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1. Some preliminaries

1.1. Notation.

Definition 1.1.1. For a permutation v′ such that v′ ∈ Sn, define

φi,n(v
′)(j) =


v′(j) if j < i

n+ 1 if j = i

v′(j − 1) if i < j ≤ n+ 1

j if j > n+ 1

Now fix v ∈ Sn and i ≥ 1 an integer, we define a relation
i

↘ by declaring that v
i

↘ v′ if

v
i
=⇒ φi,n(v

′)

Equivalently, v
i

↘ v′ if whenever v ∈ Sn and n is minimal, we have that v satisfies the relation
i
=⇒ with

respect to the permutation obtained from v′ by inserting n+ 1 at position i. We note that this concept was
introduced by Bergeron and Sottile in [4].

If v
i

↘ v′, we define a set of integers Qi(v
′, v) by

Qi(v
′, v) = {v(j) | j > i and v′(j − 1) = v(j)}

Given the fact that any element of S∞ fixes all but finitely many positive integers, it follows that Qi(v
′, v)

is a finite set.

We then define Di(v) to be all permutations v′ ∈ S∞ such that v
i

↘ v′. The permutations Di(v) arise
when pulling a variable out of a Schubert polynomial and expressing the coefficients of the powers of this
variable as Schubert polynomials in the remaining variables, as is done in [3], from which this definition
essentially comes.

For a permutation v ∈ S∞, we define ↑v to be the permutation defined by

↑v(i) =

{
v(i− 1) + 1 if i > 1

1 if i = 1

Recursively, we define ↑k(v) to be ↑(↑k−1(v)).
For a permutation w, we define m(w) to be the maximum right descent of w. That is

m(w) = max{i | w(i) > w(i+ 1)}

Define

Π (a | B) =
∏
b∈B

(a− b)

Proposition 1.1.2 (Special case of Pieri formula [7, Theorem 7.1]). Suppose k ≥ 1 and u,w ∈ S∞. If

u ̸ k−→ w, then

(y)∂
w
uΠ
(
x1 | y[k]

)
= 0

If u
k−→ w, define

Q = {u(i) | i ≤ k and u(i) = w(i)}
1
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then

(y)∂
w
uΠ
(
x1 | y[k]

)
= Π (x1 | yQ)

Proof. This is simply a change of variables from the original theorem. □

The next proposition specializes, in the case of ordinary Schubert polynomial Sv(x), to a formular that
isolate a chosen index i: one can express Sv(x) as a sum of terms of the form xp

i Sv′(x(i)), thereby effectively
extracting the variable xi and leaving Schubert polynomials in the remaining variables [4, Theorem 5.1].
Proposition 1.1.3 is the double Schubert polynomial version of this, which, as far as we know, is new.

Proposition 1.1.3. Let v ∈ S∞ and let i > 0 be an integer. Then we have

Sv(x; y) =
∑
v

i

↘v′

Π
(
xi | yQi(v′,v)

)
Sv′(x(i); y)

Proof. Suppose v ∈ Sn. We have

Sv(x; y) = (y)∂
vw0(n)(Sw0(n)(x; y))

This is equal to

(y)∂
vw0(n)(Ssn+1−i···s1w0(n)(x

(i); y)Π
(
xi | y[n+1−i]

)
)

and, applying the Leibniz formula, is also equal to∑
v′∈S∞

ℓ(v′w0(n)s1···sn+1−i)=ℓ(w0(n)s1···sn+1−i)−ℓ(v′)

Sv′(x(i); y)(y)∂
vw0(n)
v′w0(n)s1···sn+1−i

Π
(
xi | y[n+1−i]

)

By the restricted Pieri formula (Proposition 1.1.2), for this to be nonzero necessarily v′w0(n)s1 · · · sn+1−i
n+1−i−−−−→

vw0(n). We note that v′w0(n)s1 · · · sn+1−i
n+1−i−−−−→ vw0(n) if and only if

v
i
=⇒ v′w0(n)s1 · · · sn+1−iw0(n) = v′snsn−1 · · · si

We have that v′sn · · · si is exactly φi,n(v
′) since v′ ∈ Sn, so we require that

v
i
=⇒ φi,n(v

′)

so the sum is over all v′ ∈ Di(v).
Applying Proposition 1.1.2, we obtain that the result is equal to∑

v′∈Di(v)

Π
(
xi | yA(v′,v)

)
Sv′(x(i); y)

where A(v′, v) is the set of all vw0(n)(j) such that 1 ≤ j ≤ n+1− i and v′w0(n)s1 · · · sn+1−i(j) = vw0(n)(j).
These values are the same as at the indices that comprise the set of all 1 ≤ j ≤ n+ 1− i such that

v′(n+ 2− s1 · · · sn+1−i(j)) = v(n+ 2− j)

Applying the s1 · · · sn+1−i to j, since 1 ≤ j ≤ n+ 1− i we have that

s1 · · · sn+1−i(j) = j + 1

Hence we need

v′(n+ 2− (j + 1)) = v′(n+ 1− j) = v(n+ 2− j)

Replacing j with n+ 2− p, the indices are the set of all p such that i < p ≤ n+ 1 and

v′(p− 1) = v(p)

Thus A(v′, v) is the set of all v(p) such that p > i and v′(p − 1) = v(p), which is exactly Qi(v
′, v), and we

are done. □
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2. The Schubert Algebra and its dual

2.1. Definition. We define a commutative algebra A over the integers as follows. For each n, define An to
be the polynomial ring over Z in the variables x1, . . . , xn. Then define

A =

∞⊕
n=0

An

The multiplication within An is as usually defined for the polynomial ring. However, if a ∈ Am and b ∈ An

with m ̸= n and m,n > 0, then
ab = 0

Otherwise, the component for n = 0 is identified with the coefficient ring. Note that the “identity element”
for positive n is not an identity element of A (we may sometimes refer to it as a “fat identity”).

Each An has a basis consisting of elements x
(n)
a , where a is a sequence of n nonnegative integers, and the

notation indicates that
xa = xa1

1 · · ·xan
n

The direct sum therefore has a basis that can canonically be identified with union of these.

We define a coproduct ∆ : A → A⊗A on the basis x
(n)
c by

∆(x(n)
c ) =

∑
p+q=n
ab=c

x(p)
a ⊗ x

(q)
b

where the equation ab = c indicates that a concatenated with b is equal to c. We also define a counit

ε : A → Z by ε(x
(n)
a ) = 0 unless n = 0.

Lemma 2.1.1. With ∆ and ε, A is a coassociative, counital coalegebra.

Proof. We have

∆(x
(n)
d ) =

∑
x(p)
a ⊗ x(q)

c

Applying ∆ to either tensor factor results in∑
x(p)
a ⊗ x

(q)
b ⊗ x(r)

c

The symmetry of this is exactly the coassociativity condition. Seeing that we may choose p = n or q = n,
the definition of the counit gives us the result that A is counital as well under ∆ and ε. □

Lemma 2.1.2. ∆ : A → A⊗A is a homomorphism of rings.

Proof. This is where the condition that x
(p)
a x

(q)
b = 0 unless p = q when both p, q > 0 comes in. It ensures

that only monomials of the same length have nonzero products and preserves the structure of the coproduct
as a homomorphism of rings. □

Lemma 2.1.3. ∇ : A⊗A → A is a homomorphism of coalgebras.

Proof. □

Corollary 2.1.4. A is a bialgebra over Z.

A is afforded a grading into finite dimensional components by observing that each An itself is a graded
ring with each homogeneous component being a finitely generated free module. Considering the pair (n, d),
where n is the number of variables and d is the degree, as a Z2 grading, we may take the graded dual module
D, which, by virtue of the grading, is isomorphic as a free module to A. We identify the dual basis element
x∗
a with the sequence of nonnegative integers a. That is to say,

⟨a, xb⟩ = δab

Inspection of the coproduct reveals that the product of a and b in D is simply the concatenation ab. Hence
D is isomorphic to the free associative algebra on a countable set indexed by nonnegative integers.
D also has a coproduct compatible with its product, namely

c 7→
∑

a+b=c

a⊗ b
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Thus A and D are dual bialgebras.
Calling A the “Schubert algebra” may seem unnecessarily grandiose, however the reason will become clear

below.

