error Function Distribution

17.1 Distribution definition

X ∼ ErrorFunction (h)

17.2 Distribution domain

x ∈ (−∞,∞)

17.3 Parameters domain and parameters constraints

h ∈ R+

17.4 Cumulative distribution function

FX (x) = Φ(
√
2hx)

17.5 Probability density function

fX (x) =
h√
π
e−h2x2

17.6 Percent point function/Sample

F−1
X (u) =

Φ−1(u)√
2h

17.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

17.8 Parametric mean

Mean(X) = µ′
1 = 0

17.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
1

2h2

17.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

17.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3

17.12 Parametric median

Median(X) = 0

17.13 Parametric mode

Mode(X) = 0
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17.14 Additional information and definitions

� h : Inverse of scale parameter

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

17.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/error_function.xlsx
https://docs.google.com/spreadsheets/d/1QT1vSgTWVgDmNz4FrH3fhwRGpgvPohgqZSCADHfBXkM


18 Exponential Distribution

18.1 Distribution definition

X ∼ Exponential (λ)

18.2 Distribution domain

x ∈ [0,∞)

18.3 Parameters domain and parameters constraints

λ ∈ R+

18.4 Cumulative distribution function

FX (x) = 1− e−λx

18.5 Probability density function

fX (x) = λe−λx

18.6 Percent point function/Sample

F−1
X (u) = − ln(1− u)

λ

18.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xnfX (x) dx =
k!

λk

18.8 Parametric mean

Mean(X) = µ′
1 =

1

λ

18.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
1

λ2

18.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 2

18.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 9

18.12 Parametric median

Median(X) =
ln 2

λ

18.13 Parametric mode

Mode(X) = 0
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18.14 Additional information and definitions

� λ : Inverse of scale parameter

� u : Uniform[0,1] random varible

18.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/exponential.xlsx
https://docs.google.com/spreadsheets/d/1c8aCgHTq3fEyIkVM1Ph3fzebxQMuourz1UkWbH4h3HA


19 Exponential 2P Distribution

19.1 Distribution definition

X ∼ Exponential2P (λ,Loc)

19.2 Distribution domain

x ∈ [Loc,∞)

19.3 Parameters domain and parameters constraints

λ ∈ R+,Loc ∈ R

19.4 Cumulative distribution function

FX (x) = 1− e−λ(x−Loc)

19.5 Probability density function

fX (x) = λe−λ(x−Loc)

19.6 Percent point function/Sample

F−1
X (u) = Loc− ln(1− u)

λ

19.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
k!

λk

19.8 Parametric mean

Mean(X) = Loc + µ̃′
1 = Loc +

1

λ

19.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1 =
1

λ2

19.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

= 2

19.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 9

19.12 Parametric median

Median(X) = Loc +
ln 2

λ

19.13 Parametric mode

Mode(X) = Loc
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19.14 Additional information and definitions

� X̃ ∼ Exponential (λ)

� Loc : Location parameter

� λ : Inverse of scale parameter

� u : Uniform[0,1] random varible

19.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/exponential_2p.xlsx
https://docs.google.com/spreadsheets/d/1XtrdS8iSCM1l33rbaXSz1uWZ3vnQsYPK-07NYE-ZYBs


20 F Distribution

20.1 Distribution definition

X ∼ F (df1,df2)

20.2 Distribution domain

x ∈ [0,∞)

20.3 Parameters domain and parameters constraints

df1 ∈ R+,df2 ∈ R+

20.4 Cumulative distribution function

FX (x) = Idf1x/(df1x+df2)

(
df1
2 ,

df2
2

)
20.5 Probability density function

fX (x) =

√
(df1x)df1df

df2
2

(df1x+df2)df1+df2

x × Beta
(
df1
2 ,

df2
2

)
20.6 Percent point function/Sample

F−1
X (u) =

df2 × I−1
(
u, df12 ,

df2
2

)
df1 ×

(
1− I−1

(
u, df12 ,

df2
2

))
20.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx =

(
df2
df1

)k Γ
(
df1
2 + k

)
Γ
(
df1
2

) Γ
(
df2
2 − k

)
Γ
(
df2
2

) if df2 > 2k

20.8 Parametric mean

Mean(X) = µ′
1 =

df2
df2 − 2

if df2 > 2

20.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
2df22 (df1 + df2 − 2)

df1(df2 − 2)2(df2 − 4)
if df2 > 4

20.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
(2df1 + df2 − 2)

√
8(df2 − 4)

(df2 − 6)
√
df1(df1 + df2 − 2)

if df2 > 6

20.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
3
(
8 + (df2 − 6)× Skewness(X)2

)
2df2 − 16

+ 3 if df2 > 8

20.12 Parametric median

Median(X) =
df2 × I−1

(
1
2 ,

df1
2 ,

df2
2

)
df1 ×

(
1− I−1

(
1
2 ,

df1
2 ,

df2
2

))
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20.13 Parametric mode

Mode(X) =
df2 (df1 − 2)

df1 (df2 + 2)
if df1 > 2

20.14 Additional information and definitions

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

20.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/f.xlsx
https://docs.google.com/spreadsheets/d/137gYI8B6MDnqFoQ4bY1crdpFSKtPzRgaJS564SY_CUY


21 F 4P Distribution

21.1 Distribution definition

X ∼ F4P (df1,df2,Loc,Sc)

21.2 Distribution domain

x ∈ [Loc,∞)

21.3 Parameters domain and parameters constraints

df1 ∈ R+,df2 ∈ R+,Loc ∈ R,Sc ∈ R+

21.4 Cumulative distribution function

FX (x) = Idf1z(x)/(df1z(x)+df2)

(
df1
2 ,

df2
2

)
21.5 Probability density function

fX (x) =
1

Sc
×

√
(df1z(x))df1df

df2
2

(df1z(x)+df2)df1+df2

z(x) Beta
(
df1
2 ,

df2
2

)
21.6 Percent point function/Sample

F−1
X (u) = Loc + Sc

df2 × I−1
(
u, df12 ,

df2
2

)
df1 ×

(
1− I−1

(
u, df12 ,

df2
2

))
21.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
Γ
(
df1
2 + k

)
Γ
(
df1
2

) Γ
(
df2
2 − k

)
Γ
(
df2
2

) (
df2
df1

)k

if df2 > 2k

21.8 Parametric mean

Mean(X) = Loc + Scµ̃′
1 = Loc + Sc

df2
df2 − 2

if df2 > 2

21.9 Parametric variance

Variance(X) = Sc2(µ̃′
2 − µ̃′2

1 ) = Sc2
2 df22 (df1 + df2 − 2)

df1(df2 − 2)2(df2 − 4)
if df2 > 4

21.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
(2df1 + df2 − 2)

√
8(df2 − 4)

(df2 − 6)
√
df1(df1 + df2 − 2)

if df2 > 6

21.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

=
3
(
8 + (df2 − 6)× Skewness(X)2

)
2df2 − 16

+ 3 if df2 > 8

21.12 Parametric median

Median(X) = Loc + Sc
df2 × I−1

(
1
2 ,

df1
2 ,

df2
2

)
df1 ×

(
1− I−1

(
1
2 ,

df1
2 ,

df2
2

))
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21.13 Parametric mode

Mode(X) = Loc + Sc
df2 (df1 − 2)

df1 (df2 + 2)
if df1 > 2

21.14 Additional information and definitions

� X̃ ∼ F (df1,df2)

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

21.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/11MgyMqzOyGNtFLdGviRTeNhAQMYBCJ8QRMHGxoPCzwM


22 Fatigue Life Distribution

22.1 Distribution definition

X ∼ FatigueLife (γ,Loc,Sc)

22.2 Distribution domain

x ∈ (Loc,∞)

22.3 Parameters domain and parameters constraints

γ ∈ R+,Loc ∈ R,Sc ∈ R+

22.4 Cumulative distribution function

FX (x) = Φ

√z(x)−
√

1
z(x)

γ


22.5 Probability density function

fX (x) =

√
z(x) +

√
1

z(x)

2γz(x)
ϕ

√z(x)−
√

1
z(x)

γ


22.6 Percent point function/Sample

F−1
X (u) = Loc + Sc

1

4

[
γΦ−1(u) +

√
4 + (γΦ−1(u))

2

]2
22.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

22.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 = Loc + Sc

(
1 +

γ2

2

)
22.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 ) = Sc2γ2
(
1 +

5γ2

4

)
22.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
4γ(6 + 11γ2)

(4 + 5γ2)1.5

22.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
6γ2(93γ2 + 40)

(5γ2 + 4)2

22.12 Parametric median

Median(X) = Loc + Sc
1

4

[
γΦ−1 (1/2) +

√
4 + (γΦ−1 (1/2))

2

]2
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22.13 Parametric mode

Mode(X) = argmax
x

fX (x)

22.14 Additional information and definitions

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� ϕ (x) : PDF normal standard distribution

22.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/fatigue_life.xlsx
https://docs.google.com/spreadsheets/d/1j-U_YMX89VHe2jVq3pazpzqYeA1j1zopW22C9yJcPS0


23 Folded Normal Distribution

23.1 Distribution definition

X ∼ FoldedNormal (µ, σ)

23.2 Distribution domain

x ∈ [0,∞)

23.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

23.4 Cumulative distribution function

FX (x) =
1

2

[
erf

(
x+ µ

σ
√
2

)
+ erf

(
x− µ

σ
√
2

)]
23.5 Probability density function

fX (x) =
1

σ
√
2π

e−
(x−µ)2

2σ2 +
1

σ
√
2π

e−
(x+µ)2

2σ2

23.6 Percent point function/Sample

SampleX (u) =
∣∣µ+ σΦ−1(u)

∣∣
23.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx

23.8 Parametric mean

Mean(X) = µ′
1 = σ

√
2
π e

(−µ2/2σ2) + µ
(
1− 2Φ(−µ

σ )
)

23.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = µ2 + σ2 −Mean(X)2

23.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

23.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

23.12 Parametric median

Median(X) =
∣∣µ+ σΦ−1 (1/2)

∣∣
23.13 Parametric mode

Mode(X) = argmax
x

fX (x)
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23.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� µ : Location parameter

� σ : Scale parameter

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� ϕ (x) : PDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

23.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/folded_normal.xlsx
https://docs.google.com/spreadsheets/d/17NlSnru_46J8pSjxMPLDlzxoG2fPKWjeFvTh0ydfX4k


24 Frechet Distribution

24.1 Distribution definition

X ∼ Frechet (α,Loc,Sc)

24.2 Distribution domain

x ∈ [Loc,∞)

24.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R,Sc ∈ R+

24.4 Cumulative distribution function

FX (x) = e(−z(x))−α

24.5 Probability density function

fX (x) =
α

Sc
(z(x))

−1−α
e−(z(x))−α

24.6 Percent point function/Sample

F−1
X (u) = Loc + Sc (− ln(u))

− 1
α

24.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

Loc

xkfX (x) dx = Γ

(
1− k

α

)
24.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 if α > 1

24.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 ) if α > 2

24.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

if α > 3

24.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

if α > 4

24.12 Parametric median

Median(X) = Loc +
Sc

α
√
ln(2)

