THE SCHUBERT ALGEBRA AND THE RING OF RC GRAPHS

MATTHEW J. SAMUEL

1. SOME PRELIMINARIES

1.1. Notation.

Definition 1.1.1. For a permutation v’ such that v’ € S,,, define

V() ifj <
AU T R
i,n (U =
PinW =Y 1) iricj<ntl
j ifj>n+1

i i
Now fix v € S,, and 7 > 1 an integer, we define a relation \ by declaring that v \, v’ if

05 (V')

Equivalently, v \L( v’ if whenever v € S,, and n is minimal, we have that v satisfies the relation L with
respect to the permutation obtained from v’ by inserting n + 1 at position . We note that this concept was
introduced by Bergeron and Sottile in [4].
If v {( v, we define a set of integers Q;(v’,v) by
Qi(v',v) ={v(j) | j >iand v'(j — 1) = v(j)}
Given the fact that any element of S, fixes all but finitely many positive integers, it follows that Q;(v’,v)
is a finite set.

K3
We then define D;(v) to be all permutations v € So such that v N\, v'. The permutations D;(v) arise
when pulling a variable out of a Schubert polynomial and expressing the coefficients of the powers of this
variable as Schubert polynomials in the remaining variables, as is done in [3], from which this definition
essentially comes.
For a permutation v € S, we define Tv to be the permutation defined by

g = {100

Recursively, we define 1*(v) to be $(1*71(v)).
For a permutation w, we define m(w) to be the maximum right descent of w. That is
m(w) = max{i | w(i) > w(i+ 1)}
Define
N(a|B)=[[(a—b)
beB
Proposition 1.1.2 (Special case of Pieri formula [7, Theorem 7.1]). Suppose k > 1 and u,w € Sy. If
U 7@ w, then
@y M (21 | yp) =0
If u LN w, define
Q={u(@)|i<kand u(i) =w()}
1
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then
Wy M (@1 [yw) = N (21 | yo)
Proof. This is simply a change of variables from the original theorem. |
The next proposition specializes, in the case of ordinary Schubert polynomial &, (z), to a formular that
isolate a chosen index i: one can express &,(z) as a sum of terms of the form 27 &, (2("), thereby effectively

extracting the variable z; and leaving Schubert polynomials in the remaining variables [4, Theorem 5.1].
Proposition [[.1.3]is the double Schubert polynomial version of this, which, as far as we know, is new.

Proposition 1.1.3. Let v € Sy, and let i > 0 be an integer. Then we have

GU(x;y) = Z M (wz | yQi(v’,v)) 6'u/ (x(i); y)
U\i(u’
Proof. Suppose v € S,,. We have
& (w:) = 0" (S () (43)

This is equal to

(y)avwo(n)(Gsn+14“‘s1wo(n)(‘T(i); y)n (xl | y[n-i-l—i]))
and, applying the Leibniz formula, is also equal to

> CRIEARE y)<y>5$ﬁf?,z)sl“.sn+ki” (@i | Ymy1-a)

v €8s
Z(v'wo(n)sl~»-sn+1,i):€(wo(n)sl~~sn+1,i)—€(v/)
By the restricted Pieri formula (Proposition , for this to be nonzero necessarily v'wg(n)sy - - - Spy1-; ntloi

vwg(n). We note that v'wg(n)sy -+ Snt1—: o, vwp(n) if and only if
v v'wo(n)sy - Spp1—iwo(n) = v'spsp_1--8;
We have that v's,, - - - s; is exactly ¢; ,,(v") since v' € S,,, so we require that
v 0in(v)

so the sum is over all v' € D;(v).
Applying Proposition [1.1.2] we obtain that the result is equal to

Z Mn (xz | yA(v’,v)) Sy (l,(z)’ y)
v’ €D; (v)

where A(v',v) is the set of all vwy(n)(j) such that 1 < j <n+1—1iand v'we(n)sy - Spt1-i(J) = vwo(n)(4).
These values are the same as at the indices that comprise the set of all 1 < j < n+ 1 — 7 such that

V'(n+2 =51 spp1-4(5)) = v(n+2 - j)
Applying the s1 -« $p+1—4 to j, since 1 < j <n+1—14 we have that
s1Snq1—i(J) = J+1
Hence we need
Vint2-(G+1)=vn+1-j)=v(n+2-j)
Replacing j with n + 2 — p, the indices are the set of all p such that i < p <n+ 1 and
v'(p—1) = v(p)

Thus A(v',v) is the set of all v(p) such that p > i and v'(p — 1) = v(p), which is exactly Q;(v',v), and we
are done. ]
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2. THE SCHUBERT ALGEBRA AND ITS DUAL

2.1. Definition. We define a commutative algebra A over the integers as follows. For each n, define A,, to
be the polynomial ring over Z in the variables x4, ..., x,. Then define

Aoa
n=0

The multiplication within A, is as usually defined for the polynomial ring. However, if a € A,, and b € A,
with m # n and m,n > 0, then
ab=0
Otherwise, the component for n = 0 is identified with the coefficient ring. Note that the “identity element”
for positive n is not an identity element of A (we may sometimes refer to it as a “fat identity”).
Each A,, has a basis consisting of elements x{(ln), where «a is a sequence of n nonnegative integers, and the

notation indicates that

Qn
n

Tg =27t
The direct sum therefore has a basis that can canonically be identified with union of these.
We define a coproduct A : A — A ® A on the basis 2 by
A= Y P ox?

ptg=n
ab=c

where the equation ab = c indicates that a concatenated with b is equal to ¢. We also define a counit
e: A— Z by e(z8") = 0 unless n = 0.

Lemma 2.1.1. With A and €, A is a coassociative, counital coalegebra.

Proof. We have
Aag) =D o @2l
Applying A to either tensor factor results in
ngp) ® ‘Tl(;q) ® ()

The symmetry of this is exactly the coassociativity condition. Seeing that we may choose p = n or ¢ = n,
the definition of the counit gives us the result that A is counital as well under A and e. ]

Lemma 2.1.2. A: A— A® A is a homomorphism of rings.

Proof. This is where the condition that x((zp )J;l(,q) = 0 unless p = ¢ when both p,q¢ > 0 comes in. It ensures
that only monomials of the same length have nonzero products and preserves the structure of the coproduct
as a homomorphism of rings. O

Lemma 2.1.3. V: A® A — A is a homomorphism of coalgebras.
Proof. |
Corollary 2.1.4. A is a bialgebra over Z.

A is afforded a grading into finite dimensional components by observing that each A,, itself is a graded
ring with each homogeneous component being a finitely generated free module. Considering the pair (n,d),
where 7 is the number of variables and d is the degree, as a Z? grading, we may take the graded dual module
D, which, by virtue of the grading, is isomorphic as a free module to .A. We identify the dual basis element
x} with the sequence of nonnegative integers a. That is to say,

(a,zp) = dap

Inspection of the coproduct reveals that the product of a and b in D is simply the concatenation ab. Hence
D is isomorphic to the free associative algebra on a countable set indexed by nonnegative integers.
D also has a coproduct compatible with its product, namely

cr Z a®b

a+b=c
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Thus A and D are dual bialgebras.
Calling A the “Schubert algebra” may seem unnecessarily grandiose, however the reason will become clear
below.