2.2. The Schubert basis. In A, each An has a basis of Schubert polynomials S(n)
u , where the largest right

descent of u is at most n, ensuring that Su(x) has at most n variables. Schubert polynomials limited to a
specific number of variables have well-defined structure constants cwu,v, independent of n, given by

S(n)
u S(n)

v =
∑
w

cwu,v S
(n)
w

These are known to be nonnegative integers, however except in special cases no positive combinatorial
formula is known.

Schubert polynomials have nonnegative coefficients in terms of the x
(n)
a basis, for which many formulas

are known. There is also a less well-understood unique expansion of the Schubert polynomials into sums of
products of elementary symmetric polynomials with at most n variables.

2.3. The elementary basis. We say that a weak composition α is n-elementary if αi ≤ i for all i ≤ n and
αi ≤ n for all i > n, satisfying the additional restriction that αi ≥ αi+1 if i ≥ n.

An n-elementary monomial is a an element of the polynomial ring of the following form:

e1α1
· · · enαn

enαn+1
· · · enαm

where α is an n-elementary weak composition. Define En to be the set of n-elementary monomials.

Theorem 2.1. En forms a Z-basis for An, and
⋃

n En forms a basis for A.

Proof. It is a theorem of Macdonald that the polynomial ring Z[x1, . . . , xn] is a free module over Λn with
basis the Schubert polynomials Su(x) such that u ∈ Sn. These Schubert polynomials are uniquely expressed
in terms of strict elementary symmetric monomials with fewer than n variables. Since Λn is a polynomial ring
in the ei,n by the fundamental theorem of elementary symmetric polynomials, Λn has a basis of monomials
eλ,n as λ ranges over all partitions with parts bounded by n. The multiplicative combination of these two
bases is therefore a Z-basis of An. This is exactly the description of the monomials enα for α an n-elementary
weak composition. □

We can ask for transition formulas between the Schubert and the elementary basis. From elementary to
Schubert, we may use Sottile’s Pieri formula. That is,

enα =
∑

1
1,2,...,n−−−−−→αu

Sn
u

For the reverse transition, suppose we want to express Sn
w in the elementary basis. Let λ = µ∗

n(w) and
consider the double Schubert polynomial

Sλ(x; y) =
∏
i

Eλi(x; yi)

We have that

Sw(x; y) = ∂wλ−1

y Sλ(x; y)

Applying the Leibniz formula, this is ∑
u0

1−→u1···

∏
i

∂ui/ui−1
y Eλi

(x; yi)

It is possible to find a combinatorial formula for each factor in the product, keeping the y variables, but
we only need the sign. We define σi(ui−1, ui) to be the number of indexes j < i such that ui−1(j) ̸= ui(j).
Then we define

σ(P ) =
∑
i

σi(ui−1, ui)



THE SCHUBERT ALGEBRA AND THE RING OF RC GRAPHS 5

Then we define

Eα;n
w =

∑
P :1

1,2,...,n−−−−−→wλ−1

α(P )=α

(−1)|λ|−ℓ(w)+σ(P )

Theorem 2.2. For each w, we have

Sn
w =

∑
α

Eα
we

n
α

These numbers are stable for fixed w as soon as the number of variables is at least as large as the value
of n such that w ∈ Sn, and are well-studied but poorly understood.

Example 2.3.1. Let n = 5 and let w be the permutation such that c(w) = (0, 2, 0, 2, 3). Let λ =
(5, 5, 5, 4, 3, 2, 1). Then

Sn
w = e(0,0,0,0,5,1,1) − e(0,0,0,0,4,2,1) + e(0,0,0,0,4,3) − e(0,1,0,0,4,1,1) + e(0,0,1,0,3,2,1)

+ e(0,1,0,0,5,1) + e(0,1,0,0,3,3)

Suppose α and β are weak compositions. We define α∥pβ to be the weak composition defined by

γi =

{
αi if i ≤ p

αi + βi−p if i > p

Theorem 2.3.

∆(enγ ) =
∑

α∥pβ=γ
p+q=n

ep
αp ⊗ eqβ

where α ranges over all weak compositions such that αp is p-elementary and β ranges over all q-elementary
weak compositions.

2.4. The Schubert-Schur and separated descents basis. An has a basis of the form Sn
λ,u = sλ(x1, . . . , xn)Su(x),

where u ∈ Sn and sλ is the Schur polynomial corresponding to λ in Λn. This is called the Schubert-Schur
basis. There is a generalization that this is an easy special case of that can be described as follows.

Let Kn
u,v;k = Su(x1, . . . , xn)Sv(x1, . . . , xk−1), where v ∈ Sk and u is a permutation such that ℓ(usi) >

ℓ(u) for all i < k. We will call this the separated descents basis for the descent k.

Theorem 2.4. For fixed k, Kn
u,v;k form a basis of An for all n ≥ k.

Proof. First we show that these elements additively generate the subring. Note first that En is a basis. Let
eλ1
α1
· · · eλm

αm
∈ En. Let j be the index such that λj = k. Let

P =

j∏
i=1

eλi
αi

and let

Q =

m∏
i=j+1

eλi
αi

By the fact that λi−1 = λi + 1 for all i > j, it follows that

Q =
∑

cv Sv(x)

for integers cv with v ∈ Sk. Given the fact that P is symmetric in x1, . . . , xk, it can be shown that

P =
∑

du Su(x)

for integers du and permutations u ∈ S∞ with ℓ(usi) > ℓ(u) for all i < k. Thus the n-elementary monomial
can be expressed as

PQ =
∑

cudv Su(x1, . . . , xn)Sv(x1, . . . , xk−1)

Since the n-elementary monomials form a basis, this proves that Kn
u,v;k spans An.
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To prove independence, first note that if∑
u

cuK
n
u,1;k =

∑
u

cu Su(x) = 0

then cu = 0 for all u by independence of Schubert polynomials. Assume the inductive hypothesis that for
some m > 0 we have that if ∑

u

cuvK
n
u,v;k = 0

and for all v in the sum with ℓ(v) ≥ m we have cuv = 0, then cuv = 0 for all u and v. For a sum with
possibly nonzero terms such that ℓ(v) = m at most, suppose∑

u,v

cu,vK
n
u,v;k = 0

Let i be a positive integer. Then by applying the divided difference ∂si we see that∑
u,v

cu,vK
n
u,vsi;k = 0

for all v with ℓ(vsi) < ℓ(v). In particular, the maximum length with a possibly nonzero coefficient has
decreased by at least 1. By the inductive hypothesis, all terms in this sum are 0, hence cuv = 0 for all u and
v with ℓ(vsi) < ℓ(v). Iterating over all i, we have the result. □

For transition coefficients, expressing Kn
u,v;k in terms of Schubert polynomials is “easy” and combinato-

rially known to have nonnegative coefficients. While positive formulas are known, their discovery is quite
recent.

Expressing the Schubert basis in terms of Kn
u,v;k can be done as follows.