24.13 Parametric mode

Mode(X) = Loc + Sc

(
α

1 + α

)1/α
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24.14 Additional information and definitions

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

24.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/frechet.xlsx
https://docs.google.com/spreadsheets/d/1PNGvHImwOFIragM_hHrQJcTN7OcqCKFoHKXlPq76fnI


25 Gamma Distribution

25.1 Distribution definition

X ∼ Gamma (α, β)

25.2 Distribution domain

x ∈ (0,∞)

25.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+

25.4 Cumulative distribution function

FX (x) = P

(
α,
x

β

)
=

1

Γ(α)
γ

(
α,
x

β

)
25.5 Probability density function

fX (x) =
1

Γ(α)βα
xα−1e−

x
β

25.6 Percent point function/Sample

F−1
X (u) = βP−1 (α, u)

25.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = βkΓ(k + α)

Γ(α)

25.8 Parametric mean

Mean(X) = µ′
1 = αβ

25.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = αβ2

25.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2√
α

25.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
6

α

25.12 Parametric median

Median(X) = (α− 1)β if α > 1

25.13 Parametric mode

Mode(X) = βP−1

(
α,

1

2

)
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25.14 Additional information and definitions

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

25.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/gamma.xlsx
https://docs.google.com/spreadsheets/d/1HgD3a1zOml7Hy9PMVvFwQwrbmbs8iPbH-zQMowH0LVE


26 Gamma 3P Distribution

26.1 Distribution definition

X ∼ Gamma3P (α,Loc, β)

26.2 Distribution domain

x ∈ (Loc,∞)

26.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R, β ∈ R+

26.4 Cumulative distribution function

FX (x) = P

(
α,
x− Loc

β

)
=

1

Γ(α)
γ

(
α,
x− Loc

β

)
26.5 Probability density function

fX (x) =
1

Γ(α)βα
(x− Loc)α−1e−

x−Loc
β

26.6 Percent point function/Sample

F−1
X (u) = Loc + βP−1 (α, u)

26.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = βkΓ(k + α)

Γ(α)

26.8 Parametric mean

Mean(X) = Loc + µ̃′
1 = Loc + αβ

26.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1 = αβ2

26.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
2√
α

26.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
6

α

26.12 Parametric median

Median(X) = Loc + (α− 1)β if α > 1

26.13 Parametric mode

Mode(X) = Loc + βP−1

(
α,

1

2

)
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26.14 Additional information and definitions

� X̃ ∼ Gamma (α, β)

� Loc : Location parameter

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

26.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/gamma_3p.xlsx
https://docs.google.com/spreadsheets/d/1NkyFZFOMzk2V9qkFEI_zhGUGWiGV-K9vU-RLaFB7ip8


27 Generalized Extreme Value Distribution

27.1 Distribution definition

X ∼ GeneralizedExtremeValue (ξ, µ, σ)

27.2 Distribution domain

if ξ > 0 : x ∈ (z(x),∞) , if ξ = 0 : x ∈ (−∞,∞) , if ξ < 0 : x ∈ (−∞, z(x))

27.3 Parameters domain and parameters constraints

ξ ∈ R, µ ∈ R, σ ∈ R+

27.4 Cumulative distribution function

FX (x) =

 exp
(
− exp(−z(x))

)
if ξ = 0

exp
(
−(1 + ξz(x))−1/ξ

)
if ξ ̸= 0

27.5 Probability density function

fX (x) =


1
σ exp(−z(x)) exp

(
− exp(−z(x))

)
if ξ = 0

1
σ

(
1 + ξz(x)

)−(1+1/ξ)

exp
(
−(1 + ξz(x))−1/ξ

)
if ξ ̸= 0

27.6 Percent point function/Sample

F−1
X (u) =

{
µ− σ ln (− ln (u)) if ξ = 0

µ+ σ
ξ

(
(− ln(u) )

−ξ − 1
)

if ξ ̸= 0

27.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx = Γ(1− kξ)

27.8 Parametric mean

Mean(X) =

{
µ+ σ(µ′

1 − 1)/ξ if ξ ̸= 0, ξ < 1
µ+ σ γ if ξ = 0

27.9 Parametric variance

Variance(X) =

{
σ2 (µ′

2 − µ′2
1 )/ξ

2 if ξ ̸= 0, ξ < 1
2

σ2 π2

6 if ξ = 0

27.10 Parametric skewness

Skewness(X) =

{
sign(ξ)

µ′
3−3µ′

2µ
′
1+2µ′3

1

(µ′
2−µ′2

1 )1.5
if ξ ̸= 0, ξ < 1

3

12
√
6 ζ(3)
π3 if ξ = 0

27.11 Parametric kurtosis

Kurtosis(X) =

{
3 +

µ′
4−4µ′

1µ
′
3+6µ′2

1 µ′
2−3µ′4

1

(µ′
2−µ′2

1 )2
if ξ ̸= 0, ξ < 1

4

3 + 12
5 if ξ = 0

76



27.12 Parametric median

Median(X) =

{
µ+ σ (ln 2)−ξ−1

ξ if ξ ̸= 0

µ− σ ln ln 2 if ξ = 0

27.13 Parametric mode

Mode(X) =

{
µ+ σ (1+ξ)−ξ−1

ξ if ξ ̸= 0

µ if ξ = 0

27.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

� γ : Euler-Mascheroni constant = 0.5772156649

27.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/generalized_extreme_value.xlsx
https://docs.google.com/spreadsheets/d/19qHvnTJGVVZ7zhi-yhauCOGhu0iAdkYJ5FFgwv1q5OI


28 Generalized Gamma Distribution

28.1 Distribution definition

X ∼ GeneralizedGamma (a, d, p)

28.2 Distribution domain

x ∈ (0,∞)

28.3 Parameters domain and parameters constraints

a ∈ R+, d ∈ R+, p ∈ R+

28.4 Cumulative distribution function

FX (x) = P(d/p, (x/a)p) =
γ(d/p, (x/a)p)

Γ(d/p)

28.5 Probability density function

fX (x) =
p/ad

Γ(d/p)
xd−1e−(x/a)p

28.6 Percent point function/Sample

F−1
X (u) = aP−1

(
d

p
, u

) 1
p

28.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = ak
Γ(d+k

p )

Γ(dp )

28.8 Parametric mean

Mean(X) = µ′
1

28.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

28.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

28.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

28.12 Parametric median

Median(X) = aP−1

(
d

p
,
1

2

) 1
p

28.13 Parametric mode

Mode(X) = a

(
d− 1

p

) 1
p

if d > 1
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28.14 Additional information and definitions

� a : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

28.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/generalized_gamma.xlsx
https://docs.google.com/spreadsheets/d/1xx8b_VSG4jznZzaKq2yKumw5VcNX5Wj86YqLO7n4S5A


29 Generalized Gamma 4P Distribution

29.1 Distribution definition

X ∼ GeneralizedGamma4P (a, d, p,Loc)

29.2 Distribution domain

x ∈ (Loc,∞)

29.3 Parameters domain and parameters constraints

a ∈ R+, d ∈ R+, p ∈ R+,Loc ∈ R

29.4 Cumulative distribution function

FX (x) = P(d/p, ((x− Loc)/a)p) =
γ(d/p, ((x− Loc)/a)p)

Γ(d/p)

29.5 Probability density function

fX (x) =
p/ad

Γ(d/p)
(x− Loc)d−1e−((x−Loc)/a)p

29.6 Percent point function/Sample

F−1
X (u) = Loc + aP−1

(
d

p
, u

) 1
p

29.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = ak
Γ(d+k

p )

Γ(dp )

29.8 Parametric mean

Mean(X) = Loc + µ̃′
1

29.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1

29.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

29.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

29.12 Parametric median

Median(X) = Loc + aP−1

(
d

p
,
1

2

) 1
p

29.13 Parametric mode

Mode(X) = Loc + a

(
d− 1

p

) 1
p

if d > 1
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29.14 Additional information and definitions

� X̃ ∼ GeneralizedGamma (a, d, p)

� Loc : Location parameter

� a : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

29.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/1TN72MSkZ2bRyoNy29h4VIxFudXAroSi1PnmFijPvO0M


30 Generalized Logistic Distribution

30.1 Distribution definition

X ∼ GeneralizedLogistic (c,Loc,Sc)

30.2 Distribution domain

x ∈ (Loc,∞)

30.3 Parameters domain and parameters constraints

c ∈ R+,Loc ∈ R,Sc ∈ R+

30.4 Cumulative distribution function

FX (x) =
1

(1 + exp (−z(x)))c

30.5 Probability density function

fX (x) =
c exp (−z(x))

Sc (1 + exp (−z(x)))c+1

30.6 Percent point function/Sample

F−1
X (u) = Loc− Sc ln

(
u−1/c − 1

)
30.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

30.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 = Loc + Sc (γ + ψ0 (c))

30.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 ) = Sc2
(
π2

6
+ ψ1 (c)

)
30.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
ψ2 (c) + 2ζ (3)(
π2

6 + ψ1 (c)
)3/2

30.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=

(
π4

15 + ψ3 (c)
)

(
π2

6 + ψ1 (c)
)2

30.12 Parametric median

Median(X) = Loc− Sc ln
(
21/c − 1

)
30.13 Parametric mode

Mode(X) = Loc + Sc ln (c)
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30.14 Additional information and definitions

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� γ : Euler-Mascheroni constant = 0.5772156649

� ψ0 (x) : Digamma function

� ψn (x) : Polygamma function of order n ∈ N

30.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/generalized_logistic.xlsx
https://docs.google.com/spreadsheets/d/1vwppGjHbwEA3xd3OtV51sPZhpOWyzmPIOV_Tued-I1Y


31 Generalized Normal Distribution

31.1 Distribution definition

X ∼ GeneralizedNormal (β, µ, α)

31.2 Distribution domain

x ∈ (−∞,+∞)

31.3 Parameters domain and parameters constraints

β ∈ R+, µ ∈ R, α ∈ R+

31.4 Cumulative distribution function

FX (x) =
1

2
+

sign(x− µ)

2Γ(1/β)
γ

(
1/β,

∣∣∣∣x− µ

α

∣∣∣∣β
)

=
1

2
+

sign(x− µ)

2
P

(
1/β,

∣∣∣∣x− µ

α

∣∣∣∣β
)

31.5 Probability density function

fX (x) =
β

2αΓ(1/β)
exp

(
−
(
|x− µ|
α

)β
)

31.6 Percent point function/Sample

F−1
X (u) = sign(u− 1

2
)

[
αβP−1

(
1

β
, 2|u− 1

2
|
)]1/β

+ µ

31.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx =

{
0 if k is odd

αkΓ
(

k+1
β

)/
Γ
(

1
β

)
if k is even

31.8 Parametric mean

Mean(X) = µ+ αµ′
1 = µ

31.9 Parametric variance

Variance(X) = α2(µ′
2 − µ′2

1 ) =
α2Γ(3/β)