2.2. The Schubert basis. In A, each A,, has a basis of Schubert polynomials GSL"), where the largest right
descent of u is at most n, ensuring that &, (z) has at most n variables. Schubert polynomials limited to a
specific number of variables have well-defined structure constants ¢, , independent of n, given by

U,V

& & = e, &y
w

These are known to be nonnegative integers, however except in special cases no positive combinatorial
formula is known.

Schubert polynomials have nonnegative coefficients in terms of the x&n) basis, for which many formulas
are known. There is also a less well-understood unique expansion of the Schubert polynomials into sums of
products of elementary symmetric polynomials with at most n variables.

2.3. The elementary basis. We say that a weak composition « is n-elementary if a; <+ for all ¢ < n and
a; < n for all ¢ > n, satisfying the additional restriction that o; > ;41 if i > n.
An n-elementary monomial is a an element of the polynomial ring of the following form:

1 n _n n
€ay €a,Ca,in Can,

where « is an n-elementary weak composition. Define &,, to be the set of n-elementary monomials.
Theorem 2.1. &, forms a Z-basis for Ay, and |, €, forms a basis for A.

Proof. Tt is a theorem of Macdonald that the polynomial ring Z[x1,...,x,] is a free module over A,, with
basis the Schubert polynomials &, (z) such that u € S,,. These Schubert polynomials are uniquely expressed
in terms of strict elementary symmetric monomials with fewer than n variables. Since A,, is a polynomial ring
in the e; ,, by the fundamental theorem of elementary symmetric polynomials, A,, has a basis of monomials
exn as A ranges over all partitions with parts bounded by n. The multiplicative combination of these two
bases is therefore a Z-basis of A,,. This is exactly the description of the monomials e for a an n-elementary
weak composition. O

We can ask for transition formulas between the Schubert and the elementary basis. From elementary to
Schubert, we may use Sottile’s Pieri formula. That is,

n __ § : n
€q = GU

For the reverse transition, suppose we want to express &;, in the elementary basis. Let A = p(w) and
consider the double Schubert polynomial

Gi(z;y) = HEA (w5 y4)

We have that
-1
Su(wy) =0 Sa(zy)
Applying the Leibniz formula, this is

Z Hagi/uHE/\i(fcéyi)
u0i>u1-~- i
It is possible to find a combinatorial formula for each factor in the product, keeping the y variables, but

we only need the sign. We define o;(u;—1,u;) to be the number of indexes j < ¢ such that u;—1(j) # u;(j).
Then we define

O’(P) = Zai(ui,l,ui)
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Then we define
E&™ = Z (_1)|A\—Z(W)+U(P)

Theorem 2.2. For each w, we have

These numbers are stable for fixed w as soon as the number of variables is at least as large as the value
of n such that w € S, and are well-studied but poorly understood.

Example 2.3.1. Let n = 5 and let w be the permutation such that c¢(w) = (0,2,0,2,3). Let A =
(5,5,5,4,3,2,1). Then
S = €0,0,0,05,1,1) ~ €(0,0,0,0,4,2,1) T €(0,0,0,0,4,3) ~ €(0,1,0,0,4,1,1) T €(0,0,1,0,3,2,1)
+ €(0,1,0,0,5,1) T €(0,1,0,0,3,3)

Suppose « and 3 are weak compositions. We define «|,5 to be the weak composition defined by

o ifi<p
i a; + ﬂi,p ifi>p
Theorem 2.3.
A= D er@ch

allpf=y
ptg=n

where o ranges over all weak compositions such that oP is p-elementary and 8 ranges over all q-elementary
weak compositions.

2.4. The Schubert-Schur and separated descents basis. A,, has a basis of the form S;f}u =sx(z1,...,2n) Gy(a),
where u € S, and sy is the Schur polynomial corresponding to A in A,. This is called the Schubert-Schur
basis. There is a generalization that this is an easy special case of that can be described as follows.

Let K . = Gu(z1,...,2n) Sy(x1,...,Tk-1), where v € S and u is a permutation such that f(us;) >

l(u) for all i < k. We will call this the separated descents basis for the descent k.
Theorem 2.4. For fized k, K} ;. form a basis of Ay, for all n > k.

Proof. First we show that these elements additively generate the subring. Note first that &, is a basis. Let
eal ---eym € Ey. Let j be the index such that A; = k. Let

a1

and let
m
Q=11 e
i=j+1
By the fact that A\;_1 = \; + 1 for all ¢ > j, it follows that

Q= ZCU Gv(x)

for integers ¢, with v € Si. Given the fact that P is symmetric in x1, ..., Xk, it can be shown that

P=>"d,&,(z)

for integers d,, and permutations u € So, with £(us;) > £(u) for all i < k. Thus the n-elementary monomial
can be expressed as

PQ = Zcudv Culx1,. . 2n) Gy, ..., TE—1)

Since the n-elementary monomials form a basis, this proves that K7}, spans A,.
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To prove independence, first note that if
> Kl g = cuGy(z) =0
u u

then ¢, = 0 for all u by independence of Schubert polynomials. Assume the inductive hypothesis that for
some m > 0 we have that if
ZCUUK’Z,U;]C = 0
u

and for all v in the sum with ¢(v) > m we have ¢,, = 0, then ¢,, = 0 for all 4 and v. For a sum with
possibly nonzero terms such that ¢(v) = m at most, suppose

ZCU,UKLLJ);IG =0
u,v
Let ¢ be a positive integer. Then by applying the divided difference 9% we see that

§ ’ n _
cuﬂ)Ku,vsi;k =0
u,v

for all v with ¢(vs;) < ¢(v). In particular, the maximum length with a possibly nonzero coefficient has
decreased by at least 1. By the inductive hypothesis, all terms in this sum are 0, hence ¢, = 0 for all v and
v with £(vs;) < €(v). Tterating over all 7, we have the result. O

For transition coefficients, expressing K, in terms of Schubert polynomials is “easy” and combinato-
rially known to have nonnegative coefficients. While positive formulas are known, their discovery is quite
recent.

Expressing the Schubert basis in terms of K7, can be done as follows.

Recall we can express &, as

n __ § asn  n
Gw - Ew7 €a
a

To transition to the basis K, . let a be the index such that A, = k. Then

a £(A)
v (ife) (1 o
a i=1

j=a-+1

These products can be expanded with the Pieri formula as

n o __ § an U v n
611; = Ew’ Ca’,)\’ca”,)\”Ku,v;k
«@

Example 2.4.1. Let n =5, let kK = 3, and let w be the permutation such that ¢(w) = (0,2,0,2,3). Then
5 5
Sl = Kiaugsss7,132;3 — K1sa68257,1;3
If instead we let k = 4, we obtain
G, = *Kir)24563,132;4 + Kir)246735,132;4 + Kir)34562,1;4 - Kir)346725,1;4 + K§34561,132;4

2.5. The dual algebra. We examine the graded dual algebra D more closely now. This is a graded ring
generated by countably many elements that we denote by [i], where 7 is a nonnegative integer. The product,
as mentioned previously, is concatenation of sequences. Thus

[ay -~ ap)[by -+ -by) = [a1 -+ apby - - by]

It is not hard to see that D is a free algebra on these generators. Thus the set of sequences [a; - - - a,,] forms
a Z-basis for D. We may realize this as the dual of A by declaring that

(lar -~ an), 2y - ay) = [ [ ba,
i

We have a Z x Z grading such that
deg(a1 -+ an]) = (n,—a1 —as -+ — ay)

The set of elements such that deg(a) = (n, —) is Dy, dual as a graded module to A,
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2.6. The dual Schubert basis. There is a basis =] dual to the Schubert basis for D,,. Specifically, with
the unique pairing (—, —) : D x A — Z such that

{o,zp) = dap
we define =7 to be the unique basis of D,, such that

(E0:67) = duv
We characterize it with an explicit formula.