Recall we can express Sn
w as

Sn
w =

∑
α

Eα;n
w enα

To transition to the basis Kn
u,v;k, let a be the index such that λa = k. Then

Sn
w =

∑
α

Eα;n
w

(
a∏

i=1

eαi,λi

) ℓ(λ)∏
j=a+1

eαj ,λj


These products can be expanded with the Pieri formula as

Sn
w =

∑
α

Eα;n
w cuα′,λ′cvα′′,λ′′Kn

u,v;k

Example 2.4.1. Let n = 5, let k = 3, and let w be the permutation such that c(w) = (0, 2, 0, 2, 3). Then

Sn
w = K5

12468357,132;3 −K5
13468257,1;3

If instead we let k = 4, we obtain

Sn
w = −K5

124563,132;4 +K5
1246735,132;4 +K5

134562,1;4 −K5
1346725,1;4 +K5

234561,132;4

2.5. The dual algebra. We examine the graded dual algebra D more closely now. This is a graded ring
generated by countably many elements that we denote by [i], where i is a nonnegative integer. The product,
as mentioned previously, is concatenation of sequences. Thus

[a1 · · · ap][b1 · · · bq] = [a1 · · · apb1 · · · bq]
It is not hard to see that D is a free algebra on these generators. Thus the set of sequences [a1 · · · an] forms
a Z-basis for D. We may realize this as the dual of A by declaring that

⟨[a1 · · · an], xb1
1 · · ·xbn

n ⟩ =
∏
i

δai,bi

We have a Z× Z grading such that

deg([a1 · · · an]) = (n,−a1 − a2 · · · − an)

The set of elements such that deg(a) = (n,−) is Dn, dual as a graded module to An.
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2.6. The dual Schubert basis. There is a basis Ξn
u dual to the Schubert basis for Dn. Specifically, with

the unique pairing ⟨−,−⟩ : D ×A → Z such that

⟨α, xβ⟩ = δαβ

we define Ξn
u to be the unique basis of Dn such that

⟨Ξn
u,S

n
v ⟩ = δuv

We characterize it with an explicit formula.

Theorem 2.5. For each permutation u and integer n with ℓ(usi) > ℓ(u) for all i > n we have the equation

Ξn
u =

∑
ℓ(α)=n

E
c(µ)−α,c(µ)
uµ−1 α

where µ is any strict dominant permutation such that 0 ̸= cn(µ) ≥ ℓ(u) and cn+1(µ) = 0.

Proof. By definition, the coefficient of α in Ξn
u is the coefficient of Sn

u in xα. This can be derived from
the Cauchy formula for double Schubert polynomials. Note that for any permutation µ as laid out in the
statement of the theorem, ℓ(uµ−1) = ℓ(µ)− ℓ(u). Thus,

∂uµ−1

y Sµ(x;−y) = Su(x;−y)
We have that

Sµ(x;−y) =
∑
u

Su(x)Suµ−1(y)

Expressing the second factor in the eα,λ(y) basis, we have

Sµ(x;−y) =
∑
u,α

Su(x)E
c(µ)−α,c(µ)
uµ−1 ec(µ)−α,c(µ)(y)

An alternative expression for Sµ(x;−y) is

Sµ(x;−y) =
∑
α

xαec(µ)−α,c(µ)(y)

from which we see that the coefficient is correct. □

This is not stable for fixed u as n increases, and this is expected.

Lemma 2.6.1. Let u, v ∈ S∞ and p, q > 0 be integers. Write

Ξp
uΞ

q
v =

∑
w

dwu,v(p, q)Ξ
p+q
w

Then for each u, v, w the coefficient dwu,v(p, q) is the coefficient of Su(x1, . . . , xp)Sv(xp+1, . . . , xp+q) in the
expansion of Sw(x1, . . . , xp+q) in terms of the basis of products of Schubert polynomials in x1, . . . , xp and
Schubert polynomials in xp+1 onward.

Proof. This is true by examination of the definition of the coproduct of A, since this is the coefficient of
Sp

u⊗Sq
v in the coproduct of Sp+q

w . □

Thus the product structure of D encodes splitting of the Schubert polynomial into two sets of variables.
In particular,

Lemma 2.6.2. Let a ≥ 0 be an integer and w ∈ S∞. Then we have

[a] · Ξn
w =

∑
w∈D1(w

′)
ℓ(w,w′)=a

Ξn+1
w′

Observation 2.1. In the formula

∆(Ξn
w) =

∑
u,v

cwu,vΞ
n
u ⊗ Ξn

v

the coefficients cwu,v are the structure constants of Schubert polynomials. That is, the entire multiplicative
structure of Schubert polynomials is encoded in the coproduct.
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3. The ring of bounded RC graphs

3.1. The module of bounded RC graphs.

Definition 3.1.1. Let R ⊆ P × P be a finite set. To each such set we associate an element wR of S∞ as
follows. Given a pair (i, j) where i, j > 0 are integers, define s(i, j) = si+j−1. Totally order the grid such
that (i, j) < (a, b) if and only if i < a or i = a and j > b (in other words, lexicographical order, except that
the order on the second coordinate is reversed). By this ordering, index R as r1, r2, . . . , rm in increasing
order. Then

wR = s(r1) · · · s(rm)

If ℓ(wR) = m, then we say that R is an RC-graph.
A pair (R,n) such that R is an RC-graph and wR has no right descent larger than n is called a bounded

RC-graph. A bounded RC graph has an associated vector wt(R,n) such that wti(R,n) is the number of
elements of R with first coordinate i (the number of elements in row i).

To a bounded RC graph (R,n), we define an associated bounded RC graph trim(R,n) = (R′, n− 1) such
that R′ is the set of all (i− 1, j) such that (i, j) ∈ R and i > 1. We also define

↑mR = {(i+m, j)|(i, j) ∈ R}

Let BRC be the free abelian group spanned by all bounded RC graphs. If BRCn is the subgroup spanned
by all bounded RC graphs of the form (R,n), then we have a grading

BRC =
∞⊕

n=0

BRCn

There is an evident evaluation map ϕ : BRC → A defined on basis elements as

ϕ(R,n) = xwt(R,n)

which is a surjective homomorphism of graded modules. There is also a map α : BRC → D defined by

α(R,n) = Ξn
wR

which is also a surjective homomorphism of graded modules. In addition, there is ω : BRC → D defined by

ω(R,n) = [wt(R,n)]

which is similarly surjective.
We can define elements Sw(n) as

Sw(n) =
∑

wR=w

(R,n)

For a generating element [a] of D and a bounded RC graph (R,n), we define

[a] · (R,n) =
∑

trim(R′,n+1)=(R,n)
wt1(R

′)=a

(R′, n+ 1)

which is an element of BRC. By virtue of the fact that D is a free algebra generated by these elements, it
is nearly a trivial observation that this is a left module action on BRC. The consequences of this, however,
are not at all trivial.

Lemma 3.1.2 ([2, Corollary 3.11]). We have that D1(w) is equal to the set of permutations w′ such that
there exists a permutation v = sa1

· · · sam
for some integers a1 > a2 > · · · > am ≥ 1 such that w = v↑w′.

Lemma 3.1.3. Let v be a permutation. If v
1

↘ v′, let a1, . . . , ak be the elements of Q1(v
′, v) in decreasing

order. Then
v = sa1

· · · sak
↑v′

Proof. Suppose v ∈ Sn. We have by definition that there is a sequence of integers b1, . . . , bp, all distinct and
greater than 1, such that

vt1,b1 · · · t1,bp(1) = n+ 1

and
vt1,b1 · · · t1,bp(i+ 1) = v′(i)
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for all i < n− 1. This means that

vt1,b1 · · · t1,bp = snsn−1 · · · s1↑v′

This is because if v′′ = ↑v′, then
v′′(1) = 1

and

v′′(i) = v(i− 1) + 1

The cycle sn · · · s1 sends 1 7→ n+ 1 and i 7→ i− 1 if 1 < i ≤ n+ 1, hence

vt1,b1 · · · t1,bp = snsn−1 · · · s1↑v′

In particular,

v = snsn−1 · · · s1↑v′t1,bp · · · t1,b1
This results in the factorization

v = sn · · · s1t1,v′(bp−1)+1 · · · t1,v′(b1−1)+1↑v′

The value v′(bj − 1) necessarily decreases as j decreases, since applying the corresponding reflection in the
reverse order strictly increases the length with each application. Consequently, multiplying sn · · · s1 on the
right by these reflections removes the simple reflections sv′(bp−1), . . . , sv′(b1−1). The indices removed are
precisely the complement of the elements of Q1(v

′, v), hence the elements of Q1(v
′, v) in decreasing order

are what remain, as desired. □

Definition 3.1.4. For a set of positive integers A = {a1, . . . , am} with a1 > a2 > · · · > am ≥ 1 and a
positive integer i, define

rowi(A) = {(i, aj) | aj ∈ A}

Theorem 3.1. Let a ≥ 0 be an integer and let (R,n) ∈ BRC. Then

[a] · (R,n) =
∑

wR∈D1(w
′)