Γ(1/β)

31.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

31.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
Γ(5/β)Γ(1/β)

Γ(3/β)2

31.12 Parametric median

Median(X) = µ

31.13 Parametric mode

Mode(X) = µ
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31.14 Additional information and definitions

� µ : Location parameter

� α : Scale parameter

� u : Uniform[0,1] random varible

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

31.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document

85

https://github.com/phitter-core/phitter-files/blob/main/continuous/generalized_normal.xlsx
https://docs.google.com/spreadsheets/d/1_77JSp0mhHxqvQugVRRWIoQOTa91WdyNqNmOfDNuSfA


32 Generalized Pareto Distribution

32.1 Distribution definition

X ∼ GeneralizedPareto (c, µ, σ)

32.2 Distribution domain

if c ⩾ 0 : x ∈ (µ,∞) , if c < 0 : x ∈
(
−∞, µ− σ

c

)
32.3 Parameters domain and parameters constraints

c ∈ R, µ ∈ R, σ ∈ R+

32.4 Cumulative distribution function

FX (x) = 1− (1 + cz(x))−1/c

32.5 Probability density function

fX (x) =
1

σ
(1 + cz(x))−(1/c+1)

32.6 Percent point function/Sample

F−1
X (u) = µ+

σ(u−c − 1)

c

32.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx =

(−1)
k

ck

k∑
i=0

(
k

i

)
(−1)

i

1− ci
if <

1

k

32.8 Parametric mean

Mean(X) = µ+ σµ′
1 = µ+

σ

1− c
if c < 1

32.9 Parametric variance

Variance(X) = σ2(µ′
2 − µ′2

1 ) =
σ2

(1− c)2(1− 2c)
if c < 1/2

32.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2(1 + c)

√
1− 2c

(1− 3c)
if c < 1/3

32.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
3(1− 2c)(2c2 + c+ 3)

(1− 3c)(1− 4c)
if c < 1/4

32.12 Parametric median

Median(X) = µ

32.13 Parametric mode

Mode(X) = µ+
σ(2c − 1)

c
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32.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

32.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/generalized_pareto.xlsx
https://docs.google.com/spreadsheets/d/1E28WYhX4Ba9Nj-JNxqAm-Gh7o1EOOIOwXIdCFl1PXI0


33 Gibrat Distribution

33.1 Distribution definition

X ∼ Gibrat (Loc,Sc)

33.2 Distribution domain

x ∈ (Loc,∞)

33.3 Parameters domain and parameters constraints

Loc ∈ R,Sc ∈ R+

33.4 Cumulative distribution function

FX (x) = Φ (lnx) =
1

2

(
1 + erf

(
ln z(x)√

2

))
33.5 Probability density function

fX (x) =
1

Sc

1

x
√
2π

exp

(
−1

2
(ln z(x))

2

)
33.6 Percent point function/Sample

F−1
X (u) = Loc + Sc× exp

(
Φ−1 (u)

)
33.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

Loc

xkfX (x) dx = exp

(
k2

2

)
33.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 = Loc + Sc ·

√
e

33.9 Parametric variance

Variance(X) = Sc2 · (µ̃′
2 − µ̃′2

1 ) = Sc2
[
e2 − e

]
33.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
√
e− 1 (2 + e)

33.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= e4 + 2e3 + 3e2 − 3

33.12 Parametric median

Median(X) = Loc + Sc× exp
(
Φ−1 (1/2)

)
33.13 Parametric mode

Mode(X) = Loc +
Sc

e
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33.14 Additional information and definitions

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� erf(x) : Error function

33.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/gibrat.xlsx
https://docs.google.com/spreadsheets/d/1pM7skBPnH8V3GCJo0iSst46Oc2OzqWdX2qATYBqc_GQ


34 Gumbel Left Distribution

34.1 Distribution definition

X ∼ GumbelLeft (µ, σ)

34.2 Distribution domain

x ∈ (−∞,∞)

34.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

34.4 Cumulative distribution function

FX (x) = 1− exp
(
−ez(x)

)
34.5 Probability density function

fX (x) =
1

σ
exp

(
z(x)− ez(x)

)
34.6 Percent point function/Sample

F−1
X (u) = µ+ σ ln (− ln (1− u))

34.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

−∞
xkfX̃ (x) dx

34.8 Parametric mean

Mean(X) = µ+ σµ̃′
1 = µ− γσ

34.9 Parametric variance

Variance(X) = σ2(µ̃′
2 − µ̃′2

1 ) = σ2π
2

6

34.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

= −12
√
6ζ(3)

π3

34.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
12

5

34.12 Parametric median

Median(X) = µ+ σ ln

(
− ln

(
1

2

))
34.13 Parametric mode

Mode(X) = µ
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34.14 Additional information and definitions

� X̃ ∼ GumbelLeft (0, 1)

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� γ : Euler-Mascheroni constant = 0.5772156649

� ζ(3) : Apéry’s constant = 1.2020569031

34.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/gumbel_left.xlsx
https://docs.google.com/spreadsheets/d/1WoW97haebsHk1sB8smC4Zq8KqW8leJY0bPK757B2IdI


35 Gumbel Right Distribution

35.1 Distribution definition

X ∼ GumbelRight (µ, σ)

35.2 Distribution domain

x ∈ (−∞,∞)

35.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

35.4 Cumulative distribution function

FX (x) = exp
(
−e−z(x)

)
35.5 Probability density function

fX (x) =
1

σ
exp

(
−
(
z(x) + e−z(x)

))
35.6 Percent point function/Sample

F−1
X (u) = µ̃− σ ln (− ln (u))

35.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

−∞
xkfX̃ (x) dx

35.8 Parametric mean

Mean(X) = µ+ σµ̃′
1 = µ+ γσ

35.9 Parametric variance

Variance(X) = σ2(µ̃′
2 − µ̃′2

1 ) = σ2π
2

6

35.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
12
√
6ζ(3)

π3

35.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
12

5

35.12 Parametric median

Median(X) = µ− σ ln

(
− ln

(
1

2

))
35.13 Parametric mode

Mode(X) = µ
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35.14 Additional information and definitions

� X̃ ∼ GumbelRight (0, 1)

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� γ : Euler-Mascheroni constant = 0.5772156649

� ζ(3) : Apéry’s constant = 1.2020569031

35.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/gumbel_right.xlsx
https://docs.google.com/spreadsheets/d/1CpzfSwAdptFrI8DhV3tWRsEFd9cr6h3Jaj7t3gigims


36 Half Normal Distribution

36.1 Distribution definition

X ∼ HalfNormal (µ, σ)

36.2 Distribution domain

x ∈ (µ,∞)

36.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

36.4 Cumulative distribution function

FX (x) = 2Φ (z(x))− 1 = erf

(
z(x)√

2

)
36.5 Probability density function

fX (x) =

√
2

σ
√
π
exp

(
−z(x)

2

2

)
36.6 Percent point function/Sample

F−1
X (u) = µ+ σΦ−1

(
1 + u

2

)
= µ̃+ σ

√
2 erf−1(u)

36.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
2n/2Γ(n+1

2 )
√
π

36.8 Parametric mean

Mean(X) = µ̃+ σµ̃′
1 = µ̃+ σ

√
2

π

36.9 Parametric variance

Variance(X) = σ2(µ̃′
2 − µ̃′2

1 ) = σ2

(
1− 2

π

)
36.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=

√
2(4− π)

(π − 2)3/2
= 0.9952717

36.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3 +
8(π − 3)

(π − 2)2
= 3.869177

36.12 Parametric median

Median(X) = µ+ σ
√
2 erf−1(1/2)

36.13 Parametric mode

Mode(X) = µ
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36.14 Additional information and definitions

� X̃ ∼ HalfNormal (0, 1)

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� erf(x) : Error function

� Γ (x) : Gamma function

36.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/half_normal.xlsx
https://docs.google.com/spreadsheets/d/1HQpNSNIhZPzMQvWWKyShnYNH74d1Bhs_d6k9La52V9M


37 Hyperbolic Secant Distribution

37.1 Distribution definition

X ∼ HyperbolicSecant (µ, σ)

37.2 Distribution domain

x ∈ (−∞,∞)

37.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

37.4 Cumulative distribution function

FX (x) =
2

π
arctan

[
exp
(π
2
z(x)

)]
37.5 Probability density function

fX (x) =
1

2σ
sech

(π
2
z(x)

)
37.6 Percent point function/Sample

F−1
X (u) = µ+ σ

2

π
ln
[
tan

(π
2
u
)]

37.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

−∞
xkfX̃ (x) dx =

1 + (−1)
k

2π22k
k!

[
ζ

(
k + 1,

1

4

)
− ζ

(
k + 1,

3

4

)]
37.8 Parametric mean

Mean(X) = µ+ σµ̃′
1 = µ

37.9 Parametric variance

Variance(X) = σ2(µ̃′
2 − µ̃′2

1 ) = σ2

37.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

= 0

37.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

= 3

37.12 Parametric median

Median(X) = µ

37.13 Parametric mode

Mode(X) = µ
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37.14 Additional information and definitions

� X̃ ∼ HyperbolicSecant (0, 1)

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� ζ(a, s) : Hurwitz zeta function

37.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/hyperbolic_secant.xlsx
https://docs.google.com/spreadsheets/d/1lTcLlwX0fmgUjhT4ljvKL_dqSReK_lEthsZNBtDxAF8


38 Inverse Gamma Distribution

38.1 Distribution definition

X ∼ InverseGamma (α, β)

38.2 Distribution domain

x ∈ (0,∞)

38.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+

38.4 Cumulative distribution function

FX (x) = 1− γ(α, β/x)

Γ(α)
= 1− P

(
α,
β

x

)
38.5 Probability density function

fX (x) =
βα

Γ(α)
x−α−1 exp

(
−β
x

)
38.6 Percent point function/Sample

F−1
X (u) =

β

P−1 (α, 1− u)

38.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
Γ(α− k)

Γ(α)
=

1

(α− 1) · · · (α− k)
if α > k

38.8 Parametric mean

Mean(X) = βµ̃′
1

38.9 Parametric variance

Variance(X) = β2(µ̃′
2 − µ̃′2

1 )

38.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

38.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

38.12 Parametric median

Median(X) =
β

P−1
(
α, 12

)
38.13 Parametric mode

Mode(X) =
β

α+ 1
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38.14 Additional information and definitions

� X̃ ∼ InverseGamma (α, 1)

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

38.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/inverse_gamma.xlsx
https://docs.google.com/spreadsheets/d/1uOgfUvhBHKAXhbYATUwdHRQnBMIMnu6rWecqKx6MoIA


39 Inverse Gamma 3P Distribution

39.1 Distribution definition

X ∼ InverseGamma3P (α,Loc, β)

39.2 Distribution domain

x ∈ (Loc,∞)

39.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R, β ∈ R+

39.4 Cumulative distribution function

FX (x) = 1− γ(α, β/(x− Loc))