Theorem 2.5. For each permutation u and integer n with £(us;) > €(u) for all i > n we have the equation

=n E;(HM—)l_a7C(u)a

L(a)=n

where p s any strict dominant permutation such that 0 # ¢, (u) > £(u) and c,y1(pn) = 0.

Proof. By definition, the coefficient of o in =" is the coefficient of &), in z,. This can be derived from

the Cauchy formula for double Schubert polynomials. Note that for any permutation p as laid out in the
statement of the theorem, ¢(up™") = ¢(u) — £(u). Thus,

0 S (w5 —y) = Sy (15 —y)

Y
= Z GU(JJ) Guu*1 (y)
Expressing the second factor in the e, )\( ) basis, we have

Z Sl c(lt) a,c(p ) Ce(u)—crrc(u) (y)

An alternative expression for &, (x; —y) is

We have that

= Z Tale(p)—a,c(p) (y)

from which we see that the coefficient is correct. g
This is not stable for fixed u as n increases, and this is expected.

Lemma 2.6.1. Let u,v € So, and p,q > 0 be integers. Write
=p=d Zdu . (p, q)=LF

Then for each u,v,w the coefficient d; ,(p,q) is the coefficient of Gu(w1,...,7p) Ey(Tpi1,...,Tpyq) in the
expansion of Gw(xl, ..y Tpiq) in terms of the basis of products of Schubert polynomials in x1,...,z, and
Schubert polynomials in xp11 onward.

Proof. This is true by examination of the definition of the coproduct of A, since this is the coefficient of
&P ® &2 in the coproduct of &GP, O

Thus the product structure of D encodes splitting of the Schubert polynomial into two sets of variables.
In particular,

Lemma 2.6.2. Let a > 0 be an integer and w € So. Then we have

=n __ =n+1

[a‘] —w E : —w’
weD1 (w)
L(w,w')=a

E w o =n =n
cuv u®‘—‘

the coefficients ¢, are the structure constants of Schubert polynomials. That is, the entire multiplicative
structure of Schubert polynomials is encoded in the coproduct.

Observation 2.1. In the formula
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3. THE RING OF BOUNDED RC GRAPHS
3.1. The module of bounded RC graphs.

Definition 3.1.1. Let R C P x P be a finite set. To each such set we associate an element wgr of So, as
follows. Given a pair (4, j) where 4,5 > 0 are integers, define s(i,j) = s,1;—1. Totally order the grid such
that (¢,7) < (a,b) if and only if i < a or i« = a and j > b (in other words, lexicographical order, except that
the order on the second coordinate is reversed). By this ordering, index R as r1,72,..., 7, in increasing
order. Then

wr = s(r1) - s(rm)
If {(wgr) = m, then we say that R is an RC-graph.

A pair (R, n) such that R is an RC-graph and wg has no right descent larger than n is called a bounded
RC-graph. A bounded RC graph has an associated vector wt(R,n) such that wt;(R,n) is the number of
elements of R with first coordinate ¢ (the number of elements in row 7).

To a bounded RC graph (R, n), we define an associated bounded RC graph trim(R,n) = (R/,n —1) such
that R’ is the set of all (i — 1,7) such that (i,7) € R and ¢ > 1. We also define

TR = {(i +m,j)|(i,j) € R}

Let BRC be the free abelian group spanned by all bounded RC graphs. If BRC,, is the subgroup spanned
by all bounded RC graphs of the form (R,n), then we have a grading

BRC = é BRC,

n=0

There is an evident evaluation map ¢ : BRC — A defined on basis elements as

¢(Ra n) = Tut(R,n)
which is a surjective homomorphism of graded modules. There is also a map a : BRC — D defined by

a(R,n) =E7

—wp

which is also a surjective homomorphism of graded modules. In addition, there is w : BRC — D defined by
w(R,n) = [wt(R,n)]
which is similarly surjective.
We can define elements Sy, (n) as
Sw(n) = Z (R,n)
wr=w

For a generating element [a] of D and a bounded RC graph (R, n), we define

[a] - (R,n) = > (R',n+1)
trim(R' ,n+1)=(R,n)
wt1 (R )=a
which is an element of BRC. By virtue of the fact that D is a free algebra generated by these elements, it
is nearly a trivial observation that this is a left module action on BRC. The consequences of this, however,
are not at all trivial.

Lemma 3.1.2 (|2, Corollary 3.11]). We have that D1 (w) is equal to the set of permutations w' such that
there exists a permutation v = Sq, - - Sq,, for some integers ay > ag > -+ > am > 1 such that w = vtw'.

Lemma 3.1.3. Let v be a permutation. If v i‘ V', let ay, ..., a be the elements of Q1(v',v) in decreasing
order. Then
V= Sq, " Sq,, TV
Proof. Suppose v € S,,. We have by definition that there is a sequence of integers b1, ..., by, all distinct and
greater than 1, such that
Vi1, c tl,bp(l) =n-+1
and
vty -t (04 1) = 0'(0)
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for all ¢ < n — 1. This means that

vty p, b, = SpSp_1- - 5170
This is because if v/ = ', then

(1) =1
and
V(i) =v(i—-1)+1

The cycle s,,---s1sends 1 —wn+1andi—i—1if 1 <i<n+ 1, hence

vt1p, - tip, = SpSp_1--- 51TV
In particular,

V= SnSn—1-- 51TV t1p, ct1p,

This results in the factorization

/
V= 8p 81t (by—1) 41 b (b —1) 41TV

The value v'(b; — 1) necessarily decreases as j decreases, since applying the corresponding reflection in the
reverse order strictly increases the length with each application. Consequently, multiplying s, ---s; on the
right by these reflections removes the simple reflections s,/, 1), .-, Sv/(,—1)- The indices removed are
precisely the complement of the elements of Q1(v’,v), hence the elements of Q1(v’,v) in decreasing order
are what remain, as desired. O

Definition 3.1.4. For a set of positive integers A = {a1,...,a;,} wWith a1 > as > -+ > a,, > 1 and a
positive integer ¢, define
row;(A) = {(i,a;) | a; € A}

Theorem 3.1. Let a > 0 be an integer and let (R,n) € BRC. Then
[a] - (R,n) = Z (row1(Q1(wr,w')) UTR,n + 1)

wrE€D1 (w')
L(wgr,w')=a

Proof. If trim(R',n + 1) = (R,n), then by definition wr' = 84, * - * Sa,, Twgr. It follows by Lemma
then wr € Dy(wg/). By Lemma|3.1.3] the integers a1, ..., a,, are precisely the elements of Q1 (wg,wg/) in
decreasing order. This establishes the result. O