ℓ(wR,w′)=a

(row1(Q1(wR, w
′)) ∪ ↑R,n+ 1)

Proof. If trim(R′, n + 1) = (R,n), then by definition wR′ = sa1 · · · sam↑wR. It follows by Lemma 3.1.2
then wR ∈ D1(wR′). By Lemma 3.1.3, the integers a1, . . . , am are precisely the elements of Q1(wR, wR′) in
decreasing order. This establishes the result. □

Lemma 3.1.5. Let a ≥ 0 be an integer and let w ∈ S∞. For any valid n, we have

[a] · Sw(n) =
∑

w∈D1(w
′)

ℓ(w,w′)=a

Sw′(n+ 1)

Let t be an indeterminate commuting with all elements of D. Write

S(t) =

∞∑
a=0

[a]ta

Define

S(x1, x2, . . . , xn) = S(x1)S(x2) · · ·S(xn)

Theorem 3.2. Let (∅, 0) ∈ BRC. Then

S(x1, . . . , xn) · (∅, 0) =
∑

w∈S∞

Sw(x1, . . . , xn)Sw(n)

Proof. The result for n = 1 is Lemma 3.1.5 together with Theorem 3.1. The general result follows by
induction on n. Consider the inductive hypothesis

S(x2, . . . , xn) · (∅, 0) =
∑

w∈S∞

Sw(x2, . . . , xn)Sw(n− 1)
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Then applying S(x1) to both sides, we have

S(x1)S(x2, . . . , xn) · (∅, 0) =
∑

w∈S∞

Sw(x2, . . . , xn)S(x1)Sw(n− 1)

which is equal to
∞∑
a=0

∑
w∈S∞

xa
1 Sw(x2, . . . , xn)S(x1)[a]Sw(n− 1)

Applying Lemma 2.6.2 to each term, we have
∞∑
a=0

∑
w∈S∞

xa
1 Sw(x2, . . . , xn)

∑
w∈D1(w

′)
ℓ(w,w′)=a

Sw′(n)

Bringing the polynomial inside the inner sum, this is∑
w′∈S∞

 ∑
w∈D1(w

′)

x
ℓ(w,w′)
1 Sw(x2, . . . , xn)

Sw′(n)

which simplifies to ∑
w′∈S∞

Sw′(x1, . . . , xn)Sw′(n)

as desired. □

Corollary 3.1.6. For each w ∈ S∞ and valid n, we have

ϕ(Sw(n)) = Sn
w(x1, . . . , xn)

3.2. The pipe dream visualization and roots. Given a pair of positive integers i, j and an RC graph
R, define

R[i, j] = {(a, b) ∈ R | (a, b) > (i, j)}
Given an RC graph R and a pair of positive integers i, j, we define an ordered pair

rtR(i, j) = (w−1
R[i,j](i+ j − 1), w−1

R[i,j](i+ j))

There is a common visualization of RC graphs as pipe dreams. In this visualization, we draw an infinite
grid in the first quadrant, and in each position (i, j) we draw either a crossing (if (i, j) ∈ R) or an elbow
(if (i, j) /∈ R). Then we draw pipes entering from the left edge of the grid, with the pipe entering at row i
labeled i. The pipes travel through the grid, turning at elbows and crossing at crossings, and exit at the top
of the grid, which is labeled with the same number.

A modification to this common visualization that we use has the following additional features:

• We write the index of the simple reflections corresponding to the crossings in the grid area itself.
Thus, at position (i, j) we write the number i+ j − 1 if there is a crossing at that position.

• For a bounded RC graph (R,n), we only draw the first n pipes entering from the left side of the grid
and clip features outside of the first n rows. The pipes exiting at the top are still labeled since the
width is not limited.

See Figure 1 for an example of this visualization.
The main benefit of this is that visualizing rtR(i, j) is easy. The pipes that pass through position (i, j)

are labeled s and q for some s, q > 0. For a positive root in an unoccupied square, we will have the following
labeling, where q < s:

q

s

We observe that in the above RC graph, the position (1, 5) does not have this configuration. Placing a
crossing there would create a negative root, and the pipes would cross twice. Note that this results in a
collection of ordered pairs that is not an RC graph, if such a crossing exists. For a valid RC graphs, only
positive roots occur as crossings, and this happens if and only if pipes cross at most once.
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Figure 1. The pipe dream visualization of the bounded RC graph (R, 5) where R =
{(1, 1), (1, 2), (2, 1), (3, 1), (3, 3)}
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Figure 2. An invalid set of crossings causing pipes to cross more than once, caused by
inserting a crossing at a negative root
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3.3. Zeroing out the last row. We proceed now to define a product on BRC turning it into a ring. To
do this, we need to be able to define a function Z : BRC → BRC trimming empty rows from the bottom
instead of from the top. This is far more complicated.

Algorithm 1 Basic monk insertion i
k
⇝R

1: Input: An RC graph R, parameter k, and an integer i with 1 ≤ i ≤ k.
2: Output: A modified RC graph R′ with wtj(R

′) = wtj(R) for j ̸= i and wti(R
′) = wti(R) + 1 such that

wR
k−→ wR′ .

3: Find leftmost position (i, j) /∈ R in row i such that if rtR(i, j) = (a, b), then a ≤ k < b.
4: R← R ∪ {(i, j)}
5: if there exists (i′, j′) ∈ R with rtR(i

′, j′) ∈ Φ− then
6: R← R \ {(i′, j′)}
7: Return to step 3 substituting a = i′.
8: end if
9: return R



12 MATTHEW J. SAMUEL

Algorithm 2 Pieri insertion I
k
⇝R

1: Input: An RC graph R, parameter k, and sequence I = {i1, . . . , im} with k ≥ i1 ≥ i2 ≥ · · · ≥ im ≥ 1.
2: Output: A modified RC graph R′ with wti(R

′) = wti(R) for i /∈ I and wti(R
′) = wti(R)+#{j | ij = i}

for i ∈ I such that wR
k
=⇒ wR′ .

3: Initialize: Let L← [ ] (empty list of pairs (a, b) where a ≤ k < b), and U ← [ ] (empty list of positions).
4: for each i ∈ (i1, . . . , im) do
5: Find leftmost position (i, j) /∈ R in row i satisfying j > j′ for all (i, j′) ∈ U such that either:
6: a) rtR(i, j) = (s, q) where s ≤ k < q and q /∈ {b | (a, b) ∈ L}.
7: b) rtR(i, j) = (br, q) where q > k, br < q, and q /∈ {b | (a, b) ∈ L}.
8: R← R ∪ {(i, j)} and U ← U ∪ {(i, j)}
9: Update L by adding (s, q) or replacing (ar, br) with (ar, q) and (ar, br).

10: if there exists (i′, j′) ∈ R with rtR(i
′, j′) ∈ Φ− then

11: R← R \ {(i′, j′)}
12: Let rtR(i

′, j′) = (q, s)
13: if (s, q) ∈ L then
14: Remove (s, q) from L
15: else
16: Remove (ar, q) from L, where (ar, q), (ar, s) ∈ L
17: end if
18: Return to step 5 to insert i′.
19: end if
20: end for
21: return R

Algorithm 3 Map Z(R,n) zeroing out row n

1: Input: A bounded RC graph (R,n) with row n empty.

2: Output: A bounded RC graph (R′, n− 1) such that |R′| = |R| and wR

n

↘ wR′ .
3: if (R,n− 1) is a valid bounded RC graph then
4: return (R,n− 1)
5: else
6: Let R0 ← R.
7: Find the maximal p and sequence {(im, jm)}pm=1 such that:
8: rtRm−1

(im, jm) = (n+m− 1, n+m) for each m, where Rm = Rm−1 \ {(im, jm)} for each m ≥ 1.
9: R− ← R \ {(i1, j1), . . . , (ip, jp)}.