Γ(α)
= 1− P

(
α,

β

x− Loc

)
39.5 Probability density function

fX (x) =
βα

Γ(α)
(x− Loc)−α−1 exp

(
− β

x− Loc

)
39.6 Percent point function/Sample

F−1
X (u) = Loc +

β

P−1 (α, 1− u)

39.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
Γ(α− k)

Γ(α)
=

1

(α− 1) · · · (α− k)
if α > k

39.8 Parametric mean

Mean(X) = Loc + βµ′
1

39.9 Parametric variance

Variance(X) = β2(µ′
2 − µ′2

1 )

39.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

39.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

39.12 Parametric median

Median(X) = Loc +
β

P−1
(
α, 12

)
39.13 Parametric mode

Mode(X) = Loc +
β

α+ 1
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39.14 Additional information and definitions

� X̃ ∼ InverseGamma3P (α, 0, 1)

� Loc : Location parameter

� β : Scale parameter

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

39.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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40 Inverse Gaussian Distribution

40.1 Distribution definition

X ∼ InverseGaussian (µ, λ)

40.2 Distribution domain

x ∈ (0,∞)

40.3 Parameters domain and parameters constraints

µ ∈ R+, λ ∈ R+

40.4 Cumulative distribution function

FX (x) = Φ

(√
λ

x

(
x

µ
− 1

))
+ exp

(
2λ

µ

)
Φ

(
−
√
λ

x

(
x

µ
+ 1

))

40.5 Probability density function

fX (x) =

√
λ

2πx3
exp

[
−λ(x− µ)2

2µ2x

]
40.6 Percent point function/Sample

SampleX =

{
x0 if u2 ⩽ µ

µ+x0

µ2

x0
if u2 ⩾ µ

µ+x0

40.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx

40.8 Parametric mean

Mean(X) = µ′
1 = µ

40.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
µ3

λ

40.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 3
(µ
λ

)1/2
40.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
15µ

λ

40.12 Parametric median

Median(X) = F−1
X

(
1

2

)
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40.13 Parametric mode

Mode(X) = µ

[(
1 +

9µ2

4λ2

) 1
2

− 3µ

2λ

]

40.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� x0 = µ+ µ2[Φ−1(u1)]
2

2λ − µ
2λ

√
4µλ[Φ−1 (u1)]2 + µ2([Φ−1 (u1)]2)2

� u1 : Uniform[0,1] random varible

� u2 : Uniform[0,1] random varible

40.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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41 Inverse Gaussian 3P Distribution

41.1 Distribution definition

X ∼ InverseGaussian3P (µ, λ,Loc)

41.2 Distribution domain

x ∈ (0,∞)

41.3 Parameters domain and parameters constraints

µ ∈ R+, λ ∈ R+,Loc ∈ R

41.4 Cumulative distribution function

FX (x) = Φ

(√
λ

x− Loc

(
x− Loc

µ
− 1

))
+ exp

(
2λ

µ

)
Φ

(
−
√

λ

x− Loc

(
x− Loc

µ
+ 1

))

41.5 Probability density function

fX (x) =

√
λ

2π(x− Loc)3
exp

[
−λ(x− µ− Loc)2

2µ2(x− Loc)

]

41.6 Percent point function/Sample

SampleX =

{
Loc + x0 if u2 ⩽ µ

µ+x0

Loc + µ2

x0
if u2 ⩾ µ

µ+x0

41.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

Loc

xkfX (x) dx

41.8 Parametric mean

Mean(X) = µ′
1 = Loc + µ

41.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
µ3

λ

41.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 3
(µ
λ

)1/2
41.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
15µ

λ

41.12 Parametric median

Median(X) = F−1
X

(
1

2

)
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41.13 Parametric mode

Mode(X) = Loc + µ

[(
1 +

9µ2

4λ2

) 1
2

− 3µ

2λ

]

41.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� Loc : Location parameter

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� x0 = µ+ µ2[Φ−1(u1)]
2

2λ − µ
2λ

√
4µλ[Φ−1 (u1)]2 + µ2([Φ−1 (u1)]2)2

� u1 : Uniform[0,1] random varible

� u2 : Uniform[0,1] random varible

41.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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42 Johnson SB Distribution

42.1 Distribution definition

X ∼ JohnsonSB (ξ, λ, γ, δ)

42.2 Distribution domain

x ∈ (ξ, ξ + λ)

42.3 Parameters domain and parameters constraints

ξ ∈ R, λ ∈ R+, γ ∈ R, δ ∈ R+

42.4 Cumulative distribution function

FX (x) = Φ

(
γ + δ ln

z(x)

1− z(x)

)
42.5 Probability density function

fX (x) =
δ

λ
√
2πz(1− z(x))

exp

[
−1

2

(
γ + δ ln

z(x)

1− z(x)

)2
]

42.6 Percent point function/Sample

F−1
X (u) =

λ exp
(

Φ−1(u)−γ
δ

)
1 + exp

(
Φ−1(u)−γ

δ

) + ξ

42.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ξ+λ

ξ

xkfX (x) dx

42.8 Parametric mean

Mean(X) = µ′
1

42.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

42.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

42.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

42.12 Parametric median

Median(X) =
λ exp

(
Φ−1(1/2)−γ

δ

)
1 + exp

(
Φ−1(1/2)−γ

δ

) + ξ
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42.13 Parametric mode

Mode(X) = argmax
x

fX (x)

42.14 Additional information and definitions

� ξ : Location parameter

� λ : Scale parameter

� z (x) = (x− ξ) /λ

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

42.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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43 Johnson SU Distribution

43.1 Distribution definition

X ∼ JohnsonSU (ξ, λ, γ, δ)

43.2 Distribution domain

x ∈ (−∞,∞)

43.3 Parameters domain and parameters constraints

ξ ∈ R, λ ∈ R+, γ ∈ R, δ ∈ R+

43.4 Cumulative distribution function

FX (x) = Φ
(
γ + δ sinh−1(z(x))

)
43.5 Probability density function

fX (x) =
δ

λ
√
2π
√
z(x)2 + 1

exp

[
−1

2

(
γ + δ sinh−1(z(x))

)2]

43.6 Percent point function/Sample

F−1
X (u) = λ sinh

(
Φ−1(u)− γ

δ

)
+ ξ

43.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

43.8 Parametric mean

Mean(X) = µ′
1 = ξ − λ exp

δ−2

2
sinh

(γ
δ

)
43.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
λ2

2
(exp(δ−2)− 1)

(
exp(δ−2) cosh

(
2γ

δ

)
+ 1

)
43.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= −
λ3

√
eδ−2(eδ

−2 − 1)2(eδ
−2

)(eδ
−2

+ 2) sinh( 3γδ ) + 3 sinh( 2γδ ))

4Variance(X)1.5

43.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
λ4(eδ

−2 − 1)2(K1 +K2 +K3)

8Variance(X)2

43.12 Parametric median

Median(X) = ξ + λ sinh
(
−γ
δ

)
43.13 Parametric mode

Mode(X) = argmax
x

fX (x)
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43.14 Additional information and definitions

� ξ : Location parameter

� λ : Scale parameter

� z (x) = (x− ξ) /λ

� u : Uniform[0,1] random varible

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� K1 =
(
eδ

−2
)2((

eδ
−2
)4

+ 2
(
eδ

−2
)3

+ 3
(
eδ

−2
)2

− 3

)
cosh

(
4γ
δ

)
� K2 = 4

(
eδ

−2
)2 ((

eδ
−2
)
+ 2
)
cosh

(
3γ
δ

)
� K3 = 3

(
2
(
eδ

−2
)
+ 1
)

43.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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44 Kumaraswamy Distribution

44.1 Distribution definition

X ∼ Kumaraswamy (α, β,min,max)

44.2 Distribution domain

x ∈ (min,max)

44.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+,min ∈ R,max ∈ R

44.4 Cumulative distribution function

FX (x) = 1− (1− z(x)α)β

44.5 Probability density function

fX (x) = αβz(x)α−1(1− z(x)α)β−1

44.6 Percent point function/Sample

F−1
X (u) = min + (max−min)× (1− (1− u)

1
β )

1
α

44.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ 1

0

xkfX̃ (x) dx = βBeta(1 +
k

α
, β)

44.8 Parametric mean

Mean(X) = min + (max−min)× µ̃′
1

44.9 Parametric variance

Variance(X) = (max−min)
2
(µ̃′

2 − µ̃′2
1 )

44.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

44.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

44.12 Parametric median

Median(X) = min + (max−min)×
(
1− 2−1/b

)1/a
44.13 Parametric mode

Mode(X) = min + (max−min)×
(
a− 1

ab− 1

)1/a
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44.14 Additional information and definitions

� X̃ ∼ Kumaraswamy (α, β, 0, 1)

� z (x) = (x−min) / (max−min)

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

44.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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45 Laplace Distribution

45.1 Distribution definition

X ∼ Laplace (µ, b)

45.2 Distribution domain

x ∈ (−∞,∞)

45.3 Parameters domain and parameters constraints

µ ∈ R+, b ∈ R+

45.4 Cumulative distribution function

FX (x) = 1
2 + 1

2 sign(x− µ)

(
1− exp

(
−|x− µ|

b

))
45.5 Probability density function

fX (x) =
1

2b
exp

(
−|x− µ|

b

)
45.6 Percent point function/Sample

F−1
X (u) = µ− b× sign

(
u− 1

2

)
ln

(
1− 2

∣∣∣∣p− 1

2

∣∣∣∣)
45.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx =

(
1

2

) r∑
k=0

[
r!