Lemma 3.1.5. Let a > 0 be an integer and let w € Soy. For any valid n, we have

a] - Sw(n) =Y Sw(n+1)

weD; (w')
L(w,2w')=a

Let ¢ be an indeterminate commuting with all elements of D. Write

o0

&(t)=> [at"

a=0
Define
S(z1,22,...,2n) = 6(x1) S(z2) -+ - S(z,)
Theorem 3.2. Let (0,0) € BRC. Then
S(a1,. .. mn) - (0,0) = > Sy(w1,...,20)Sw(n)
wE S
Proof. The result for n = 1 is Lemma together with Theorem (3.1 The general result follows by

induction on n. Consider the inductive hypothesis

S22, .. x) - (0,0) = Y Sylaz,...,20)Su(n—1)

wESoo
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Then applying &(z1) to both sides, we have
S(21) S(x2,.. . xn) - (0,0) = D Sylwa, ..., xn) &(21)Sw(n — 1)

WE S
which is equal to

Z Z x§ Gy(za, ..., x,) 6(x1)[a]Sy(n — 1)

a=0weS

Applying Lemma to each term, we have

Z Z 2! Gy(za, ..., 2n) Z Sy (n)

a=0weS weD1 (w)
L(w,w')=a

Bringing the polynomial inside the inner sum, this is

Y[ T L e n) | St

w' E€See \weDy(w')
which simplifies to
> Gwl@n, ... n)Suw(n)
w' €S
as desired. 0

Corollary 3.1.6. For each w € Sy and valid n, we have
d(Sw(n)) = 64 (z1,...,24,)

3.2. The pipe dream visualization and roots. Given a pair of positive integers 7, j and an RC graph
R, define
R[i,j] ={(a,b) € R (a,b) > (i,7)}
Given an RC graph R and a pair of positive integers i, j, we define an ordered pair
rtp(iyj) = (Wgp (0 + 7 — 1), wgg 10+ 7))

There is a common visualization of RC graphs as pipe dreams. In this visualization, we draw an infinite
grid in the first quadrant, and in each position (i,j) we draw either a crossing (if (i,j) € R) or an elbow
(if (¢,7) ¢ R). Then we draw pipes entering from the left edge of the grid, with the pipe entering at row i
labeled 7. The pipes travel through the grid, turning at elbows and crossing at crossings, and exit at the top
of the grid, which is labeled with the same number.

A modification to this common visualization that we use has the following additional features:

e We write the index of the simple reflections corresponding to the crossings in the grid area itself.
Thus, at position (4, j) we write the number ¢ 4+ j — 1 if there is a crossing at that position.

e For a bounded RC graph (R, n), we only draw the first n pipes entering from the left side of the grid
and clip features outside of the first n rows. The pipes exiting at the top are still labeled since the
width is not limited.

See Figure [1] for an example of this visualization.
The main benefit of this is that visualizing rtg(i, j) is easy. The pipes that pass through position (4, 5)
are labeled s and q for some s,q > 0. For a positive root in an unoccupied square, we will have the following

labeling, where ¢ < s:
W/
(]

We observe that in the above RC graph, the position (1,5) does not have this configuration. Placing a
crossing there would create a negative root, and the pipes would cross twice. Note that this results in a
collection of ordered pairs that is not an RC graph, if such a crossing exists. For a valid RC graphs, only
positive roots occur as crossings, and this happens if and only if pipes cross at most once.
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FIGURE 1. The pipe dream visualization of the bounded RC graph (R,5) where R =

{(1? 1)7 (17 2)7 (27 1)’ (37 1)7 (3’ 3)}

N
[
-

3 6 5

FIGURE 2. An invalid set of crossings causing pipes to cross more than once, caused by
inserting a crossing at a negative root

4 2 1 3 5 6
L F1—2 5=/
kL
3
4
5

3.3. Zeroing out the last row. We proceed now to define a product on BRC turning it into a ring. To
do this, we need to be able to define a function Z : BRC — BRC trimming empty rows from the bottom
instead of from the top. This is far more complicated.

Algorithm 1 Basic monk insertion 4 ER

1:
2:

© % NPTk

Input: An RC graph R, parameter k, and an integer ¢ with 1 < i < k.
Output: A modified RC graph R’ with wt;(R’) = wt;(R) for j # ¢ and wt;(R') = wt,;(R) + 1 such that
WR i) WR.
Find leftmost position (i,7) ¢ R in row ¢ such that if rtg(i,5) = (a,b), then a < k < b.
R« RU{(i7)}
if there exists (i/,j') € R with rtr(i,j') € @~ then
R R\{( )
Return to step 3 substituting a = 4’.
end if
return R
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Algorithm 2 Pieri insertion [ LR

1:
2:

© % N>R W

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

Input: An RC graph R, parameter k, and sequence I = {i1,...,4n} with k >4 > i > -+ >4, > 1.
Output: A modified RC graph R’ with wt;(R’) = wt,;(R) for ¢ ¢ I and wt;(R') = wt;(R)+#{j | {; =i}
for 4 € I such that wg kﬁ WR.

Initialize: Let L < [] (empty list of pairs (a,b) where a < k < b), and U < [] (empty list of positions).
for each i € (i1,...,1y) do
Find leftmost position (i,7) ¢ R in row ¢ satisfying j > j’ for all (i,5) € U such that either:
a) rtr(i,j) = (s,q) where s <k <gand g ¢ {b] (a,b) € L}.
b) rtr(i,j) = (br, q) where ¢ > k, b, < ¢, and q ¢ {b| (a,b) € L}.
R+ RU{(i,j)} and U <~ U U{(4,5)}
Update L by adding (s, ¢) or replacing (a,, b,.) with (a,,q) and (a, b;.).
if there exists (i',j') € R with rtg(¢,j') € &~ then
R« R\{(',j")}
Let rtr(i,5') = (¢,8)
if (s,q) € L then
Remove (s,q) from L
else
Remove (a,, q) from L, where (a,,q), (ar,s) € L
end if
Return to step 5 to insert #'.
end if
end for
return R

Algorithm 3 Map Z(R,n) zeroing out row n

1:

[y
—_

— =

14:
15:

© P>y

_.
= e

Input: A bounded RC graph (R, n) with row n empty.

Output: A bounded RC graph (R, n — 1) such that |R/| = |R| and wg {, WR.
if (R,n — 1) is a valid bounded RC graph then
return (R,n —1)
else
Let Ry + R.
Find the maximal p and sequence { (i, jm)}5,_; such that:
rtg, _, (im,Jjm) = (n+m —1,n+m) for each m, where R,, = Ry—1 \ {(4m, Jm)} for each m > 1.

R™ < R\ {(i1,41)s---, (ip, 3p) }-

Let I + (il,ig,...,ip).
D+ R~ U{(n,1),(n,2),...,(n,p)}
D'« I1"5'D

R« {(i,j) € D' | i < n}.
return (R',n —1).
end if

See Figure [3| for an example of the zeroing operation (Algorithm .
Note that Algorithm [2]is not a realization of Sottile’s Pieri formula for complete symmetric polynomials,

despite preserving the relevant Bruhat relation. This is because the map

((4) * et - e

given by

(I,R) —» T %R

need not be injective.



.