10: Let I ← (i1, i2, . . . , ip).
11: D ← R− ∪ {(n, 1), (n, 2), . . . , (n, p)}.
12: D′ ← I

n−1
⇝ D

13: R′ ← {(i, j) ∈ D′ | i < n}.
14: return (R′, n− 1).
15: end if

See Figure 3 for an example of the zeroing operation (Algorithm 3).
Note that Algorithm 2 is not a realization of Sottile’s Pieri formula for complete symmetric polynomials,

despite preserving the relevant Bruhat relation. This is because the map((
k

p

))
×RC(w)→ RC(n)

given by

(I,R) 7→ I
k
⇝R

need not be injective.
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(a) Initial RC graph R
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(b) After deleting (2, 2) with
rtR(2, 2) = α3 and moving to
row 3
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(c) After insertion with i1 = 2
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(d) After rectification

1 3
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1
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(e) Final result Z(R, 3) =
(R′, 2) after removing row 3

Figure 3. Step-by-step computation of Z(R, 3) for R = {(1, 2), (1, 3), (2, 2)}.

Lemma 3.3.1. Given an RC graph R, an integer k, and k ≥ i1 ≥ · · · ≥ im ≥ 1, Algorithm 2 produces a
valid RC graph R′ satisfying

wti(R
′) = wti(R) + #{j | ij = i}

and

wR
k
=⇒ wR′

Proof. Set R0 = R to be the initial RC graph. We claim that given R and L at the start of iteration p of
the main loop, we have that R is a valid RC graph satisfying

wti(R) = wti(R0) + #{j ≤ p− 1 | ij = i}
and

wR = wR0
ta1b1 · · · tap−1bp−1

where L = [(a1, b1), . . . , (ap, bp)]. This is clear for p = 1. For larger p, suppose we are inserting at row ip. If
we are in case (a) of Step 5, then adding (ip, j) to R adds the root ts − tq to the inversion set of wR, and
multiplying by tsq gives the desired result. If we are in case (b) of Step 5, then adding (ip, j) to R results in
multiplication by tbrq. This commutes past the other reflections to meet tarbr . We thus have the situation

tarbr tbrq = tarqtarbr

This ensures that the product remains as desired if the RC graph is valid. However, the condition that the
RC graph R be valid is not guaranteed after this step, so we must rectify. Suppose we must rectify at row
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i − 1. We find a negative root (i − 1, j′) which must have been created by the insertion, and hence by the
strong exchange property equal to rtR(i, j) that was inserted. Removing this root (from both the graph and
from L) returns us to the original permutation at the beginning of the iteration, and performing the insert
at row i−1 adds a new positive root, giving the desired result on the permutation. The weight is unchanged
since we removed and added one crossing in row i−1. If the algorithm ends here, we have instead multiplied
by the new reflection obtained in the ultimate insert step. Otherwise, repeating this process for all necessary
rectifications completes the proof of the claim. The claim iterated to p = m + 1 yields the desired result,

and the method of updating L ensures that the bj are all distinct, so that wR
k
=⇒ wR′ . □

Lemma 3.3.2. Given a bounded RC graph (R,n) such that row n is empty, Algorithm 3 produces a valid
bounded RC graph (R′, n− 1) satisfying

wt(R′) = wt(R)

Proof. Stripping out the crossings at roots (n, n + 1), (n + 1, n + 2), . . . , (n + p − 1, n + p) removes exactly
one crossing from each of rows i1, i2, . . . , ip, and moving them to the last row to obtain R1 ensures that
wR = wR1

. By construction, the portion of the RC graph in rows with index less than n is valid (meaning its
max descent is at most n− 1). Applying Algorithm 2 to insert at rows i1, i2, . . . , ip adds different crossings
to preserve the number of elements in each row without adding descents past index n in the permutation,
by Lemma 3.3.1. Trimming off row n then yields a valid bounded RC graph (R′, n − 1) with the desired
properties. □

Theorem 3.3. Let w be a permutation with last descent at most n. Let RC(w, n)0 be the set of bounded RC
graphs (R,n) such that wR = w and row n is empty. Then

Z : RC(w, n)0 →
⋃

w
n

↘w′

RC(w′, n− 1)

is a weight-preserving bijection.

To prove Theorem 3.3 for n = 2, we may characterize the bounded RC graphs (R, 2) such that row 2
is empty and m(wR) = 2 as those for permutations w = sksk−1 · · · s2 for some k > 1. Algorithm 3 in
this case consists moves the entirety of the crossings in row 1 to row 2. The procedure then inserts k − 1
crossings into row 1 in order from left to right, which must have roots tq − ts such that q = 1. Thus R′

is precisely {(1, 1), (1, 2), (1, 3), . . . , (1, k − 1)}, which is the unique bounded RC graph for the permutation
w′ = sk−1sk−2 · · · s1 with one row. This establishes the base case.

For the induction step, we require the following lemmas.

Lemma 3.3.3. Let (R,n) be a bounded RC graph with n ≥ 2 such that row n is empty. Then if Z(R,n) =
(R′, n− 1), we have

wR

n

↘ wR′

Proof. Let w = wR and suppose cn(w) = m. By construction, the second to last step of Algorithm 3 yields

a bounded RC graph (R̃, n) such that if w̃ = wR̃, then

w̃(n) > w̃(n+ 1) < w̃(n+ 2) < · · · < w̃(n+m)

and
w

n−1
===⇒ w̃

via reflections tab such that n ≤ b ≤ n+m. Let w′ = wR′ . We also have

w̃
n
=⇒ φn,N (w′)

via only reflections tnb such that b > n+m. We claim that

w
n
=⇒ φn,N (w′)

This can only fail if w̃(n) ̸= w(n) by the observations above. However, the pipe labeled n, by virtue of the
fact that we have (n, 1), . . . , (n,m) populated, will always lie to the right of pipes n + 1, n + 2, . . . , n + m
in the wiring diagram for w̃ or any intermediate stage. Inserting into any row that contained a crossing
(n, n + p), there must be a valid empty space to the left of the pipe labeled n since we have deleted these
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crossings. By virtue of the fact that the leftmost is always chosen, no reflection (i, n) will ever be inserted.
This ensures that w̃(n) = w(n), as desired. □

Lemma 3.3.4. Let (R,n) be a bounded RC graph with n ≥ 2 such that row n is empty. Then

Z(trim(R,n)) = trim(Z(R,n))

Proof. This is almost a trivial observation. In terms of the word of R, trim(R,n) preserves a suffix. Removing
all of the initial roots before trimming is therefore the same as removing the initial roots that still remain
after trimming, by the exchange property. Afterwards, in perfoming the insertion algorithm, there is no
dependency on rows with a lower index, the modification only proceeds downward in row number. Therefore,
trimming the first row at any point only stops the process earlier, and does not change rows with higher
index than 1 in the outcome. □

Lemma 3.3.5. Let w be a permutation with last descent at most n. Let RC(w, n)0 be the set of bounded
RC graphs (R,n) such that wR = w and row n is empty. Then

Z : RC(w, n)0 → RC(n− 1)

is injective.

Proof. If n = 2 this is clear. Suppose now that n > 2 and that the result holds for n − 1. Let (R,n) ∈
RC(w, n)0. If (R′, n) ∈ RC(w, n)0 is another bounded RC graph such that

Z(R,n) = Z(R′, n)

then by Lemma 3.3.4, we have
Z(trim(R,n)) = Z(trim(R′, n))

hence R and R′ agree on all rows except possibly row 1 by the inductive hypothesis. Since wR = wR′ , it
follows that R = R′, establishing injectivity. □

Proof of Theorem 3.3. By the previous lemma, it suffices to show that Z is surjective. However, this follows
from the pigeonhole principle and the well-known transition formula for Schubert polynomials. □

We may extend Z to an endomorphism BRC → BRC by defining Z(R,n) = 0 if row n in R is not empty.
Then we have the following result.