(r − k)!
bkµ(r−k){1 + (−1)k}

]

45.8 Parametric mean

Mean(X) = µ′
1 = µ

45.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = 2b2

45.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

45.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 6

45.12 Parametric median

Median(X) = µ

45.13 Parametric mode

Mode(X) = µ

112



45.14 Additional information and definitions

� µ : Location parameter

� b : Scale parameter

� u : Uniform[0,1] random varible

45.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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46 Levy Distribution

46.1 Distribution definition

X ∼ Levy (µ, c)

46.2 Distribution domain

x ∈ [µ,∞)

46.3 Parameters domain and parameters constraints

µ ∈ R, c ∈ R+

46.4 Cumulative distribution function

FX (x) = 1− erf

(√
c

2(x− µ)

)
46.5 Probability density function

fX (x) =

√
c

2π

e−
c

2(x−µ)

(x− µ)3/2

46.6 Percent point function/Sample

F−1
X (u) = µ+

c

2
(
erf−1(1− u)

)2
46.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

µ

xkfX (x) dx

46.8 Parametric mean

Mean(X) = µ′
1 = ∞

46.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = ∞

46.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= undefined

46.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= undefined

46.12 Parametric median

Median(X) = µ+
c

2(erf−1(1/2))2

46.13 Parametric mode

Mode(X) = µ+
c

3
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46.14 Additional information and definitions

� µ : Location parameter

� c : Scale parameter

� u : Uniform[0,1] random varible

� erf(x) : Error function

� erf−1(x) : Inverse of error function

46.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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47 Loggamma Distribution

47.1 Distribution definition

X ∼ LogGamma (c, µ, σ)

47.2 Distribution domain

x ∈ (0,∞)

47.3 Parameters domain and parameters constraints

c ∈ R+, µ ∈ R, σ ∈ R+

47.4 Cumulative distribution function

FX (x) =
γ (c, ex)

Γ (c)
= P

(
c, ez(x)

)
47.5 Probability density function

fX (x) =
exp

(
cz(x)− ez(x)

)
σΓ (c)

47.6 Percent point function/Sample

F−1
X (u) = µ+ σ ln

(
P−1 (u, c)

)
47.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

47.8 Parametric mean

Mean(X) = µ′
1 = µ+ σψ0

47.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = α2ψ1 (c)

47.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
ψ2 (c)

ψ1 (c)

47.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
ψ3 (c)

ψ1 (c)

47.12 Parametric median

Median(X) = µ+ σ ln
(
P−1 (1/2, c)

)
47.13 Parametric mode

Mode(X) = µ+ σ ln(c)

116



47.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

� ψ0 (x) : Digamma function

� ψn (x) : Polygamma function of order n ∈ N

47.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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48 Logistic Distribution

48.1 Distribution definition

X ∼ Logistic (µ, σ)

48.2 Distribution domain

x ∈ (−∞,∞)

48.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

48.4 Cumulative distribution function

FX (x) =
1

1 + e−(x−µ)/σ

48.5 Probability density function

fX (x) =
e−(x−µ)/σ

σ
(
1 + e−(x−µ)/σ

)2
48.6 Percent point function/Sample

F−1
X (u) = µ+ σ log

(
u

1− u

)
48.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

48.8 Parametric mean

Mean(X) = µ′
1 = µ

48.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
σ2π2

3

48.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

48.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 + 6/5

48.12 Parametric median

Median(X) = µ

48.13 Parametric mode

Mode(X) = µ
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48.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� u : Uniform[0,1] random varible

48.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://docs.google.com/spreadsheets/d/1WokfLcAM2f2TE9xcZwwuy3qjl4itw-y0cwAb7fyKxb0


49 Loglogistic Distribution

49.1 Distribution definition

X ∼ LogLogistic (α, β)

49.2 Distribution domain

x ∈ [0,∞)

49.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+

49.4 Cumulative distribution function

FX (x) =
1

1 + (x/α)−β

49.5 Probability density function

fX (x) =
(β/α)(x/α)β−1

(1 + (x/α)β)
2

49.6 Percent point function/Sample

F−1
X (u) = α

(
u

1− u

)1/β

49.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = αkBeta(1− k/β, 1 + k/β) = αk kπ/β

sin(kπ/β)

49.8 Parametric mean

Mean(X) = µ′
1

49.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

49.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

49.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

49.12 Parametric median

Median(X) = α

49.13 Parametric mode

Mode(X) = α

(
β − 1

β + 1

)1/β
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49.14 Additional information and definitions

� α : Scale parameter

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

49.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/loglogistic.xlsx
https://docs.google.com/spreadsheets/d/1WWXRuI6AP9n_n47ikOHWUjkfCYUOQgzhDjRsKBKEHXA


50 Loglogistic 3P Distribution

50.1 Distribution definition

X ∼ LogLogistic3P (Loc, α, β)

50.2 Distribution domain

x ∈ [Loc,∞)

50.3 Parameters domain and parameters constraints

Loc ∈ R, α ∈ R+, β ∈ R+

50.4 Cumulative distribution function

FX (x) =
1

1 + ((x− Loc)/α)−β

50.5 Probability density function

fX (x) =
(β/α)((x− Loc)/α)β−1

(1 + ((x− Loc)/α)β)
2

50.6 Percent point function/Sample

F−1
X (u) = Loc + α

(
u

1− u

)1/β

50.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = αkBeta(1− k/β, 1 + k/β) = αk kπ/β

sin(kπ/β)

50.8 Parametric mean

Mean(X) = Loc + µ̃′
1

50.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1

50.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

50.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

50.12 Parametric median

Median(X) = Loc + α

50.13 Parametric mode

Mode(X) = Loc + α

(
β − 1

β + 1

)1/β
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50.14 Additional information and definitions

� X̃ ∼ LogLogistic (α, β)

� Loc : Location parameter

� α : Scale parameter

� u : Uniform[0,1] random varible

� Beta (x, y) : Beta function

50.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document

123

https://github.com/phitter-core/phitter-files/blob/main/continuous/loglogistic_3p.xlsx
https://docs.google.com/spreadsheets/d/1RaLZ5L0rTrv9_fAi6izElf02ucuFy9LwagL_gQn3R0Y


51 Lognormal Distribution

51.1 Distribution definition

X ∼ LogNormal (µ, σ)

51.2 Distribution domain

x ∈ (−∞,∞)

51.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

51.4 Cumulative distribution function

FX (x) =
1

2

[
1 + erf

(
ln(x)− µ

σ
√
2

)]
51.5 Probability density function

fX (x) =
1

xσ
√
2π

exp

(
− (ln (x)− µ)

2

2σ2

)

51.6 Percent point function/Sample

F−1
X (u) = exp(µ+

√
2σ2 erf−1(2u− 1))

51.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx = ekµ+k2σ2/2

51.8 Parametric mean

Mean(X) = µ′
1 = eµ+

σ2

2

51.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = e2µ+σ2

(eσ
2

− 1)

51.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= (eσ
2

+ 2)
√
eσ2 − 1

51.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= e4σ
2

+ 2e3σ
2

+ 3e2σ
2

− 3

51.12 Parametric median

Median(X) = exp(µ)

51.13 Parametric mode

Mode(X) = exp(µ− σ2)
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51.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� u : Uniform[0,1] random varible

51.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/lognormal.xlsx
https://docs.google.com/spreadsheets/d/1lS1cR4C2R45ug0ZyLxBlRBtcXH6hNPE1L-5wP68gUpA


52 Maxwell Distribution

52.1 Distribution definition

X ∼ Maxwell (α,Loc)

52.2 Distribution domain

x ∈ (0,∞)

52.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R

52.4 Cumulative distribution function

FX (x) = erf

(
x− Loc√

2α

)
−
√

2

π

(x− Loc)e−(x−Loc)2/(2α2)

α

52.5 Probability density function

fX (x) =

√
2

π

(x− Loc)2e−(x−Loc)2/(2α2)

α3

52.6 Percent point function/Sample

F−1
X (u) = Loc + α

√
2P−1 (1.5, u)

52.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

52.8 Parametric mean

Mean(X) = µ′
1 = Loc + 2α

√
2

π

52.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
α2(3π − 8)

π

52.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2
√
2(16− 5π)

(3π − 8)3/2

52.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 4

(
−96 + 40π − 3π2

)
(3π − 8)2

+ 3

52.12 Parametric median

Median(X) = Loc + α

√
2P−1

(
1.5,

1

2

)

126



52.13 Parametric mode

Mode(X) = Loc + α
√
2

52.14 Additional information and definitions

� Loc : Location parameter

� α : Scale parameter

� u : Uniform[0,1] random varible

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

52.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/maxwell.xlsx
https://docs.google.com/spreadsheets/d/15tPw2RM2_a0vJMjVwNgsJnJUKFk9xbcEALqOf1m5qH0


53 Moyal Distribution

53.1 Distribution definition

X ∼ Moyal (µ, σ)

53.2 Distribution domain

x ∈ (−∞,∞)

53.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

53.4 Cumulative distribution function

FX (x) = 1− P

(
1

2
,
e−z(x)

2

)
= 1− erf

(
exp (−0.5z(x))√

2

)
53.5 Probability density function

fX (x) =
1√
2π

exp

(
−1

2

(
z(x) + e−z(x)

))
53.6 Percent point function/Sample

F−1
X (u) = µ+ σ ln

[
Φ−1

((
1− u

2

)2
)]

= µ+ σ ln

[
2P−1

(
1

2
, 1− u

)]

53.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

53.8 Parametric mean

Mean(X) = µ′
1 = µ+ σ(ln(2) + γ)

53.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = σ2

(
π2

2

)
53.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
28
√
2ζ(3)

π3

53.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 7

53.12 Parametric median

Median(X) = µ+ σ ln

[
2P−1

(
1

2
,
1

2

)]
53.13 Parametric mode

Mode(X) = µ
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53.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� z (x) = (x− µ) /σ

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� γ (a, x) : Lower incomplete gamma function

� Γ (x) : Gamma function

� erf(x) : Error function

� Φ−1 (x) : PPF normal standard distribution

� γ : Euler-Mascheroni constant = 0.5772156649

� ζ(3) : Apéry’s constant = 1.2020569031

53.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/moyal.xlsx
https://docs.google.com/spreadsheets/d/1_58zWuk_-wSEesJbCc2FTHxv4HO5WouGwlStIZitt1I


54 Nakagami Distribution

54.1 Distribution definition

X ∼ Nakagami (m,Ω)

54.2 Distribution domain

x ∈ (0,∞)

54.3 Parameters domain and parameters constraints

m ∈ R+
⩾ 1

2

,Ω ∈ R+

54.4 Cumulative distribution function

FX (x) =
γ
(
m, mΩ x

2
)

Γ(m)
= P

(
m,

m

Ω
x2
)

54.5 Probability density function

fX (x) =
2mm

Γ(m)Ωm
x2m−1 exp

(
−m
Ω
x2
)

54.6 Percent point function/Sample

F−1
X (u) =

√
Ω

m
P−1 (m,u)

54.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx

54.8 Parametric mean

Mean(X) = µ′
1 =

Γ(m+ 1
2 )

Γ(m)

(
Ω

m

)1/2

54.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = Ω

(
1− 1

m

(
Γ(m+ 1

2 )

Γ(m)

)2
)

54.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=

Γ(m+ 1
2 )

Γ(m)
√
m

(
1− 4m

(
1− 1

m

(
Γ(m+ 1

2 )

Γ(m)

)2))
2m

(
1− 1

m

(
Γ(m+ 1

2 )

Γ(m)

)2)3/2

54.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3+
−6
(

Γ(m+ 1
2 )

Γ(m)
√
m

)4
m+ (8m− 2)

(
Γ(m+ 1

2 )

Γ(m)
√
m

)2
− 2m+ 1

m

(
1− 1

m

(
Γ(m+ 1

2 )

Γ(m)

)2)2
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54.12 Parametric median

Median(X) =

√
Ω

m
P−1

(
m,

1

2

)

54.13 Parametric mode

Mode(X) =

√
2

2

(
(2m− 1)Ω

m

)1/2

54.14 Additional information and definitions

� u : Uniform[0,1] random varible

� P (a, x) = γ(a,x)
Γ(a) : Regularized lower incomplete gamma function

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

54.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/nakagami.xlsx
https://docs.google.com/spreadsheets/d/1fY8ID5gz1R6oWFm4w91GFdQMCd0wJ5ZRgfWi-yQtGqs


55 Non Central Chi Square Distribution

55.1 Distribution definition

X ∼ NonCentralChiSquare (λ, n)