(a) Initial RC graph R

(b) After deleting (2,2) with
rtr(2,2) = a3 and moving to

row 3
1 2 3 4 4 1 3 2
1 Jr—é—{l‘a—J 1 -i—/ z'),—/
NI RIS
[ L
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1 4 3 2
1 4 3 2
|| ||
' | 2 J
2 I— 3

(c) After insertion with 43 = 2 (d) After rectification

3 1 4 2
2 2 rJ
1

(e) Final result Z(R,3) =
(R',2) after removing row 3

FIGURE 3. Step-by-step computation of Z(R,3) for R = {(1,2),(1,3),(2,2)}.

Lemma 3.3.1. Given an RC graph R, an integer k, and k > iy > -+ > iy, > 1, Algorithm [4 produces a
valid RC graph R’ satisfying
wti(R) = wti(R) + #{j | i = i}
and
WR g WR

Proof. Set Ry = R to be the initial RC graph. We claim that given R and L at the start of iteration p of
the main loop, we have that R is a valid RC graph satisfying

wti(R) = wti(Ro) + #{j <p—1]i; =i}
and
WR = WRelayby ** " tap_1by_1
where L = [(a1,b1), ..., (ap, bp)]. This is clear for p = 1. For larger p, suppose we are inserting at row i,. If
we are in case (a) of Step 5, then adding (i,,7) to R adds the root t; — t; to the inversion set of wg, and

multiplying by ¢, gives the desired result. If we are in case (b) of Step 5, then adding (i, j) to R results in
multiplication by t, 4. This commutes past the other reflections to meet ¢, 5. We thus have the situation

tarthb,,«q = tarqtarbr

This ensures that the product remains as desired if the RC graph is valid. However, the condition that the
RC graph R be valid is not guaranteed after this step, so we must rectify. Suppose we must rectify at row
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i — 1. We find a negative root (i — 1,5’) which must have been created by the insertion, and hence by the
strong exchange property equal to rtg(i,j) that was inserted. Removing this root (from both the graph and
from L) returns us to the original permutation at the beginning of the iteration, and performing the insert
at row ¢ — 1 adds a new positive root, giving the desired result on the permutation. The weight is unchanged
since we removed and added one crossing in row i — 1. If the algorithm ends here, we have instead multiplied
by the new reflection obtained in the ultimate insert step. Otherwise, repeating this process for all necessary
rectifications completes the proof of the claim. The claim iterated to p = m + 1 yields the desired result,

and the method of updating L ensures that the b; are all distinct, so that wg LN WR. O

Lemma 3.3.2. Given a bounded RC graph (R,n) such that row n is empty, Algorithm @ produces a valid
bounded RC' graph (R',n — 1) satisfying
wt(R') = wt(R)

Proof. Stripping out the crossings at roots (n,n+1),(n + 1,n+2),...,(n 4+ p — 1,n + p) removes exactly
one crossing from each of rows 41,42, ...,7,, and moving them to the last row to obtain R; ensures that
wg = WR,. By construction, the portion of the RC graph in rows with index less than n is valid (meaning its
max descent is at most n — 1). Applying Algorithm [2| to insert at rows i1, 4o, ...,%, adds different crossings
to preserve the number of elements in each row without adding descents past index mn in the permutation,
by Lemma Trimming off row n then yields a valid bounded RC graph (R',n — 1) with the desired
properties. O

Theorem 3.3. Let w be a permutation with last descent at most n. Let RC(w,n)° be the set of bounded RC
graphs (R,n) such that wg = w and row n is empty. Then
Z:RC(w,n)® — U RC(w',n — 1)
w{w’
is a weight-preserving bijection.

To prove Theorem for n = 2, we may characterize the bounded RC graphs (R,2) such that row 2
is empty and m(wg) = 2 as those for permutations w = sgsgp_1---s2 for some k > 1. Algorithm (3] in
this case consists moves the entirety of the crossings in row 1 to row 2. The procedure then inserts k — 1
crossings into row 1 in order from left to right, which must have roots t, — ¢s; such that ¢ = 1. Thus R’
is precisely {(1,1),(1,2),(1,3),...,(1,k — 1)}, which is the unique bounded RC graph for the permutation

w' = Sp_18k_2 - -51 with one row. This establishes the base case.
For the induction step, we require the following lemmas.

Lemma 3.3.3. Let (R,n) be a bounded RC graph with n > 2 such that row n is empty. Then if Z(R,n) =
(R',n—1), we have

n
WR \( WRr

Proof. Let w = wg and suppose ¢, (w) = m. By construction, the second to last step of Algorithm [3|yields
a bounded RC graph (R, n) such that if w = wg, then

wn)>wn+1)<wn+2)<---<w(n+m)
and
n—1_ ~
W ——w
via reflections t4; such that n < b <n +m. Let w' = wg,. We also have
W = pn, N (W)
via only reflections t¢,; such that b > n + m. We claim that
w = on, N (W)
This can only fail if @w(n) # w(n) by the observations above. However, the pipe labeled n, by virtue of the
fact that we have (n,1),...,(n,m) populated, will always lie to the right of pipes n + 1,n +2,...,n +m

in the wiring diagram for w or any intermediate stage. Inserting into any row that contained a crossing
(n,n + p), there must be a valid empty space to the left of the pipe labeled n since we have deleted these
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crossings. By virtue of the fact that the leftmost is always chosen, no reflection (i,n) will ever be inserted.
This ensures that w(n) = w(n), as desired. O

Lemma 3.3.4. Let (R,n) be a bounded RC graph with n > 2 such that row n is empty. Then
Z(trim(R,n)) = trim(Z(R,n))

Proof. This is almost a trivial observation. In terms of the word of R, trim(R,n) preserves a suffix. Removing
all of the initial roots before trimming is therefore the same as removing the initial roots that still remain
after trimming, by the exchange property. Afterwards, in perfoming the insertion algorithm, there is no
dependency on rows with a lower index, the modification only proceeds downward in row number. Therefore,
trimming the first row at any point only stops the process earlier, and does not change rows with higher
index than 1 in the outcome. |

Lemma 3.3.5. Let w be a permutation with last descent at most n. Let RC(w,n)? be the set of bounded
RC graphs (R,n) such that wr = w and row n is empty. Then
Z :RC(w,n)? — RC(n —1)

s injective.
Proof. If n = 2 this is clear. Suppose now that n > 2 and that the result holds for n — 1. Let (R,n) €
RC(w,n). If (R',n) € RC(w,n)? is another bounded RC graph such that

Z(R,n) = Z(R',n)
then by Lemma we have

Z(trim(R,n)) = Z(trin(R',n))

hence R and R’ agree on all rows except possibly row 1 by the inductive hypothesis. Since wr = wg/, it
follows that R = R’, establishing injectivity. O

Proof of Theorem[3.3 By the previous lemma, it suffices to show that Z is surjective. However, this follows
from the pigeonhole principle and the well-known transition formula for Schubert polynomials. 0

We may extend Z to an endomorphism BRC — BRC by defining Z(R,n) = 0 if row n in R is not empty.
Then we have the following result.

Theorem 3.4. Let w be a permutation with last descent at most n. Suppose

Gw(fl;l, e 7',1:77,7170) = ZGM'(J;17 B '7mn71)

Then
Z(Sw(n)) = ZSw/ (n—1)

3.4. Relation to the bijection with bumpless pipe dreams.

Definition 3.4.1. Denote by BPD(w,n) the set of bumpless pipe dreams for a permutation w with an
associated integer n, where n > m(w).