Theorem 3.4. Let w be a permutation with last descent at most n. Suppose

Sw(x1, . . . , xn−1, 0) =
∑
w′

Sw′(x1, . . . , xn−1)

Then
Z(Sw(n)) =

∑
w′

Sw′(n− 1)

3.4. Relation to the bijection with bumpless pipe dreams.

Definition 3.4.1. Denote by BPD(w, n) the set of bumpless pipe dreams for a permutation w with an
associated integer n, where n ≥ m(w).

Recall that

3.5. Preservation of the Demazure crystal structure. RC-graphs have a Demazure crystal structure
defined by Assaf and Schilling in [1]. Namely, they define operators ei : RC(w) → RC(w) ∪ {∅} and
fi : RC(w)→ RC(w) ∪ {∅} for each i ≥ 1 as follows.

Definition 3.5.1. Consider elements (i, j) ∈ R and (i + 1, k) ∈ R. The pairing algorithm starts with the
largest j in row i and pairs (i, j) with (i+ 1, k) where k is the smallest such that k ≥ j. If no such k exists,
then (i, j) is unpaired. The algorithm continues by considering the next largest j in row i and repeating the
process until all elements in row i have been considered.

Define Ri to be the set of unpaired elements in row i after applying the pairing algorithm between rows i
and i+ 1, and define Li to be the set of unpaired elements in row i+ 1. Then fi(R) is defined by removing
the leftmost element (i, j) from Ri and adding the element (i+ 1, k) to R, where k is the largest value such
that (i+ 1, k) /∈ R and k < j. If Ri is empty or k does not exist, then fi(R) = ∅. Similarly, ei(R) is defined
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by removing the rightmost element (i + 1, k) from Li and adding the element (i, j) to R, where j is the
smallest value such that (i, j) /∈ R and j > k. If Li is empty, then ei(R) = ∅.

We may transport this structure to bounded RC graphs as operators ei : RC(w, n)→ RC(w, n)∪{∅} and
fi : RC(w, n)→ RC(w, n) ∪ {∅} by

ei(R,n) = (ei(R), n)

and
fi(R,n) = (fi(R), n)

Definition 3.5.2. An RC graph R has a uniquely associated reduced word word(R) = (si1 , . . . , siN ). Recall
the Coxeter-Knuth relation ẽg defined by

j i k ∼ j k i

and
k i j ∼ i k j

if i < j < k, and
i i+ 1 i ∼ i+ 1 i i+ 1

For an RC graph R, define N(R) to be the maximum letter in R. Then define

ẽg(R) = (N(R) + 1− i1, . . . , N(R) + 1− iN )

Via the Edelman-Greene insertion algorithm, we may define a pair

(P,Q)

of tableaux of the same shape such that the reading word of P is CK-equivalent to ẽg(R) and Q, the recording
tableau, is standard. Define tab(R) to be the tableau of the same shape as Q such that the entry in box
(i, j) is the row index of the box in R that was inserted to create box (i, j) in P .

Lemma 3.5.3. We have that tab(R) is a semistandard Young tableau of shape shape(Q), and the map

R 7→ tab(R)

is a morphism of crystal graphs into B(shape(Q)).

Proof. Suppose R is a highest weight. Then wt(R) is a partition. By the highest weight condition, the
longest increasing subsequence of ẽg(R) is of length wt(R)1 and is precisely the first row read in the grid
order. By the Edelman-Greene correspondence [5], the first row of P has length equal to the length of the
longest increasing subsequence of ẽg(R). Hence, the first row of P has length wt(R)1. By similar reasoning on
the subsequent rows, we have that shape(P ) = wt(R). We then have that tab(R) is the unique Yamanouchi
tableau of shape wt(R), establishing the claim for highest weights. The general case follows from the rigidity
of the Demazure crystal structure [1]; since the function is weight-preserving, it is a morphism of crystal
graphs. □

Theorem 3.5. The distinct Demazure crystals that make up RC(w) are in bijection with the Coxeter-
Knuth equivalence classes of reduced words for w0ww0 via the map R 7→ ẽg(R), with R 7→ tab(R) being a
homomorphism of crystal graphs into B(λ), where λ = shape(P (ẽg(R))).

Proof. By [6, Theorem 4.11], if ei(R) ̸= ∅, then R and ei(R) have the same Edelman-Greene insertion tableau.
Since conjugation by w0 is an automorphism of Coxeter-Knuth equivalence, so do ẽg(R) and ẽg(ei(R)). The
shape is determined inductively. Suppose R is a highest weight element and consider word(R). The first row
of R forms a word that corresponds to an initial increasing subsequence of ẽg(R). If there were a letter in
some row below the first that is smaller than the last letter of the first row, then some raising operator would
yield a nonempty result, contradicting the fact that R is a highest weight. Thus, the first row of P (ẽg(R))
has length equal to the length of the first row of R. The rest follows by induction on the remaining rows. □

Definition 3.5.4. Let RC(w, n)0 be the set of bounded RC graphs (R,n) such that wR = w and row n is
empty. We define a function ZR

∗ : R→ R′, where Z(R,n) = (R′, n− 1) and w′ = wR′ , as follows. Clearly if
cn(w) = 0, then ZR

∗ is the identity map.
Consider now the case where cn(w) = 1. The initial deletion of (i, j) with rtR(i, j) = (n, n+1) results in

an RC graph R0 = R \ {(i, j)} with wR1 = wsn, after which we add (n, 1) to obtain R1. Let

f1 : R1 → R
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be the identity. Afterwards, (i1, j1) is inserted into R1 to obtain R2. Set

f1(i1, j1) = (i, j)

and

f1(a, b) = (a, b)

otherwise.
At this point, rectification may be required. In that case, we delete some root (i′1, j

′
1) from R2 such that

i′1 < i1 and rtR2
(i′1, j

′
1) = rtR2

(i1, j1). Afterwards, we add (i′1, j2) to obtain R′
2. Set

f ′
1(i

′
1, j2) = (i′1, j

′
1)

and

f ′
1(a, b) = f1(a, b)

otherwise. Continuing in this manner, we eventually obtain R′. Composing all of the maps defined at each
step gives the desired map. The same method works for cn(w) > 1 by induction.

Lemma 3.5.5. Let (R,n) ∈ RC(w, n)0 and suppose Z(R,n) = (R′, n− 1). Then for any (a, b) ∈ R′, (a, b)
is paired in the i, i+ 1 pairing in R′ if any only if ZR

∗ (a, b) is paired in the i, i+ 1 pairing in R.

Proof. This is true for a = i because at most one root is changed in row i and it has moved to the left. For
a = i + 1, the only way that the pairing status could change is if a root in row i moved past an unpaired
root in row i+ 1. However, by construction of the insertion algorithm, this cannot happen since a root that
was already inserted into row i+ 1 was deleted from row i in the rectification process, and the new inserted
root occurs to the left. □

Theorem 3.6. Let w ∈ S∞ and n > 0 be such that m(w) ≤ n. Then

Z : RC(w, n)0 →
⋃

w
n

↘w′

RC(w′, n− 1)

is an isomorphism of crystal graphs.

Proof. The existence of the map ZR
∗ and the previous lemma establish that Z is a bijection (by Theorem 3.3)

that preserves both weights and the lengths of i-strings. Hence it is an isomorphism of crystal graphs. □

3.6. Definition of the ring product.

Definition 3.6.1. Suppose we have two bounded RC graphs (R1,m) and (R2, n). The product of these is a
sum of bounded RC graphs defined as follows. Define Pm,n(R1, v) to be the set of RC graphs R′ such that
there exists an N ≥ n for which

ZN (R′,m+N) = (R1,m)

and wR′↑mv is a reduced product with m(wR′↑mv) ≤ m+ n. Then the product is defined by

(R1,m) ⋄ (R2, n) =
∑

R′∈Pm,n(R1,wR2
)

(R′ ∪ ↑m(R2),m+ n)

Theorem 3.7. The product ⋄ turns BRC into a ring, and ω ⊗ α : BRC → D ⊗ D is a homomorphism of
rings.