55.2 Distribution domain

x ∈ [0,+∞)

55.3 Parameters domain and parameters constraints

λ ∈ R+, n ∈ R+

55.4 Cumulative distribution function

FX (x) = 1−Qn
2

(√
λ,

√
x
)

55.5 Probability density function

fX (x) =
1

2
e−(x+λ)/2

(x
λ

)n/4−1/2

In/2−1(
√
λx)

55.6 Percent point function/Sample

SampleX =

n∑
i=1

(√
λ

n
+Φ−1 (ui)

)2

55.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = 2k−1(k − 1)!(n+ kλ) +

k−1∑
j=1

(k − 1)!2j−1

(k − j)!
(n+ jλ)µ′

k−j

55.8 Parametric mean

Mean(X) = µ′
1 = n+ λ

55.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = 2(n+ 2λ)

55.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
23/2(n+ 3λ)

(n+ 2λ)3/2

55.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
12(n+ 4λ)

(n+ 2λ)2

55.12 Parametric median

Median(X) = F−1
X

(
1

2

)
55.13 Parametric mode

Mode(X) = argmax
x

fX (x)
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55.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� ui : Uniform[0,1] random varible

� Φ−1 (x) : PPF normal standard distribution

� Iα (x) : Modified Bessel function of the first kind of order α ∈ N

55.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/non_central_chi_square.xlsx
https://docs.google.com/spreadsheets/d/17KWXPKOuMfTG0w4Gqe3lU3vWY2e9k31AX22PXTzOrFk


56 Non Central F Distribution

56.1 Distribution definition

X ∼ NonCentralF (λ, n1, n2)

56.2 Distribution domain

x ∈ [0,∞)

56.3 Parameters domain and parameters constraints

λ ∈ R+, n1 ∈ R+, n2 ∈ R+

56.4 Cumulative distribution function

FX (x) =

∞∑
j=0

((
1
2λ
)j

j!
e−λ/2

)
In1x/(n2+n1x)

(n1
2

+ j,
n2
2

)

56.5 Probability density function

fX (x) =

∞∑
k=0

e−λ/2(λ/2)k

Beta
(
n2

2 ,
n1

2 + k
)
k!

(
n1
n2

)n1
2 +k (

n2
n2 + n1x

)n1+n2
2 +k

xn1/2−1+k

56.6 Percent point function/Sample

SampleX =

(∑n1

i=1

(√
λ
n1

+Φ−1 (ui)
)2)

/n1(
2P−1

(
n2

2 , u
))
/n2

56.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = e−λ/2

(
n1

n2

)k
Γ (n1/2− k)

Γ (n1/2)

∞∑
r=0

(
1

r!

)(
λ

2

)r Γ
(
n1

2 + r + k
)

Γ
(
n1

2 + r
)

56.8 Parametric mean

Mean(X) = µ′
1

56.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

56.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

56.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

56.12 Parametric median

Median(X) = F−1
X

(
1

2

)
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56.13 Parametric mode

Mode(X) = argmax
x

fX (x)

56.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� u : Uniform[0,1] random varible

� ui : Uniform[0,1] random varible

� Φ−1 (x) : PPF normal standard distribution

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� I (x, a, b) : Regularized incomplete beta function

� Beta (x, y) : Beta function

56.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/non_central_f.xlsx
https://docs.google.com/spreadsheets/d/14mZ563hIw2vXNM89DUncpsOdGgBXEUIIxJNa3-MVNIM


57 Non Central T Student Distribution

57.1 Distribution definition

X ∼ NonCentralTStudent (λ, n,Loc,Sc)

57.2 Distribution domain

x ∈ (−∞,∞)

57.3 Parameters domain and parameters constraints

λ ∈ R, n ∈ R+,Sc ∈ R+,Loc ∈ R

57.4 Cumulative distribution function

FX (x) =

 1
2

∑∞
j=0

1
j! (−λ

√
2)je

−λ2

2
Γ( j+1

2 )√
π

In/(n+z(x)2)

(
n
2 ,

j+1
2

)
if z(x) ≥ 0

1− 1
2

∑∞
j=0

1
j! (−λ

√
2)je

−λ2

2
Γ( j+1

2 )√
π

In/(n+z(x)2)

(
n
2 ,

j+1
2

)
if z(x) < 0

57.5 Probability density function

fX (x) =
1

Sc

nn/2Γ (n+ 1)

2neλ2/2 (n+ z(x)2)
n/2

Γ (n/2)
×


√
2λz(x)1F1

(
n
2 + 1, 32 ,

λ2z(x)2

2(n+z(x)2)

)
(n+ z(x)2) Γ

(
n+1
2

) −
1F1

(
n+1
2 , 12 ,

λ2z(x)2

2(n+z(x)2)

)
√
n+ z(x)2Γ

(
n
2 + 1

)


57.6 Percent point function/Sample

SampleX = Loc + Sc

(
λ+Φ−1 (u)

)(√
2P−1

(
n
2 , u

))
/n

57.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
e−λ2/2

√
nπΓ (n/2)

Γ

(
n− k

2

)
nk/2

∞∑
r=0

λr2r/2

r!
Γ

(
r + k + 1

2

)

57.8 Parametric mean

Mean(X) = Loc + Scµ̃′
1

57.9 Parametric variance

Variance(X) = Sc2(µ̃′
2 − µ̃′2

1 )

57.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

57.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

57.12 Parametric median

Median(X) = F−1
X

(
1

2

)

136



57.13 Parametric mode

Mode(X) = argmax
x

fX (x)

57.14 Additional information and definitions

� X̃ ∼ NonCentralTStudent (λ, n, 0, 1)

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� P−1 (a, u) : Inverse of regularized lower incomplete gamma function

� Iα (x) : Modified Bessel function of the first kind of order α ∈ N

� 1F1(a, b, z) : Kummer’s confluent hypergeometric function

57.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/non_central_t_student.xlsx
https://docs.google.com/spreadsheets/d/1u8pseBDM3brw0AXlru1cprOsfQuHMWfvfDbz2XxKoOY


58 Normal Distribution

58.1 Distribution definition

X ∼ Normal (µ, σ)

58.2 Distribution domain

x ∈ (−∞,∞)

58.3 Parameters domain and parameters constraints

µ ∈ R, σ ∈ R+

58.4 Cumulative distribution function

FX (x) =
1

2

[
1 + erf

(
x− µ

σ
√
2

)]
= Φ

(
x− µ

σ

)
58.5 Probability density function

fX (x) =
1

σ
√
2π
e−

1
2 (

x−µ
σ )

2

= ϕ

(
x− µ

σ

)
58.6 Percent point function/Sample

F−1
X (u) = µ+ σ

√
2 erf−1(2u− 1) = µ+ σΦ−1 (u)

58.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx = σk · (−i

√
2)kU

(
−k
2
,
1

2
,−1

2

(µ
σ

)2)
58.8 Parametric mean

Mean(X) = µ′
1 = µ

58.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = σ2

58.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

58.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3

58.12 Parametric median

Median(X) = µ

58.13 Parametric mode

Mode(X) = µ
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58.14 Additional information and definitions

� µ : Location parameter

� σ : Scale parameter

� u : Uniform[0,1] random varible

� U(a, b, z) : Tricomi’s confluent hypergeometric function

� Φ (x) : CDF normal standard distribution

� Φ−1 (x) : PPF normal standard distribution

� ϕ (x) : PDF normal standard distribution

� erf(x) : Error function

� erf−1(x) : Inverse of error function

58.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/normal.xlsx
https://docs.google.com/spreadsheets/d/18QTB3YYprvdFhr6PJI-DFcZOnYAuffdH8JHOtH1f83I


59 Pareto First Kind Distribution

59.1 Distribution definition

X ∼ ParetoFirstKind (xm, α,Loc)

59.2 Distribution domain

x ∈ [Loc + xm,∞)

59.3 Parameters domain and parameters constraints

xm ∈ R+, α ∈ R+,Loc ∈ R

59.4 Cumulative distribution function

FX (x) = 1−
(

xm
x− Loc

)α

59.5 Probability density function

fX (x) =
αxαm

(x− Loc)α+1

59.6 Percent point function/Sample

F−1
X (u) = Loc + xm(1− u)

− 1
α

59.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

xm

xkfX̃ (x) dx =

{
∞ if α ≤ k
αxk

m

α−k if α > k

59.8 Parametric mean

Mean(X) = Loc + µ̃′
1 = Loc +

αxm
α− 1

if α > 1

59.9 Parametric variance

Variance(X) = (µ̃′
2 − µ̃′2

1 ) =
x2mα

(α− 1)2(α− 2)
if α > 2

59.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
2(1 + α)

α− 3

√
α− 2

α
if α > 3

59.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

=
6(α3 + α2 − 6α− 2)

α(α− 3)(α− 4)
if α > 4

59.12 Parametric median

Median(X) = Loc + xm
α
√
2

59.13 Parametric mode

Mode(X) = Loc + xm
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59.14 Additional information and definitions

� X̃ ∼ ParetoFirstKind (xm, α, 0)

� Loc : Location parameter

� xm : Scale parameter

� u : Uniform[0,1] random varible

59.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/pareto_first_kind.xlsx
https://docs.google.com/spreadsheets/d/1T-Sjp0yCxbJpP9njbovOiFpbP8PrwI5jlj66odxAw5E


60 Pareto Second Kind Distribution

60.1 Distribution definition

X ∼ ParetoSecondKind (xm, α,Loc)

60.2 Distribution domain

x ∈ (Loc,∞)

60.3 Parameters domain and parameters constraints

xm ∈ R+, α ∈ R+,Loc ∈ R

60.4 Cumulative distribution function

FX (x) = 1−
[
1 +

x− Loc

xm

]−α

60.5 Probability density function

fX (x) =
α

xm

[
1 +

x− Loc

xm

]−(α+1)

60.6 Percent point function/Sample

F−1
X (u) = Loc + xm

[
(1− p)

− 1
α − 1

]
60.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
xkmΓ(α− k)Γ(1 + k)

Γ(α)

60.8 Parametric mean

Mean(X) = µ̃′
1 =

xm
α− 1

if α > 1

60.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1 =
x2mα

(α− 1)2(α− 2)
if α > 2

60.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=
2(1 + α)

α− 3

√
α− 2

α
if α > 3

60.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

=
6(α3 + α2 − 6α− 2)

α(α− 3)(α− 4)
if α > 4

60.12 Parametric median

Median(X) = xm

(
α
√
2− 1

)
60.13 Parametric mode

Mode(X) = 0
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60.14 Additional information and definitions

� X ∼ ParetoSecondKind (xm, α, 0)

� xm : Scale parameter

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

60.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/pareto_second_kind.xlsx
https://docs.google.com/spreadsheets/d/1hnBOqkbcRNuyRxaLP8eHei5MRwUFDb1bgdcZYkpYKio


61 Pert Distribution

61.1 Distribution definition

X ∼ Pert (a, b, c)

61.2 Distribution domain

x ∈ [a, c]