Recall that

3.5. Preservation of the Demazure crystal structure. RC-graphs have a Demazure crystal structure
defined by Assaf and Schilling in [I]. Namely, they define operators e; : RC(w) — RC(w) U {0} and
fi : RC(w) = RC(w) U{P} for each i > 1 as follows.

Definition 3.5.1. Consider elements (i,j) € R and (i + 1,k) € R. The pairing algorithm starts with the
largest j in row ¢ and pairs (4,7) with (i + 1, k) where k is the smallest such that k > j. If no such k exists,
then (i, 7) is unpaired. The algorithm continues by considering the next largest j in row ¢ and repeating the
process until all elements in row ¢ have been considered.

Define R; to be the set of unpaired elements in row ¢ after applying the pairing algorithm between rows @
and ¢ + 1, and define L; to be the set of unpaired elements in row ¢ + 1. Then f;(R) is defined by removing
the leftmost element (7, j) from R; and adding the element (i + 1, k) to R, where k is the largest value such
that (i +1,k) ¢ R and k < j. If R; is empty or k does not exist, then f;(R) = (). Similarly, e;(R) is defined



16 MATTHEW J. SAMUEL

by removing the rightmost element (i + 1,k) from L; and adding the element (i,j) to R, where j is the
smallest value such that (i,7) ¢ R and j > k. If L; is empty, then e;(R) = 0.

We may transport this structure to bounded RC graphs as operators e; : RC(w,n) — RC(w,n)U{}} and
fi : RC(w,n) = RC(w,n) U {0} by
ei(R,n) = (ei(R),n)
and

fi(R,n) = (fi(R),n)

Definition 3.5.2. An RC graph R has a uniquely associated reduced word word(R) = (s;;,- .., iy ). Recall
the Coxeter-Knuth relation eg defined by

jik~jki
and

kijrikj
ifi <j <k, and

ti4+1i~i4+1394+1
For an RC graph R, define N(R) to be the maximum letter in R. Then define
GE(R) = (N(R) 41— ir,... . N(R) +1—iy)

Via the Edelman-Greene insertion algorithm, we may define a pair

(P,Q)
of tableaux of the same shape such that the reading word of P is CK-equivalent to €g(R) and @, the recording
tableau, is standard. Define tab(R) to be the tableau of the same shape as @ such that the entry in box
(4,7) is the row index of the box in R that was inserted to create box (i, ) in P.

Lemma 3.5.3. We have that tab(R) is a semistandard Young tableau of shape shape(Q), and the map
R — tab(R)
is a morphism of crystal graphs into B(shape(Q)).

Proof. Suppose R is a highest weight. Then wt(R) is a partition. By the highest weight condition, the
longest increasing subsequence of ég(R) is of length wt(R); and is precisely the first row read in the grid
order. By the Edelman-Greene correspondence [5], the first row of P has length equal to the length of the
longest increasing subsequence of ég(R). Hence, the first row of P has length wt(R);. By similar reasoning on
the subsequent rows, we have that shape(P) = wt(R). We then have that tab(R) is the unique Yamanouchi
tableau of shape wt(R), establishing the claim for highest weights. The general case follows from the rigidity
of the Demazure crystal structure [I]; since the function is weight-preserving, it is a morphism of crystal
graphs. O

Theorem 3.5. The distinct Demazure crystals that make up RC(w) are in bijection with the Coxeter-
Knuth equivalence classes of reduced words for wowwg via the map R — ég(R), with R — tab(R) being a
homomorphism of crystal graphs into B(\), where A = shape(P(eg(R))).

Proof. By [6, Theorem 4.11], if e;(R) # 0, then R and e;(R) have the same Edelman-Greene insertion tableau.
Since conjugation by wq is an automorphism of Coxeter-Knuth equivalence, so do eég(R) and eg(e;(R)). The
shape is determined inductively. Suppose R is a highest weight element and consider word(R). The first row
of R forms a word that corresponds to an initial increasing subsequence of ég(R). If there were a letter in
some row below the first that is smaller than the last letter of the first row, then some raising operator would
yield a nonempty result, contradicting the fact that R is a highest weight. Thus, the first row of P(ég(R))
has length equal to the length of the first row of R. The rest follows by induction on the remaining rows. [

Definition 3.5.4. Let RC(w,n)° be the set of bounded RC graphs (R,n) such that wg = w and row n is
empty. We define a function ZF : R — R', where Z(R,n) = (R',n — 1) and w’ = wg, as follows. Clearly if
¢n(w) = 0, then ZF is the identity map.

Consider now the case where ¢, (w) = 1. The initial deletion of (4, j) with rt(i,j) = (n,n + 1) results in
an RC graph Ry = R\ {(4,7)} with wgr, = ws,, after which we add (n,1) to obtain R;. Let

fi:R =R
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be the identity. Afterwards, (1,71) is inserted into Ry to obtain Rs. Set

filia, ji) = (i, 5)
and

fi(a,b) = (a,b)
otherwise.
At this point, rectification may be required. In that case, we delete some root (i}, ji) from Ry such that

i) < iy and rtg,(4),71) = rtr,(i1,41). Afterwards, we add (i}, j2) to obtain Rj. Set

f1(i, j2) = (i1, 51)
and

fi(a,b) = fi(a,b)
otherwise. Continuing in this manner, we eventually obtain R’. Composing all of the maps defined at each
step gives the desired map. The same method works for ¢, (w) > 1 by induction.
Lemma 3.5.5. Let (R,n) € RC(w,n)? and suppose Z(R,n) = (R',n —1). Then for any (a,b) € R', (a,b)
is paired in the i,i + 1 pairing in R’ if any only if ZF(a,b) is paired in the i,i+ 1 pairing in R.

Proof. This is true for a = ¢ because at most one root is changed in row ¢ and it has moved to the left. For
a = i+ 1, the only way that the pairing status could change is if a root in row ¢ moved past an unpaired
root in row 7 + 1. However, by construction of the insertion algorithm, this cannot happen since a root that
was already inserted into row i + 1 was deleted from row 7 in the rectification process, and the new inserted
root occurs to the left. O

Theorem 3.6. Let w € Soo and n > 0 be such that m(w) < n. Then
Z:RC(w,n)® — U RC(w',n —1)
w{‘w’
is an isomorphism of crystal graphs.