Proof. What is in question is associativity. Let (R,m+ n) be a bounded RC graph, and let

R≤m = {(i, j) ∈ R | i ≤ m}
also let

R>m = {(i−m, j) ∈ R | i > m}
Then there is a unique R′ such that R≤m ∈Pm,n(R

′, wR>m
), namely

R′ = ZN (R≤m+N ,m+N)

for sufficiently large N . Hence there is a well-defined function

Sp,q,r : RC(p+ q + r)→ RC(p)×RC(q)×RC(r)
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such that

Sp,q,r(R) = (ZN (R≤p+N , p+N),ZM (R>p,≤p+q+M , q +M), R>p+q)

for which

(R1, p) ⋄ ((R2, q) ⋄ (R3, r)) =
∑

Sp,q,r(R)=(R1,R2,R3)

(R, p+ q + r) = ((R1, p) ⋄ (R2, q)) ⋄ (R3, r)

Associativity follows. ω : BRC → D is easily seen to be a homomorphism of rings. Proving that α : BRC → D
is a homomorphism of rings is nontrivial. However, by Theorem 3.4, we have the identity

(ϕ⊗ ϕ) ◦ S = ∆ ◦ ϕ

where ∆ : A → A⊗A is the coproduct on A. Since the product in D is dual to this and

(R1,m) ⋄ (R2, n) =
∑

Sm,n(R)=(R1,R2)

(R,m+ n)

the property of being a homomorphism follows. □

Example 3.6.2.

1 3
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3 1 4 2

1
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2

3 1 2

1
2
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4

3

3
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3

1 3
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+
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3

4

3

1 5 4 2 3

1
2
3
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+ 2

3

1 4

4

5 1 2 4 3

1
2
3
4

+ 5

2

3

4

4

1 5 2 6 3 4

1
2
3
4

+ 2

5

3

1

4

5 1 2 3 6 4

1
2
3
4

+
5

3

1

4

4

2 1 5 4 6 3

1
2
3
4

+
2 5

3

4

4

1 5 2 4 6 3

1
2
3
4

+ 5

5

3

4

4

1 2 5 6 4 3

1
2
3
4

+ 5

3

1 6

4

2 1 5 3 6 7 4

1
2
3
4

+ 5

2

3

6

4

1 5 2 3 6 7 4

1
2
3
4

+ 5

3

4 6

4

1 2 5 6 3 7 4

1
2
3
4

Lemma 3.6.3. Let w be a permutation, let k be a positive integer, and let n > k be an integer such that n

is a descent of w. Let D(n)
n (w) be the set of permutations w′ ∈ Dk(w) such that n is a descent of w′. Then

the map w′ 7→ w′sn is a bijection D(n)
k (w)→ Dk(wsn).

Proposition 3.6.4. For each bounded RC graph (R,n) such that row k is empty and k is a descent of
wR, there is a unique bounded RC graph (R′, n − 1) such that R′ ∈ Pk−1,n−k(clip

k−1(R), trimk(R)) and

wR

k

↘ wR′ .
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Proof. Suppose first that |trimk(R)| = 0. Let R′ be such that

Z(R, k) = (R′, k − 1)

Then wR

k

↘ wR′ and R′ ∈Pk−1,n−k(clip
k−1(R), trimk(R)). We prove uniqueness in this case by induction

on n. If n = k, we know already that the result is unique. If n > k and

R′′ ∈Pk−1,n−k(clip
k−1(R), trimk(R))

consider Z(R′′, n− 1) = (R′′
1 , n− 2). If R′′

1 ̸= R′′, then m(wR′′) = n− 1 ≥ k, so we cannot have wR

k

↘ wR′′ .
If R′′

1 = R′′, then by the uniqueness of the base case, we must have R′′ = R′.
Using Lemma 3.6.3, we can inductively reduce the general case to the previous one. Suppose

|trimk(R)| > 0

and let (i, j) ∈ R be such that i > k and rtR(i, j) = (p, p+ 1) for some p (necessarily greater than k). Let
R1 = R \ {(i, j)}. By the induction hypothesis, there is a unique bounded RC graph (R′

1, n − 1) such that

R′
1 ∈ Pk−1,n−k(clip

k−1(R1), trim
k(R1)) and wR1

k

↘ wR′
1
. Let R′ = R′

1 ∪ {(i − 1, j)}. By Lemma 3.6.3,

wR

k

↘ wR′ , and since clipk−1(R1) = clipk−1(R) and

Pk−1,n−k(clip
k−1(R), trimn−k(R)) = Pk−1,n−k(clip

k−1(R1), trim
k(R1) ∪ {(i− k, j)})

we have R′ ∈Pk−1,n−k(clip
k−1(R), trimn−k(R)). Any additional R′′ satisfying the same properties would

give rise to an R′′
1 in the original set, contradicting the induction hypothesis, so uniqueness holds. □

Definition 3.6.5. Let (R,n) be a bounded RC graph and let k be a positive integer such that row k of R
is empty and k is a descent of wR. We define Pk(R,n) to be the unique bounded RC graph (R′, n− 1) such

that R′ ∈Pk−1,n−k(clip
k−1(R), trimk(R)) and wR

k

↘ wR′ , as is guaranteed to exist by Proposition 3.6.4.

Lemma 3.6.6. Let 1 ≤ i < n be an integer and let (R,n + 1) be a bounded RC graph. Let (R′, n) =
Z(R,n+ 1). Then si is a descent of wR′ if and only if si is a descent of wR.

Proof. By construction of the algorithm, Z cannot reverse a descent smaller than the target last row. Thus,

if wR′ has si as a descent, so does wR. Conversely, if wR has si as a descent, since wR

n+1

↘ wR′ , it follows
that wR′ also has si as a descent. □

Lemma 3.6.7. Suppose (R,n) is a bounded RC graph where wR is Grassmannian. If (R′, n + 1) is such
that Z(R′, n+ 1) = (R,n) and n is not a descent of wR′ , then wR′ is also Grassmannian.

Proof. By Lemma 3.6.6, any descent of wR′ less than or equal to n is also a descent of wR. Since wR is
Grassmannian, it has at most one descent, so if wR′ has a descent, it must be greater than or equal to n. If
n is not a descent, then the only descent is n+ 1, hence wR′ is (n+ 1)-Grassmannian. □

Definition 3.6.8. Let (d1, . . . , dk) be a sequence with 1 ≤ d1 < d2 < · · · < dk ≤ n. Define a function Id
from the set of bounded RC graphs (R,n) such that wR has its descents contained in {d1, . . . , dk} to the set

Pd1
× Pd2−d1

× · · · × Pdk−dk−1

by setting

Id(R,n) = (clipd1(R), clipd2−d1(trimd1(R)), . . . , clipdk−dk−1(trimdk−1(R)))

3.7. Crystal divided differences and the dominant Pieri formula. Let R be an RC graph and let
i > 0 be an integer. We define FiR, an element of RC, as follows. Define

FiR = 0

unless si is a right descent of wR and there exists (i, j) ∈ R such that rtR(i, j) = (i, i + 1). If these latter
two conditions are satisfied, define

R′ = R \ {(i, j)}
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where rtR(i, j) = (i, i+ 1). If ei(R
′) ̸= ∅, define FiR = 0. Otherwise, define

FiR =

φi(R
′)∑

p=0

fp
i R

′

Lemma 3.7.1. Let R be an RC graph and let i > 0 be an integer. If si is not a right descent of wR, then
there is a unique R′ such that the coefficient of R in FiR′ is 1, and for other R′ the coefficient is 0.