61.3 Parameters domain and parameters constraints

a ∈ R, b ∈ R, c ∈ R, a < b < c

61.4 Cumulative distribution function

FX (x) = I(z(x), α1, α2)

61.5 Probability density function

fX (x) =
(x− a)α1−1(c− x)α2−1

Beta(α1, α2)(c− a)α1+α2−1

61.6 Percent point function/Sample

F−1
X (u) = a+ (c− a) · I−1 (u, α1, α2)

61.7 Parametric centered moments

µ′
k = E[Xk] =

∫ c

a

xkfX (x) dx

61.8 Parametric mean

Mean(X) = µ′
1 =

a+ 4b+ c

6

61.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
(Mean(X)− a)(c−Mean(X))

7

61.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2 (α2 − α1)

√
α1 + α2 + 1

(α1 + α2 + 2)
√
α1α2

61.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
6[(α1 − α2)

2(α1 + α2 + 1)− α1α2(α1 + α2 + 2)]

α1α2(α1 + α2 + 2)(α1 + α2 + 3)
+ 3

61.12 Parametric median

Median(X) = a+ (c− a) · I−1

(
1

2
, α1, α2

)
61.13 Parametric mode

Mode(X) = b
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61.14 Additional information and definitions

� z (x) = (x− a) / (c− a)

� u : Uniform[0,1] random varible

� α1 = 4b+c−5a
c−a , α2 = 5c−a−4b

c−a

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

61.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/pert.xlsx
https://docs.google.com/spreadsheets/d/1NeKJKq4D_BB-ouefgJ35FzcORA7fH1OQwC5dCZKI_38


62 Power Function Distribution

62.1 Distribution definition

X ∼ PowerFunction (α, a, b)

62.2 Distribution domain

x ∈ [a, b]

62.3 Parameters domain and parameters constraints

α ∈ R+, a ∈ R, b ∈ R, a < b

62.4 Cumulative distribution function

FX (x) =

(
x− a

b− a

)α

62.5 Probability density function

fX (x) =
α(x− a)α−1

(b− a)α

62.6 Percent point function/Sample

F−1
X (u) = [a+ u(b− a)]

−α

62.7 Parametric centered moments

µ′
k = E[Xk] =

∫ b

a

xkfX (x) dx

62.8 Parametric mean

Mean(X) = µ′
1 =

a+ bα

α+ 1

62.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
2a2 + 2abα+ b2α(α+ 1)

(α+ 1)(α+ 2)
−Mean(X)2

62.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 2 (1− α)

√
α+ 2

α (α+ 3)

62.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=
6
(
α3 − α2 − 6α+ 2

)
α (α+ 3) (α+ 4)

+ 3

62.12 Parametric median

Median(X) =

[
a+

1

2
(b− a)

]−α

62.13 Parametric mode

Mode(X) = undefined
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62.14 Additional information and definitions

� a : Location parameter

� b− a : Scale parameter

� u : Uniform[0,1] random varible

62.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document

147

https://github.com/phitter-core/phitter-files/blob/main/continuous/power_function.xlsx
https://docs.google.com/spreadsheets/d/1Hbi-XZiCK--JGFnoY-8iDLmNgYclDo5L4LKYKCCxfzw


63 Rayleigh Distribution

63.1 Distribution definition

X ∼ Rayleigh (γ, σ)

63.2 Distribution domain

x ∈ [γ,∞)

63.3 Parameters domain and parameters constraints

γ ∈ R, σ ∈ R+

63.4 Cumulative distribution function

FX (x) = 1− e−z(x)2/2

63.5 Probability density function

fX (x) = z(x)× e−z(x)2/2/σ

63.6 Percent point function/Sample

F−1
X (u) = γ + σ

√
−2 log (1− u)

63.7 Parametric centered moments

µ′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =
√
2kΓ

(
k

2
+ 1

)
63.8 Parametric mean

Mean(X) = γ + σ · µ′
1 = γ + σ

√
π

2

63.9 Parametric variance

Variance(X) = σ2(µ′
2 − µ′2

1 ) = σ2 4− π

2

63.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=
2 (π − 3)

√
π

(4− π)
3/2

63.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3 +
24π − 6π2 − 16

(4− π)
2

63.12 Parametric median

Median(X) = γ + σ

√
−2 log

(
1

2

)

63.13 Parametric mode

Mode(X) = γ + σ
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63.14 Additional information and definitions

� X̃ ∼ Rayleigh (0, 1)

� γ : Location parameter

� σ : Scale parameter

� z (x) = (x− γ) /σ

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

63.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/rayleigh.xlsx
https://docs.google.com/spreadsheets/d/1UWtjOwokob4x43OcMLLFbNTYUqOo5dJWqSTfWbS-yyw


64 Reciprocal Distribution

64.1 Distribution definition

X ∼ Reciprocal (a, b)

64.2 Distribution domain

x ∈ [a, b]

64.3 Parameters domain and parameters constraints

a ∈ R+, b ∈ R+, a < b

64.4 Cumulative distribution function

FX (x) =
ln(x)− ln(a)

ln(b)− ln(a)

64.5 Probability density function

fX (x) =
1

x (ln(b)− ln(a))

64.6 Percent point function/Sample

F−1
X (u) = exp(ln(a) + u× (ln(b)− ln(a)))

64.7 Parametric centered moments

µ′
k = E[Xk] =

∫ b

a

xkfX (x) dx =
bk − ak

k (ln(b)− ln(a))

64.8 Parametric mean

Mean(X) = µ′
1

64.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

64.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

64.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

64.12 Parametric median

Median(X) = exp

[
ln(a) +

(ln(b)− ln(a))

2

]
64.13 Parametric mode

Mode(X) = a
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64.14 Additional information and definitions

� u : Uniform[0,1] random varible

64.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document

151

https://github.com/phitter-core/phitter-files/blob/main/continuous/reciprocal.xlsx
https://docs.google.com/spreadsheets/d/1ghFeCj8Q_hbpWqv9xXaNl1UKUe-5kOomZPWyI1JsoGA


65 Rice Distribution

65.1 Distribution definition

X ∼ Rice (v, σ)

65.2 Distribution domain

x ∈ [0,∞)

65.3 Parameters domain and parameters constraints

v ∈ R+, σ ∈ R+

65.4 Cumulative distribution function

FX (x) = 1−Q1

( v
σ
,
x

σ

)
65.5 Probability density function

fX (x) =
x

σ2
exp

(
−(x2 + v2)

2σ2

)
I0

(xv
σ2

)
65.6 Percent point function/Sample

SampleX =
√

Φ−1(u1, v, σ)2 +Φ−1(u2, 0, σ)2

65.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx = σk2k/2 Γ(1 + k/2)Lk/2(−v2/2σ2)

65.8 Parametric mean

Mean(X) = µ′
1

65.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

65.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

65.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

65.12 Parametric median

Median(X) = F−1
X

(
1

2

)
65.13 Parametric mode

Mode(X) = argmax
x

fX (x)
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65.14 Additional information and definitions

� Computing an analytic expression for the inverse of the cumulative distribution function is not
feasible. Nonetheless, it is possible to generate a random sample from the distribution.

� Φ−1 (u,mean, variance) : Inverse of cumulative function from normal distribution

� Lr (x) : Laguerre polynomials of order r ∈ R

� L 1
2
(x) = ex/2(x)I1

(
x
2

)
− ex/2(x− 1)I0

(
x
2

)
� L 3

2
(x) = 1

3e
x/2(2x2 − 6x+ 3)I0(x/2)− 2

3e
x/2(x− 2)xI1(x/2)

� Iα (x) : Modified Bessel function of the first kind of order α ∈ N

� Qk(a, b) : Marcum Q-function of order k ∈ N

� u1 : Uniform[0,1] random varible

� u2 : Uniform[0,1] random varible

65.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/rice.xlsx
https://docs.google.com/spreadsheets/d/1hGVFWbF0w7D0l54t_p0vUId0rO2s61BRdrgslDYTnWc


66 Semicircular Distribution

66.1 Distribution definition

X ∼ Semicircular (Loc, R)

66.2 Distribution domain

x ∈ [Loc,∞)

66.3 Parameters domain and parameters constraints

Loc ∈ R, R ∈ R+

66.4 Cumulative distribution function

FX (x) =
1

2
+
z(x)

√
R2 − z(x)2

πR2
+

arcsin
(

z(x)
R

)
π

66.5 Probability density function

fX (x) =
2

πR2

√
R2 − z(x)2

66.6 Percent point function/Sample

F−1
X (u) = Loc +R× (2I−1 (u, 1.5, 1.5)− 1)

66.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

Loc

xkfX (x) dx

66.8 Parametric mean

Mean(X) = µ′
1 = Loc

66.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
R2

4

66.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

66.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 2

66.12 Parametric median

Median(X) = Loc

66.13 Parametric mode

Mode(X) = Loc
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66.14 Additional information and definitions

� Loc : Location parameter

� R : Scale parameter

� z (x) = x− Loc

� u : Uniform[0,1] random varible

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

66.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/semicircular.xlsx
https://docs.google.com/spreadsheets/d/195c9VbAKtvEndJKnFp52TrENYK2iytMzIXLMKFAGgx4


67 T Student Distribution

67.1 Distribution definition

X ∼ TStudent (df)

67.2 Distribution domain

x ∈ (−∞,∞)

67.3 Parameters domain and parameters constraints

df ∈ R+

67.4 Cumulative distribution function

FX (x) = I

(
x+

√
x2 + df

2
√
x2 + df

,
df

2
,
df

2

)

67.5 Probability density function

fX (x) =

(
1 + x2/df

)−(1+df)/2

√
df× Beta

(
1
2 ,

df
2

)
67.6 Percent point function/Sample

F−1
X (u) =


√

df(1−I−1(u,df/2,df/2))
I−1(u,df/2,df/2) if u ≥ 1

2

−
√

df(1−I−1(u,df/2,df/2))
I−1(u,df/2,df/2) if u < 1

2

67.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx =

{
0 if k odd ∧ 0 < k < df

df
k
2
∏k/2

i=1
2i−1
df−2i if k even ∧ 0 < k < df

67.8 Parametric mean

Mean(X) = µ′
1 = 0

67.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =

{
df/(df + 2) if df > 2
undefined if df ≤ 2

67.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=

{
0 if df > 3

undefined if df ≤ 3

67.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

=

{
3 + 6/(df− 4) if df > 4
undefined if df ≤ 4

67.12 Parametric median

Median(X) = 0

67.13 Parametric mode

Mode(X) = 0
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67.14 Additional information and definitions

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

67.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/t_student.xlsx
https://docs.google.com/spreadsheets/d/1fGxJfFL5eXAWk8xNI6HgCX9SQuXi-m5mR83N1dMLJrg


68 T Student 3P Distribution

68.1 Distribution definition

X ∼ TStudent3P (df,Loc,Sc)

68.2 Distribution domain

x ∈ (−∞,∞)

68.3 Parameters domain and parameters constraints

df ∈ R+,Loc ∈ R,Sc ∈ R+

68.4 Cumulative distribution function

FX (x) = I

(
z(x) +

√
z(x)2 + df

2
√
z(x)2 + df

,
df

2
,
df

2

)