Proof. The existence of the map Zf and the previous lemma establish that Z is a bijection (by Theorem [3.3))
that preserves both weights and the lengths of i-strings. Hence it is an isomorphism of crystal graphs. [

3.6. Definition of the ring product.

Definition 3.6.1. Suppose we have two bounded RC graphs (R1,m) and (R2,n). The product of these is a
sum of bounded RC graphs defined as follows. Define &, ,(R1,v) to be the set of RC graphs R’ such that
there exists an N > n for which

ZN(R/7m + N) = (R17m)
and wrT™v is a reduced product with m(wg1™v) < m + n. Then the product is defined by

(Ri,m) o (Ra,n) = 3 (R'UA™(Ry),m +n)
RIE€DPp n(Ri,wr,)

Theorem 3.7. The product ¢ turns BRC into a ring, and w ® o : BRC — D ® D is a homomorphism of
rIngs.
Proof. What is in question is associativity. Let (R, m + n) be a bounded RC graph, and let

Rem ={(i,j) € R|i<m}
also let

Repy ={(i—m,j) € R|i>m}

Then there is a unique R’ such that R<,, € &, »,(R',wg.,,), namely

R = ZN¥(R<ppin,m + N)
for sufficiently large N. Hence there is a well-defined function

Sp.qr: RC(p+q+1) = RC(p) x RC(q) x RC(r)
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such that
Sp,q,T(R) = (ZN(RSp+N7p + N), ZM(R>p,§p+q+M7 q+M),Rspiq)
for which
(R1,p) o ((R2,q) o (R3,7)) = > (R,p+q+7)=((R1,p) o (R2,9)) o (R3,7)

Sp,q,r(R)=(R1,R2,R3)

Associativity follows. w : BRC — D is easily seen to be a homomorphism of rings. Proving that o : BRC — D
is a homomorphism of rings is nontrivial. However, by Theorem we have the identity

(p®P)oS=Ao¢
where A : A - A® A is the coproduct on A. Since the product in D is dual to this and

(Ry,m) o (Ra,n) = > (R, m +n)
S7n,n(R):(R17R2)

the property of being a homomorphism follows. ([l

Example 3.6.2.

3142 312
1 FD9——7]¢ 1 F—=
sl i
15326 4 51324 15423

e
_

o
\E

51243 152634 512364
T S 1 P == 1 F—= T
+2-~J-d— + 2 JJ—'-/ +2-lf/
3T 3-7-15—/) 3-::=
4 | 4 fi 4 L
215463 152463 125643
1 F= T 1 P= T 1 P 1
+2J (-J/— + 2 (J(-Jf— +2{jﬁ-l-)
3-:;{) 3-|;-_f/— 3-7_/:/[)
4 | 4 | 4

2153674 1523674 1256374

Lemma 3.6.3. Let w be a permutation, let k be a positive integer, and let n > k be an integer such that n

=W

is a descent of w. Let Dén)(w) be the set of permutations w' € Dy(w) such that n is a descent of w'. Then
the map w' — w's,, is a bijection D,(Cn) (w) = Dr(wsy).

Proposition 3.6.4. For each bounded RC graph (R,n) such that row k is empty and k is a descent of

wg, there is a unique bounded RC graph (R',n — 1) such that R' € Py_1 ,_r(clip*~1(R), trin*(R)) and
k

WR \( WR.



THE SCHUBERT ALGEBRA AND THE RING OF RC GRAPHS 19

Proof. Suppose first that [trim*(R)| = 0. Let R’ be such that
Z(R, k)= (R, k—1)
k
Then wg \, wr and R’ € P _1 _1(clip*~1(R), trim®(R)). We prove uniqueness in this case by induction
on n. If n =k, we know already that the result is unique. If n > k and
R" € P} 1 n_k(clip"~!(R), trin®(R))
k

consider Z(R",n—1) = (R{,n—2). If R{ # R”, then m(wgr») =n — 1>k, so we cannot have wr \, wr.

If R} = R”, then by the uniqueness of the base case, we must have R’ = R'.
Using Lemma we can inductively reduce the general case to the previous one. Suppose

[trim®(R)| > 0

and let (i,7) € R be such that ¢ > k and rtg(i,j) = (p,p + 1) for some p (necessarily greater than k). Let
Ry = R\ {(¢,7)}. By the induction hypothesis, there is a unique bounded RC graph (R},n — 1) such that
k
Ry € Pt n-k(clip" ! (Ry), trim*(Ry)) and wgr, \ wg,. Let R = R U{(i —1,j)}. By Lemma [3.6.3
k
wpr \y Wrr, and since clip*~1(Ry) = clip*~1(R) and

,@k,lyn,k(clipk_l(R), trim"_k(R)) = ,@k,l}n,k(clipk_l(Rl), trimk(Rl) U{@E—*%751}

we have R’ € Pj_1 ,,_x(clip*~}(R), trim" *(R)). Any additional R” satisfying the same properties would
give rise to an R/ in the original set, contradicting the induction hypothesis, so uniqueness holds. O

Definition 3.6.5. Let (R,n) be a bounded RC graph and let k be a positive integer such that row k of R
is empty and k is a descent of wr. We define Pi(R, n) to be the unique bounded RC graph (R',n — 1) such

k
that R’ € Pj_1 n_k(clip?}(R), trim*(R)) and wr \, wr, as is guaranteed to exist by Proposition |3.6.4

Lemma 3.6.6. Let 1 < i < n be an integer and let (R,n + 1) be a bounded RC graph. Let (R',n) =
Z(R,n+1). Then s; is a descent of wg/ if and only if s; is a descent of wg.

Proof. By construction of the algorithm, Z cannot reverse a descent smaller than the target last row. Thus,
n+1
if wg has s; as a descent, so does wg. Conversely, if wg has s; as a descent, since wg \, wg/, it follows

that wgs also has s; as a descent. O

Lemma 3.6.7. Suppose (R,n) is a bounded RC graph where wg is Grassmannian. If (R',n + 1) is such
that Z(R',n+1) = (R,n) and n is not a descent of wg:, then wg: is also Grassmannian.

Proof. By Lemma |3.6.6, any descent of wgs less than or equal to n is also a descent of wg. Since wg is
Grassmannian, it has at most one descent, so if wgr/ has a descent, it must be greater than or equal to n. If
n is not a descent, then the only descent is n + 1, hence wg/ is (n + 1)-Grassmannian. O

Definition 3.6.8. Let (di,...,dx) be a sequence with 1 < d; < dy < -+ < d < n. Define a function I
from the set of bounded RC graphs (R, n) such that wg has its descents contained in {dy,...,dy} to the set

Pdl X Pd2—d1 X X Pdk—dk—l
by setting
Iy(R,n) = (clip™(R), clip™ ™% (trim® (R)),..., clip® %=1 (trim™-1(R)))

3.7. Crystal divided differences and the dominant Pieri formula. Let R be an RC graph and let
i > 0 be an integer. We define F'R, an element of RC, as follows. Define

FR=0

unless s; is a right descent of wr and there exists (i,7) € R such that rtg(4,5) = (4,4 + 1). If these latter
two conditions are satisfied, define

R = R\{(i,5)}



20 MATTHEW J. SAMUEL

where rtg(i,j) = (i,i + 1). If ¢;(R’) # 0, define §°R = 0. Otherwise, define

vi(R)

FR= ) fF

p=0

Lemma 3.7.1. Let R be an RC graph and let i > 0 be an integer. If s; is not a right descent of wg, then
there is a unique R' such that the coefficient of R in §'R’ is 1, and for other R' the coefficient is 0.