Proof. Suppose si is not a right descent of wR. Assume without loss of generality that eiR = ∅. If (i+1, 1) /∈
R, then (i, 1) /∈ R because si is not a right descent of wR. In that case, let R′ = R ∪ {(i, 1)}. Then

FiR′ = R+ other terms

If instead (i+ 1, 1) ∈ R, since ei(R) = ∅ it follows that (i, 1) ∈ R, and if j is the maximum value such that
(i + 1, j′) ∈ R for all j′ < j, it follows that (i, j′) ∈ R for all j′ < j. We must have that (i, j + 1) /∈ R,
because rtR(i, j + 1) = (i, i+ 1). Setting R′ = R ∪ {(i, j + 1)} gives us the result. □

Theorem 3.8. Suppose w ∈ S∞ and i > 0. If i is not a right descent of w, then

FiSw(n) = 0

Otherwise,

FiSw(n) = Swsi(n)

Proof. The result is trivial if i is not a right descent of w. Suppose i is a right descent of w. By Lemma
3.7.1, for each RC graph R such that wR = wsi, there is a unique RC graph R′ such that the coefficient of
R in FiR′ is 1. Since wR′ = w, the result follows. □

Definition 3.7.2. For a permutation w, define the principal RC graph R0(w) of w to be

R0(w) = {(i, j) | 1 ≤ j ≤ c∗i (w)}

Proposition 3.7.3. Let R be an RC graph and let w = wR. Then for any reduced word (si1 , si2 , . . . , sim)
for w, we have

Fi1Fi2 · · ·FimR = δR,R0(w)∅

Definition 3.7.4. Let R be an RC graph. We define a {0, 1}-valued function Fw
µ for a dominant per-

mutation µ and an arbitrary permutation w via the following construction. For integers p, q, let d[p, q] =
spsp+1 · · · sp+q−1 be a product of simple reflections.

Let m be the length of c∗(µ). Initialize R0 = R. For each i from 1 to m:

(1) If c∗i (µ) > c∗i (w), terminate and set Fw
µR = 0.

(2) Otherwise, let k = c∗i (w)− c∗i (µ) and apply the crystal divided difference operator:

R′ = Fd[c∗i (µ)+1, k]Ri−1

(3) If row c∗i (µ) + 1 is not empty in R′, terminate and set Fw
µR = 0.

(4) If the row is empty, define the next state:

Ri = P(c∗i (µ)+1)(R
′)

If the loop completes, for any remaining indices i > m where c∗i (w) > 0, incrementally update the graph:

Ri = Fd[i+1−m, c∗i (w)]Ri−1

Finally, define Fw
µR = 1 if RN = ∅ for sufficiently large N , and Fw

µR = 0 otherwise.

Theorem 3.9. Let µ be a dominant permutation and let v, w be permutations such that ℓ(µ) + ℓ(v) = ℓ(w).
Then

cwµ,v =
∑

R∈RC(v)

Fw
µ (R)
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Consider the module BRCn⊗RFn. Note that RFn has a an action of Sn given by the crystal reflection
operators. We may define Fi on RFn the same way as on BRCn except in the case where (i, i+1) is in row
i+ 1, which cannot happen in BRCn, we define

R′ = R \ {(i+ 1, j)}
where rtR(i+ 1, j) = (i, i+ 1), and then if eiR

′ ̸= ∅, define
FiR = 0

Otherwise, define

FiR = −
φi(R

′)∑
p=0

fp
i R

′

We define an action of Fi on BRCn ⊗RFn by the Leibniz formula

Fi(R1 ⊗R2) = FiR1 ⊗ s̃iR2 +R1 ⊗ FiR2

Let us be more specific. Let (R,n) be a bounded RC graph and let (D,n) be a bounded RC graph such
that D is the RC graph of a dominant permutation µ. Suppose C is the crystal for which Y (R) is the highest
weight. Suppose there exists an R′ ∈ C and a w such that Fw

µR
′ = 1 and C is isomorphic to C 0(w). Suppose

R = f i1
1 · · · f

ik
k Y (R)

Then define
R ∗D = f i1

1 · · · f
ik
k Y (R0(w))

where H(w) is the highest weight RC graph of C 0(w).
It is possible that no such R′ and w exist. SWUASH IT

3.8. The squash product. Given RC graphs R1 and R2, define their star product R1 ⋆R2 as follows. First
define

⇑kR = {(i, j + k) | (i, j) ∈ R}
for any RC graph R and integer k ≥ 0. Then choose the smallest integer N such that N > i + j for all
(i, j) ∈ R2, and define

R1 ⋆ R2 = R1 ∪ ⇑NR2

Since R1 ⋆ R2 is itself an RC graph, it of course already has an induced crystal structure. However, we will
be bounding the crystal structure at some fixed size n.

For two EG words u and v, define

C (u) ⋆n C (v) = {(R1 ⋆ R2, n) | R1 ∈ C (u), R2 ∈ C (v)}
It is possible (almost certain, actually) that (R1 ⋆ R2, n) is not technically a bounded RC graph, even if
n ≥ m(wR1

),m(wR2
). However, the crystal operators are still well-defined on this set.

Theorem 3.10. Suppose (R1, n) and (R2, n) are bounded RC graphs. Then we have that there is a homo-
morphism of crystal graphs

C (u, n)⊗ C (v, n)→ C (u) ⋆n C (v)

given by R1 ⊗R2 7→ R1 ⋆ R2. If R2 is n-Grassmannian, then this is an isomorphism of crystal graphs.

Proof. Clearly the map is a weight preserving bijection. We need only show that it commutes with the
crystal operators. Let R1 ∈ C (u, n) and R2 ∈ C (v, n), and let R = R1 ⋆ R2. Consider fi(R1 ⊗ R2). If
φi(R1) > εi(R2), then the unpaired elements in row i in R1 exhaust the unpaired elements in row i + 1 in
R2. Therefore, only elements of R1 are affected by fi, as in the definition of the tensor product. If instead
φi(R1) ≤ εi(R2), then all unpaired elements of R1 in row i are paired with elements of R2 in row i+ 1, and
so only elements of R2 are affected by fi. The same reasoning applies to ei. □

Note that this homomorphism of crystal graphs need not be an isomorphism, because the star product
may have more operators that apply.

Definition 3.8.1. We define the squash product of two bounded RC graphs (R1, n) and (R2, n) to be the
bounded RC graph

(R1, n)⊠ (R2, n) = (clipn(R1 ⋆ R2), n)
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Proposition 3.8.2. The squash product ⊠ is associative.

Proof. Note that
(R1 ⋆ R2) ⋆ R3 = R1 ⋆ (R2 ⋆ R3)

□

Theorem 3.11. Suppose that u and v are permutations, m(u) ≤ n, and m(v) = n, and v is Grassmannian.
Then

Su(n)⊠ Sv(n) =
∑
w

cwu,vSw(n)

where cwu,v is the Schubert structure constant.

Proof. The star product RC(u) ⋆nRC(v) is isomorphic in each component as a crystal to RC(u)⊗RC(v) by
Theorem 3.10. Also, the sum of these RC graphs is precisely

Su↑Mv(n+N)

for sufficiently large M and N . Since v is Grassmannian, if we zero out the variables n+1, . . . , n+N in the
corresponding Schubert polynomial we obtain the desired product, since the Su component is stable and
each zeroing of the Grassmannian component yields the same Schur polynomial with one fewer variable.

Since the squash product is obtained by iterating Z, by Theorem 3.4 we have the result. □

Definition 3.8.3. Let the k-plactic algebra Pk be the algebra generated by the symbols ik for 0 < i ≤ k
subject to the Knuth relations. There is an injection RT : Pop

k → RC which sends each reverse tableau to a
well defined RC graph for the corresponding k-Grassmannian permutation. Let G (k) be the set of bounded
RC graphs (R, k) such that wR has no descents i with i < k. Let IG be the two-sided ideal generated by
bounded RC graphs (R,n) such that wR has a descent i with i < n.

Theorem 3.12. (1) The map RT : Pop
k → BRCk is an injective homomorphism of rings when BRC is

given the squash product. which maps the domain bijectively onto G (k).
(2) The quotient ring BRC/IG is isomorphic to the dual of Pop

k as a bialgebra with the coproduct implied
by Schensted insertion.

Definition 3.8.4. Define ∆G : BRC → BRC ⊗ BRC/IG by

∆G(R,n) =

n∑
(R1,n)⊠(R2,n)=(R,n)

(R1, n)⊗ (R2, n)

Theorem 3.13. The function ∆G is a homomorphism of rings from BRC to BRC ⊗ BRC/IG.

Grassmannian mimic dual algebra formula.
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