68.5 Probability density function

fX (x) =

(
1 + z(x)2/df

)−(1+df)/2

√
df× Beta

(
1
2 ,

df
2

)
68.6 Percent point function/Sample

F−1
X (u) =

 Loc + Sc
√

df(1−I−1(u,df/2,df/2))
I−1(u,df/2,df/2) if u ≥ 1

2

Loc− Sc
√

df(1−I−1(u,df/2,df/2))
I−1(u,df/2,df/2) if u < 1

2

68.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx =

{
0 if k odd ∧ 0 < k < df

df
k
2
∏k/2

i=1
2i−1
df−2i if k even ∧ 0 < k < df

68.8 Parametric mean

Mean(X) = Loc + Sc · µ̃′
1 = Loc

68.9 Parametric variance

Variance(X) = Sc2 × (µ̃′
2 − µ̃′2

1 ) =

{
Sc2 df/(df + 2) if df > 2

undefined if df ≤ 2

68.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

=

{
0 if df > 3

undefined if df ≤ 3

68.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

=

{
3 + 6/(df− 4) if df > 4
undefined if df ≤ 4

68.12 Parametric median

Median(X) = Loc
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68.13 Parametric mode

Mode(X) = Loc

68.14 Additional information and definitions

� X̃ ∼ TStudent (df)

� Loc : Location parameter

� Sc : Scale parameter

� z (x) = (x− Loc) /Sc

� u : Uniform[0,1] random varible

� I (x, a, b) : Regularized incomplete beta function

� I−1 (x, a, b) : Inverse of regularized incomplete beta function

� Beta (x, y) : Beta function

68.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/t_student_3p.xlsx
https://docs.google.com/spreadsheets/d/1K8bpbc-0mwe0mvRYXUQmoE8vaTigciJWDS4CPXmJodU


69 Trapezoidal Distribution

69.1 Distribution definition

X ∼ Trapezoidal (a, b, c, d)

69.2 Distribution domain

x ∈ [a, d]

69.3 Parameters domain and parameters constraints

a ∈ R, b ∈ R, c ∈ R, d ∈ R, a < b < c, b < c < d

69.4 Cumulative distribution function

FX (x) =


1

d+c−a−b
1

b−a (x− a)2 if a ≤ x < b
1

d+c−a−b (2x− a− b) if b ≤ x < c

1− 1
d+c−a−b

1
d−c (d− x)2 if c ≤ x ≤ d

69.5 Probability density function

fX (x) =


2

d+c−a−b
x−a
b−a if a ≤ x < b

2
d+c−a−b if b ≤ x < c
2

d+c−a−b
d−x
d−c if c ≤ x ≤ d

69.6 Percent point function/Sample

F−1
X (u) =

 a+
√
u× (d+ c− a− b)× (b− a) if u ≤ A1

(a+ b+ u× (d+ c− a− b))/2 if A1 ≤ u ≤ A1 +A2

d−
√
(1− u)× (d+ c− a− b)× (d− c) if A1 +A2 ≤ u ≤ A1 +A2 +A3

69.7 Parametric centered moments

µ′
k = E[Xk] =

∫ b

a

xkfX (x) dx =
2

d+ c− b− a

1

(k + 1)(k + 2)

(
dk+2 − ck+2

d− c
− bk+2 − ak+2

b− a

)
69.8 Parametric mean

Mean(X) = µ′
1

69.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

69.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

69.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

69.12 Parametric median

Median(X) = F−1
X (1/2)
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69.13 Parametric mode

Mode(X) ∈ [b, c]

69.14 Additional information and definitions

� u : Uniform[0,1] random varible

� A1 = (b− a)/(d+ c− a− b)

� A2 = 2(c− b)/(d+ c− a− b)

� A3 = (d− c)/(d+ c− a− b)

69.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/trapezoidal.xlsx
https://docs.google.com/spreadsheets/d/1Gsk5M_R2q9Or8RTggKtTkqEk-cN6IuDgYqbmhFm5Xlw


70 Triangular Distribution

70.1 Distribution definition

X ∼ Triangular (a, b, c)

70.2 Distribution domain

x ∈ [a, b]

70.3 Parameters domain and parameters constraints

a ∈ R, b ∈ R, c ∈ R, a < c < b

70.4 Cumulative distribution function

FX (x) =

{
(x−a)2

(b−a)(c−a) if a < x ≤ c

1− (b−x)2

(b−a)(b−c) if c < x < b

70.5 Probability density function

fX (x) =

{
2(x−a)

(b−a)(c−a) if a ≤ x < c,
2(b−x)

(b−a)(b−c) if c ≤ x ≤ b,

70.6 Percent point function/Sample

F−1
X (u) =

{
a+

√
U(b− a)(c− a) if 0 < U < c−a

b−a

b−
√
(1− U)(b− a)(b− c) if c−a

b−a ≤ U < 1

70.7 Parametric centered moments

µ′
k = E[Xk] =

∫ b

a

xkfX (x) dx

70.8 Parametric mean

Mean(X) = µ′
1 =

a+ b+ c

3

70.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 =
a2 + b2 + c2 − ab− ac− bc

18

70.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

=

√
2(a+b−2c)(2a−b−c)(a−2b+c)

5(a2+b2+c2−ab−ac−bc) 3
2

70.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3− 3

5

70.12 Parametric median

Median(X) =

 a+
√

(b−a)(c−a)
2 if c ≥ a+b

2

b−
√

(b−a)(b−c)
2 if c ≤ a+b

2
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70.13 Parametric mode

Mode(X) ∈ [b, c]

70.14 Additional information and definitions

� u : Uniform[0,1] random varible

70.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/triangular.xlsx
https://docs.google.com/spreadsheets/d/1nirKOt7O7rUf2nlYu61cnNYT91GKSzb6pVlc1-pzzGw


71 Uniform Distribution

71.1 Distribution definition

X ∼ Uniform (a, b)

71.2 Distribution domain

x ∈ [a, b]

71.3 Parameters domain and parameters constraints

a ∈ R, b ∈ R, a < b

71.4 Cumulative distribution function

FX (x) =
x− a

b− a

71.5 Probability density function

fX (x) =
1

b− a

71.6 Percent point function/Sample

F−1
X (u) = a+ u · (b− a)

71.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

−∞
xkfX (x) dx =

1

k + 1

k∑
i=0

aibk−i

71.8 Parametric mean

Mean(X) = µ′
1 = 1

2 (a+ b)

71.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1

71.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

= 0

71.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

= 3− 6

5

71.12 Parametric median

Median(X) = 1
2 (a+ b)

71.13 Parametric mode

Mode(X) ∈ [a, b]

71.14 Additional information and definitions

� u : Uniform[0,1] random varible

164



71.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/uniform.xlsx
https://docs.google.com/spreadsheets/d/1TSaKNHOsVLYUobyKTpHR6qCuCAgfkKmRSETvdeZLcw4


72 Weibull Distribution

72.1 Distribution definition

X ∼ Weibull (α, β)

72.2 Distribution domain

x ∈ [0,∞)

72.3 Parameters domain and parameters constraints

α ∈ R+, β ∈ R+

72.4 Cumulative distribution function

FX (x) = 1− e−(x/β)α

72.5 Probability density function

fX (x) =
α

β

(
x

β

)α−1

e−(x/β)α

72.6 Percent point function/Sample

F−1
X (u) = β(− ln(1− u))1/α

72.7 Parametric centered moments

µ′
k = E[Xk] =

∫ ∞

0

xkfX (x) dx = βαΓ

(
1 +

k

α

)
72.8 Parametric mean

Mean(X) = µ′
1 = β · Γ(1 + 1/α)

72.9 Parametric variance

Variance(X) = µ′
2 − µ′2

1 = β2
[
Γ (1 + 2/α)− (Γ (1 + 1/α))

2
]

72.10 Parametric skewness

Skewness(X) =
µ′
3 − 3µ′

2µ
′
1 + 2µ′3

1

(µ′
2 − µ′2

1 )
1.5

72.11 Parametric kurtosis

Kurtosis(X) =
µ′
4 − 4µ′

1µ
′
3 + 6µ′2

1 µ
′
2 − 3µ′4

1

(µ′
2 − µ′2

1 )
2

72.12 Parametric median

Median(X) = β(ln(2))1/α

72.13 Parametric mode

Mode(X) =

{
β
(
α−1
α

)1/α
if α > 1

0 if α ≤ 1
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72.14 Additional information and definitions

� β : Scale parameter

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

72.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/weibull.xlsx
https://docs.google.com/spreadsheets/d/1DdNwWHmu0PZAhMYf475EMU3scTMXok3wOhzsg7gn8Ek


73 Weibull 3P Distribution

73.1 Distribution definition

X ∼ Weibull3P (α,Loc, β)

73.2 Distribution domain

x ∈ [Loc,∞)

73.3 Parameters domain and parameters constraints

α ∈ R+,Loc ∈ R, β ∈ R+

73.4 Cumulative distribution function

FX (x) = 1− e−z(x)α

73.5 Probability density function

fX (x) =
α

β
z(x)α−1e−z(x)α

73.6 Percent point function/Sample

F−1
X (u) = Loc + β(− ln(1− u))1/α

73.7 Parametric centered moments

µ̃′
k = E[X̃k] =

∫ ∞

0

xkfX̃ (x) dx = βαΓ

(
1 +

k

α

)
73.8 Parametric mean

Mean(X) = Loc + µ̃′
1 = Loc + β Γ(1 + 1/α)

73.9 Parametric variance

Variance(X) = µ̃′
2 − µ̃′2

1 = β2
[
Γ (1 + 2/α)− (Γ (1 + 1/α))

2
]

73.10 Parametric skewness

Skewness(X) =
µ̃′
3 − 3µ̃′

2µ̃
′
1 + 2µ̃′3

1

(µ̃′
2 − µ̃′2

1 )
1.5

73.11 Parametric kurtosis

Kurtosis(X) =
µ̃′
4 − 4µ̃′

1µ̃
′
3 + 6µ̃′2

1 µ̃
′
2 − 3µ̃′4

1

(µ̃′
2 − µ̃′2

1 )
2

73.12 Parametric median

Median(X) = Loc + β(ln(2))1/α

73.13 Parametric mode

Mode(X) = Loc +

{
β
(
α−1
α

)1/α
if α > 1

0 if α ≤ 1
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73.14 Additional information and definitions

� X̃ ∼ Weibull (α, β)

� Loc : Location parameter

� β : Scale parameter

� z (x) = (x− Loc) /β

� u : Uniform[0,1] random varible

� Γ (x) : Gamma function

73.15 Spreadsheet documents

� Excel file from GitHub repository

� Google spreadsheet document
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https://github.com/phitter-core/phitter-files/blob/main/continuous/weibull_3p.xlsx
https://docs.google.com/spreadsheets/d/1agwpFGpXm62srDxgPOoDQGN8nGd8zaoztXg84Bgedlo
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