Proof. Suppose s; is not a right descent of wg. Assume without loss of generality that e, R = 0. If (i+1,1) ¢
R, then (i,1) ¢ R because s; is not a right descent of wg. In that case, let R = RU{(¢,1)}. Then

§' R’ = R + other terms

If instead (i + 1,1) € R, since e;(R) = 0 it follows that (i,1) € R, and if j is the maximum value such that
(i4+1,5") € R for all j' < j, it follows that (i,5') € R for all 5/ < j. We must have that (i,j + 1) ¢ R,
because rtg(i,j + 1) = (4,4 + 1). Setting R = RU{(4,5 + 1)} gives us the result. O

Theorem 3.8. Suppose w € Sy, and i > 0. If i is not a right descent of w, then
F'Su(n) =0
Otherwise,
§'Suw(n) = Sus,(n)

Proof. The result is trivial if ¢ is not a right descent of w. Suppose i is a right descent of w. By Lemma
for each RC graph R such that wr = ws;, there is a unique RC graph R’ such that the coefficient of
Rin §R’ is 1. Since wr = w, the result follows. O

Definition 3.7.2. For a permutation w, define the principal RC graph R°(w) of w to be
Ro(w) = {(3,j) | 1 < j < ¢ (w)}

Proposition 3.7.3. Let R be an RC graph and let w = wg. Then for any reduced word (Siy, Siys .-, Si,,)
for w, we have

3173 R =g, go(u))

Definition 3.7.4. Let R be an RC graph. We define a {0, 1}-valued function §}; for a dominant per-
mutation g and an arbitrary permutation w via the following construction. For integers p,q, let d[p,q] =
8pSp+1 - Sp+q—1 be a product of simple reflections.

Let m be the length of ¢*(u). Initialize Ry = R. For each i from 1 to m:

(1) If ¢f (u) > ¢f (w), terminate and set §) R = 0.
(2) Otherwise, let k = ¢ (w) — ¢} (u) and apply the crystal divided difference operator:

R = Sd[c:(“)+1’k]Ri_1

(3) If row ¢;(p) + 1 is not empty in R, terminate and set §; Z = 0.
(4) If the row is empty, define the next state:

Ri = Pz (u+1)(R)
If the loop completes, for any remaining indices ¢ > m where ¢} (w) > 0, incrementally update the graph:
Ri —_ Sd[’t?i»lfm, C: (w)]Ri—l
Finally, define §j/ R = 1 if Ry = () for sufficiently large N, and §}; R = 0 otherwise.
Theorem 3.9. Let u be a dominant permutation and let v, w be permutations such that £(p) + £(v) = £(w).

Then
o= D LR

RERC(v)
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Consider the module BRC,, ® Z.%,,. Note that Z.%,, has a an action of S,, given by the crystal reflection
operators. We may define §° on Z.%,, the same way as on BRC,, except in the case where (4,7 + 1) is in row
i+ 1, which cannot happen in BRC,,, we define

R =R\{(i+1,5)}
where rtg(i +1,7) = (4,7 + 1), and then if e; R’ # ), define
FR=0
Otherwise, define
_ vi(R')
FrR=- ) fIR
p=0
We define an action of § on BRC,, ® Z.F,, by the Leibniz formula
F'(R1®Re) =F' Ri®3iRy + R @ F' Ry
Let us be more specific. Let (R,n) be a bounded RC graph and let (D, n) be a bounded RC graph such

that D is the RC graph of a dominant permutation p. Suppose % is the crystal for which Y (R) is the highest
weight. Suppose there exists an R’ € ¢ and a w such that %Z’R’ =1 and ¥ is isomorphic to €°(w). Suppose

R=[i'- [;"Y (R)
Then define ' ‘
R«D=fi' -+ [’V (R(w))
where H(w) is the highest weight RC graph of €°(w).
It is possible that no such R’ and w exist. SWUASH IT

3.8. The squash product. Given RC graphs R; and Rs, define their star product Ry x Ry as follows. First
define
R ={(i,j+k) | (i,j) € R}
for any RC graph R and integer £ > 0. Then choose the smallest integer N such that N > ¢ + j for all
(i,4) € Ry, and define
R1 *RQ = R1 U'ﬂNRQ
Since R; x Ry is itself an RC graph, it of course already has an induced crystal structure. However, we will
be bounding the crystal structure at some fixed size n.
For two EG words u and v, define

€ (u) *, €(v) = {(R1 *Ra,n) | Ry € €(u), Ry € €(v)}

It is possible (almost certain, actually) that (R; * Ra,n) is not technically a bounded RC graph, even if
n > m(wg, ), m(wg, ). However, the crystal operators are still well-defined on this set.

Theorem 3.10. Suppose (R1,n) and (Ra,n) are bounded RC graphs. Then we have that there is a homo-
morphism of crystal graphs

€ (u,n) @ €(v,n) = €(u) *, €(v)
given by Ry ® Ry — Ry x Ro. If Ry is n-Grassmannian, then this is an isomorphism of crystal graphs.

Proof. Clearly the map is a weight preserving bijection. We need only show that it commutes with the
crystal operators. Let Ry € ¥ (u,n) and Ry € €(v,n), and let R = Ry x Re. Consider f;(R; ® Ry). If
vi(R1) > €;(R2), then the unpaired elements in row ¢ in R; exhaust the unpaired elements in row ¢ + 1 in
R5. Therefore, only elements of Ry are affected by f;, as in the definition of the tensor product. If instead
vi(R1) < €;(R2), then all unpaired elements of Ry in row i are paired with elements of Ry in row i + 1, and
so only elements of R, are affected by f;. The same reasoning applies to e;. O

Note that this homomorphism of crystal graphs need not be an isomorphism, because the star product
may have more operators that apply.

Definition 3.8.1. We define the squash product of two bounded RC graphs (R1,n) and (Rg,n) to be the
bounded RC graph
(R1,n) X (Rg,n) = (clip™(R1 * Rg), n)
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Proposition 3.8.2. The squash product X is associative.

Proof. Note that
(R1 *Rg) *R3 = Rl * (R2 *Rg)
O

Theorem 3.11. Suppose that u and v are permutations, m(u) < n, and m(v) = n, and v is Grassmannian.
Then
Su(n)BSy(n) =D c¥ ,Su(n)

w
where ¥, is the Schubert structure constant.

uU,v

Proof. The star product RC(u) %, RC(v) is isomorphic in each component as a crystal to RC(u) @ RC(v) by
Theorem Also, the sum of these RC graphs is precisely

SuTMv(n + N)

for sufficiently large M and N. Since v is Grassmannian, if we zero out the variables n+1,...,n+ N in the

corresponding Schubert polynomial we obtain the desired product, since the &, component is stable and

each zeroing of the Grassmannian component yields the same Schur polynomial with one fewer variable.
Since the squash product is obtained by iterating Z, by Theorem we have the result. (]

Definition 3.8.3. Let the k-plactic algebra Py be the algebra generated by the symbols i for 0 < ¢ < k
subject to the Knuth relations. There is an injection Ry : P,¥ — RC which sends each reverse tableau to a
well defined RC graph for the corresponding k-Grassmannian permutation. Let ¢(k) be the set of bounded
RC graphs (R, k) such that wg has no descents ¢ with i < k. Let Ig be the two-sided ideal generated by
bounded RC graphs (R,n) such that wg has a descent ¢ with i < n.

Theorem 3.12. (1) The map Ry : P,* — BRCy, is an injective homomorphism of rings when BRC is
given the squash product. which maps the domain bijectively onto 4 (k).
(2) The quotient ring BRC/I¢ is isomorphic to the dual of P.* as a bialgebra with the coproduct implied
by Schensted insertion.

Definition 3.8.4. Define Ag : BRC — BRC @ BRC/Is by

n

AG(Rv n) = Z (Rla n) ® (R27 TL)
(R1,n)X(R2,n)=(R,n)

Theorem 3.13. The function Ag is a homomorphism of rings from BRC to BRC @ BRC/Ig.

Grassmannian mimic dual algebra formula.
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